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THE RELATIONS BETWEEN STABILITY 


AND HOMOGENEITY* 


By 


L, V. Bortkiewicz 


The idea of investigating the stability of statistical frequen¬ 
cies from the standpoint of the theory of probability goes back 
to the French mathematician Bienaym^ From various examples 
taken from social and moral statistics, he was the first to estab¬ 
lish the fact that, almost without exception, the stability in ques¬ 
tion was essentially less than the “classical norm," that is, less 
than the expectation which is associated with the classical scheme 
of independent trials with a constant underlying probability. In 
order to explain this discrepancy between theory and observa¬ 
tion, Bienayme used a modification of the traditional procedure 
which was characterized by the assumption that between neigh¬ 
boring trials in a time ordered sequence a sort of dependence 
existed. Though interesting in itself and among other things 
adopted by Cournot as his own, we shall replace this method in 
what follows by another, originating from Lexis, which has the 
advantage of a wider usefulness, in that it can be applied not only 

rgnslaicd by A R Crathornc Read before the American btati.stieal As¬ 
sociation at Cleveland. Ohio. December 30, 1930, 
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to undulatory but to evolutory sequences.* 

Let us assume that for a series of z successive time inter¬ 
vals, say years, we have found that some event (accident, death, 
marriage, crime) has happened ocj, or^, .... times, 
and that the corresponding number of "trials," that is the num¬ 
bers of persons observed, are s,, s, , - ■ ■ .so that the 

3C ^ 

quotients y, ..represent 

a time ordered sequence of relative frequencies. Instead of as¬ 
suming, as the traditional theory demands, that each term of 
this series corresponded to a common fundamental probability p , 
weighted with accidental errors, Lexis assumed that each value 
was associated with a distinct probability . 

As a result of this, the expected amplitude of the fluctua¬ 
tions of the values increased, and the greater the varia¬ 
tions in the p^'s the greater the amplitude. Under the sim¬ 
plifying hypothesis - const. ( = s ), the corresponding 

standard deviation cr is defined by 

*«/ K-l 

For the case of a constant p we may write 


( 1 ) ^ Eledl 

z <s 

where f ^denotes "expectation.” In the Lexis procedure with 
a variable , using the notation 


g-/ . pd-p) 

z s 





z 

Afr/ 


Bienayme, m the journal “L'Institute,” Vol. 7 (1821), pages 187-189, and 
m “Journal de la Societe de Statistique de Pans," I7e (1876), pages 199-204. 

'a theorie des chances et des probabilities, Pari*, 

lo43, Nos. 79 and 117 

der Stabilitat statistischer Relhen,” In the 
jahrbuch fur Nationalokonamie und Statistilc, Vol 32 (1879), pages 60 
reprinted in Abhandlungen zur Theorie der BevSlkesungs und Moralstat- 
istik, Jena, 1903, pages 170-212. 
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the corresponding relation 
(2) E Ca‘y = 


can be derived.^ 

In the following numerical examples the numlwrs of observa¬ 
tions 3t( are never less than some ten thousands, while z •-10. 
Hence, as far as these and similar examples are concerned, the 
numerical results are not appreciably altered if, instead of (3), 
we use 


(3) 




However, a certain inaccuracy arises, if, in the application 
of formula (3) to the raw data, one has disregarded the funda¬ 
mental assumption that Sjt is constant and in the expression for 
a* has replaced s by the arithmetic mean of the z. values 
S|^ . If, however, the lattci differ little from one another, such 
a procedure gives rise to no great discrepancy, Lexis called the 
quantities u, and cj in formula (3) the two ‘'Huctuatinn com¬ 
ponents," which combine (according to the law of composition of 
forces) to give the expected total (hictuatum The iiuaiUity u 
gives expression to the effect of the ''accidenlal causes" in the 
sense of the theory of probability, and this-effcct grows less and 
less with increasing s until it vanishes for 3 - « . For this 


reason Lexis called u. the normal component, He also used 
the term “unessential fluctuation componont." On the other hand. 


CO depends on the variations of th.- fundamental probability, that 
is on the underlying general conditiods, and in this seme w,n, 
designated hy Lexis as the physical comjmnent. We may also 


■One docs not find (ormul. u. t cms’., worU ,]tc w.u ,h„ 

point with ,i rather nicxacl method ... a,, rrsnii )],L 

ever, this did not .ilTecl (he esscniirfi pan of his drcii'sion 
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call it the essential component. 

The first of the two components u and aJ can be easily 
calculated directly with sufficient approximation. The usual 
method is to substitute for the unknown p in the expression for 

the value y , the arithmetic mean of the frequencies , 
obtaining 

( 4 ) . yitk} 

As for the second component , it is calculated by the in¬ 
direct method of substituting C7^ for £ ( m (3) and then 
CA) IS found from. . This method, however, 

assumes that cr > u , or what is the same thing, that the dis¬ 
persion coefficient, C? = g , is greater than 1. In his older papers, 
Lexis distinguished between subnormal, normal and supernormal 
dispersion, according to whether Q was distinctly less than 1, 
approximately equal to 1, or distinctly greater than 1, and found 
that in social and moral statistics the subnormal dispersion never 
occurred and the normal rarely. Supernormal dispersion was the 
rule. So Lexis based his scheme of a varying underlying prob¬ 
ability on the case of supernormal dispersion In fact, from 
formula (3), we have 

^ 5 ) £ . 


which says that the variations in the underlying probability lead 
us to expect values of Q greater than unity.' 

Notwithstanding the fact that (p was usually greater than 
unity, Lexis did not consider this a proof that his scheme ade- 


Si —-5 = 
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quately descnbed the actual facts. In addition to this he was more 
concerned with the fact that in experience Q showed a tendency 
to decrease with decreasing number of "trials/' that is with de¬ 
creasing 3 . Indeed, in a series of examples, Lexis had shown 
that a value of Q which was decidedly greater than umty when 
calculated for an entire country, decreased to nearly 1 when the 
data for the single administration districts of the same country 
were used. Lexis considered such behavior of Q as entirely in 
harmony with his scheme. 

If we write formula (5) in the form 


( 6 ) 


E(Q^)- /i-s 


ZO}' 


(^-0 pd-p) 


we see that the excess of t?*over and above 1 is m expectation 
directly proportional to s , This was the explanation of the 
decrease of Q with decreasing s , for as Lexis said, we have 
no ground to exjrect that 3 being large or small had any bearing 
on the value of u> . 

It IS this last point about which the criticism of Lexis’s dis¬ 
persion theory centers Notwithstanding the endeavors of Lexis 
to fit his theory to statistical reality, we can show that the facts 
were against him as far as his assumption that co is funda¬ 
mentally independent of s is concerned If this assumption were 
true, then formula (6) tells us distinctly how Q decreases with 
diminishing © , We learn from experience that as a rule this 
decrease in (? is less than that given by the formula; from which 
It follows that the essential component, cc? . has a tendency to 
increase with decreasing s 

If we desire to investigate just what happens in reality, a 
certain complication arises, because we are never able to compare 
groups which differ among one another as to s , but not as to 
p (or ^ ). In order to eliminate to some extent the varia¬ 
tions of p we consider the ratio of ct> to /o , Let ^ * /S 
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and call {3 the relative essential component to distinguish it from 
the absolute essential component cO , Formula (6) then becomes 
the following: 

( 7 ) itfxhp) 

The product can be considered as the expected number 
of “successes.” For a constant ( “ 3 ) we have 

E. (x^) • sp^. z ^k) “ sp 

and, letting 'S - j Z. '^■k > relation is true with sufficient 

approximation for a variable Q^^ provided the variation is not 
too pronounced. Let sp*m . Often, a.s in the examples 
which follow, p i.s so small that we can consider { f -p ) as 
equal to 1. Formula (7) then becomes 

( 8 ) E (Q^) - !^ §Tf ^ 

The question as to whether there is a connection between 6 
and (jO is now changed to an investigation of the relationship 
between W and ^ . In undertaking such an investigation em^ 
pirically, we compare as to the behavior of m and /3 a statis¬ 
tical aggregate considered as a total with its component parts 
considwed as partial aggregates. Let the number of the partial 
^S'&regates be f} , and let the corresponding values of rri and 
^ as well as u , «cJ and <T be indicated by the subscript L . 
which can also serve as the ordinal number of the partial aggre¬ 
gate For the total aggregate, let O , The symbols 

> t/i'^ , are the j , jr , V , of the 

I th partial aggregate and the A'th time interval. We also use 
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the notation 


L ^ ^i,K > "2 '^i,k> 

, K-l 


a 

r 

K-/ 


le 


2 

Z 

k=/ 

from which we have 


So- Z s, , 

i*/ 


h** / 


<*/ 




4 

We have also the following relations’ 


rr? 


i"^ Pi * “ 2 Z ^ > 




af^ ^ el 

‘ ^ S/ tc.l *' 




/7«re 


E(cr,*)^-u*.col, . 

and using the notation - t t, wa have furthei 

XT*: 

/?/■ i Z 


Ar./ 
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Finally, corresponding to formula (8), we have 


(9) 




We shall now apply these formulas to statistics on the fre¬ 
quency of suicides in Germany for the decade 1902-1911, The 
numbers of "trials,” 3^ , are here the populations of the 

regions in question; the “successes," ^ , are the numbers 

of suicides for each year. The relative frequencies, fV • t. , are 
found by dividing the numbers of suicides by the corresponding 
populations. Like various other kinds of social phenomena, the 
suicides m pre-war German statistics were grouped according to 
states, the provinces of Prussia, right Rhenish Bavaria and left 
Rhenish Bavaria being included as states. In this way we have 
forty territories of very unequal size. For the decade 1902-1911, 
the mean population of the territories ranged from a maximum 
of 6,587,000 (Rhine Province) to a minimum of 45,000 (Schaum- 
biirg-Lippe). The maximum average number of suicides per 
annum was 1453 (Saxony) and the minimum 7 (Schaumburg- 
Lippe). Corresponding to the purpose of the investigation, the.se 
suicide figures jr/ , which can be considered as approximations 
to , were arranged in descending order, with jc, -1453 and 
>=^40 = 7 - 

For the whole of Germany, we have - 13173, 

21410-« (that is an average number of 214 suicides per 
annum for each million population) The ten values u ^ varv 
b«w=« 204.10- .„<! 223 10- These fl„,ua,io„s are ™,kedlv 
sreeter than one expects Iron, the classical norm. The calcula 
o, the 4i.persi„n-,n„.ie„, gi™ C?. . 3,14, and, as the 
ex. theety den.a„ds, ,s greater than any one o( the 40 value, 
O,. Thes e values give 203 a, a and 0.75 a, a 

A study of suicides and of homicides in the United • u 

same genera! results as those shown h t States yields much the 

by the translator.) Gtirmany, (Note 
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minimum. Fixing attention on the eight smallest values of -jCj , 
we find an average value of 1 02 for , and of the eight values, 
three are larger and five less than 1, So in this example the fits- 
persion becomes very nearly 1 by narrowing the observation field. 
But we have still to find out whether decreases with 

cCj according to the measuVe of decrease that one would exixjct 
under the hypothesis that is fundamentally independent of 

. To decide this question, we let /S^ » const. ^ (in¬ 
cluding ^ , and substitute also for rrj^ in formula 
(9). We have then on the one hand in expected values 


and on the other hand 


s 2 0‘ ‘ I*hr 

1=1 



from which follows 


n 








However, in our example, we find 


iZ 0 ^= 1 . 56 , /^ i ( Q ‘- 0~-\.22 

1=1 

and the difference 0,34 cannot be ascribed, to chance for it is three 
times the probable error (the determination of which we cannot 
now take up). We must, then, assume that the average of the 
values . for t = 1 to 40, is greater than . Why thi.s 
is so we shall see m the following discussion. 

We consider now the mutual relationship between the devia- 
tions 6, ^. and which refer to two arbitrary territories 

A// and Nj , and we build up according to the formula for a 



■10 RELATIONS BETWEEN STABILITY AND HOMOGENEITY 
correlation coefficient the expression 




The number of combinations of the subscripts l anti j is 
, so there are that many values iij , 1‘inally we 
construct a weighted arithmetic mean of these values according to 
the formula, 


7 T mj A 

'= Nl _ 

tt % A. Bj 

I’t j-i+l 


The expression i serves to characterize the mutual i elation- 
ship of time ordered series of fundamental probabilities p^ |^ , 
hence also of relative frequencies y, ,, , which may be con¬ 
sidered as approximations to If we give the name 

"syndromy” to such an array of simultaneously distinct fundamen¬ 
tal probabilities (or relative frequencies), we may call / a 
“coefficient of syndromy," For V- 1, w'e shall sfiealc of “isocl- 
rotny," for 1 ,?■ V ^ 0, of ‘'homodromy," for / = (), of “para- 
dromy," and for y< 0, of "antidroiny ” We may include the 
last three cases, namely 1, iindei the name "anisodromy," 
With the help of Y we can exhibit the relation between 
on the one hand and the ri values 
the other hand as follows: 


^ V 
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Since 


( 11 ) 



i-/ 


A 


, we find for 


n 



1, from (10) 


and for y< 1 


( 12 ) 


n 

Z A 
< m - 




m. 


Hence, only in the case of isodromy is the assumption justi¬ 
fied that the relative essential fluctuation component for the total 
aggregate is as large as that for the partial aggregates. In every 
other case, namely for anisodromy, the relative essential com¬ 
ponent for the total aggregate falls below the level for the partial 
aggregates more and more as y becomes less and less. 

In the suicide example under consideration we have hom- 
odromy, which is reasonable, since the fluctuations in suicide fre¬ 
quency in the single states are influenced in part by factors which 
are not local but general for all Germany. Somewhat tedious 
calculations give y= 0.38. At the same time we find 
A = 0.0246 approximately, while the average for , /■»! 

to 40 is 0.0392. 

If now we group the 40 states into five groups so that states 
numbered 1 to 8 form the first group, states numbered 9 to 16 
the second, and so on, we find as average values of /6i , 0.0354. 
0.0358, 0 0485, 0 0528 and 0.0767. The quantities then show 
a tendency to increase as or, (or m, ) decreases. 

If, as in this example, the total aggregate is a "natural unit,” 
we should expect to have honiodromy in the vast majority of 
cases. On the other hand, we should expect paradromy if the 
total aggregate is an "artificial unit,” tliat is, one made up by 
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throwing together entirely unrelated groups. As an illustration 
of paradromy we take the array of marriage frequencies for the 
six cities, Barcelona, Birmingham, Boston, Leipzig, Melbourne 
and Rome, for the decade 1899-1908. By marriage frequence 
we mean the ratio of the number married (twice the number of 
marriages) to population. 

For the six cities taken as a whole, with a total population of 
about three million, the marriage frequence i/oA; varies be¬ 
tween 18,00 and 19.02 per cent with an average of 18.38 per cent. 
The dispersion coefficient is 3.17. For the six cities taken 
singly in the above order, each with a population of about half a 
million, the values of <?,- are 2.69, 4,32, 4,17, 2.88, 3.76 and 
2.72, with an average 3 42, somewhat higher than This 

result is a direct contradiction of the statement of I-exis that a 


narrowing field of observation reduces the value ot Lexis, 
without giving the matter much thought, worked with the hy¬ 
pothesis that isodromy, or at least a decided homodromy, always 
existed. In our example, however, we have paradromy, if not 
antidromy, for we find Y to be -0.054. Corresponding to this, 
we have less than each of the values /3, to /3g, for /% 
approximates 0,0167 while . z - 1 to 6, lies between 0 0334 
and 0.0563. The quadratic mean of these quantities is 0.0450, 

It IS of prime interest to investigate for paradromy the theo¬ 
retical relation of to the quadratic mean of the values /3,, 
A • • and of to the quadratic mean of 

^2 ■ ■ Qr, ' case = const. = zt? . In this 

case, , and if O is substituted for -f in (10) we 

navra ' ' 


hi, el . 


At the same time, we find on the 


one hand, from (9), the ex- 
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pected value 


or 






and on the other hand 


whence 



/he marriage frequence example, where the quantities , 
though not equal, differ very little from one another, we have the 
values already found 


=0.0167 and <?=3.17 


to compare with the values 


and 


_/ 



Z o, 0/04- 

t-J ' 



3. 49 


The differences 0.0167 - 0.0184=-0.0017 and 3.17 - 3 49«-0,32 
are explained partly by the fact that the assumption 777/« const, 
is not exactly in accord with the facts, and partly because para- 
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dromy is really not present as assumed, but only a weak antidromy. 
This last should, however, be considered as due to chance. The 
artificial character of a total aggregate shows itself in paradromy, 

Of the two quantities Q and /Q , only the latter can be 
considered as a proper measure of the stability of a statistical 
frequency^—more exactly, of the corresponding fundamental 
probability. And, since on account of formulas (11) and (12), 
the total aggregate can never show a higher value of /3 than 
the average for the partial aggregates (because the upper limit 
for y is 1 ), we obtain a glimpse of the question of the connec¬ 
tion between stability and homogeneity. 

The idea of homogeneity as we here understand it has refer¬ 
ence to the result of the decomposition of a statistical aggregate 
according to some attribute or complex of attributes. The aggre¬ 
gate may consist of s elements, say s human beings and 
the decomposition may yield N sub-aggregates .containing 
® * ■S" . . elements Let some event be observed 

oc times in the total aggregate and jc', cc" , . . . times in 
the sub-aggregates. If we find the relative frequencies 



♦hen, on account of the two identities, s" . . . - 5 

and oc ... - oc , we have the relation 


^ ■ - 

The “general frequency” then appears as the weighted arithmetic 
mean of the “special frequencies," y' , 

The theory of probabilities, with more or less assurance, fur- 
nishes us a criterion lor deciding whether or not the deviations 
ol the quantities t/', from « are due to chnoee. 
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If they are not due to chance we say that the total aggregate 
“reacts” to the decomposition in question and that the attribute 
or complex of attributes which governs the decomposition is 
"relevant." If they are due to chance, we say that the total aggre¬ 
gate does not react to the decomposition and that the attribute 
is "indifferent ’’ 

According to the standpoint of the theory of probability, the 
relative frequencies y , y ‘, y" . . . as also the quotients 
^ , . . . can be considered as approximations of 

distinct probabilities. If we designate the two series of probabil¬ 
ities thus inferred by p , p‘, p", . . . and y", • ■ . 
resp)ectively, we find 


(13) 




and the character of the attribute in question as relevant or in¬ 
different finds expression in the fact that the "special probabilities” 
p', p", . . . either differ from one another or are all equal 
to p , the "general probability ” 

For every ample enough complex of attributes we can imagine 
the decomposition going on and on by applying one attribute of 
the complex after another Finally a point is reached where the 
sub-aggregates no longer react to further decomposition, or, ex¬ 
pressed otherwise, the supply of relevant attributes is exhausted, 
and the probabilities p' p", . . , which are associated 

with these sub-aggregates are called “elementary probabilities.” 
In this case we say that the sub-aggregates themselves are “com¬ 
pletely homogeneous” with reference to the event A . 

The total aggregate—still in reference to A —is the more 
diversified the more the elementary probabilities p ', p", 
differ among themselves, that is, the more they differ from p . 
It is reasonable to take as a measure of this diversity the expression 
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S , defined by 

(14) 6^= g'(p'-p)^+g“(p‘-■ ■■ 


Diversity and homogeneity are antithetical notions; the more 
uiuliyersifted the aggregate, the more it is homogeneous, and vice 
versa. 

In order to apply this view of homogeneity, now considered 
for itself, to the procedure and the examples which we have 
brought forward in the discussion of stability, we must disregard 
the time fluctuations of the probabilities in question. That is, 
we do not use the quantities p^ ^ but fix attention on the 

probabilities Pt which refer to an individual time interval of 
n partial intervals—^say a decade. By carrying out repeatedly 
the decomposition according to formula (13j, the quantities 
Pi - /Oo included may be expressed in the form 


Pi ‘Si ■ 

where Pj , p^ . . are elementary probabilities. Cor¬ 
responding to formula (14), we have 


(15) 


K-a:<p:-pf-g:(p:-p,)L 


If we designate the proportion of the t th partial aggregate 
to the total aggregate by c, , that is, if we let - r 
we find "'o ' ' 
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and at the same time 


(16) 



'Po^ 


^:cp:-pj\ 




The number of sunitiiarids in (16) is /-/ /V , since there are 
j 7 partial aggregates and each of these is a totality of N sub¬ 
aggregates. It may easily occur that some of the n N elemen¬ 
tary probabilities are equal and this is expected in connection 
with elementary probabilities which are associated with similar 
sub-aggregates. But even in the most extreme case, where the 
elementary probabilities are equal without exception, we cannot 
say that the probabilities are all alike, This can occur only 
when the values ’ 5?,* ’ • • • independent of i . 

This highly improbable case is excluded from our discussion. We 
have then 


^ Cl (Pr pS ^ O 

1*1 


From (IS) and (16), we have the following; 

91 (PrpA ^PrPo)' 

4 *" z i f-i ^Pi -Po y 


<•/ 
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so that, on account of (17) 

^ <=/ ^ 

and a fortiori 
(18) 

The total aggregate is then under all circumstances less 
homogeneous than the partial aggregates are on the average 

This statement might possibly correspond to the every-day 
meaning of the word “homogeneity,” which carnes with it no pre¬ 
cise quantitative idea. Indeed, when we consider that in the case 
of the total aggregate we have to take into account not only the 
lack of homogeneity within the partial aggregates, but also the 
diversity with which the partial aggregates may make up the 
whole, we are inclined to say that the total aggregate is less homo¬ 
geneous than any of its parts. With that idea, however, we do 
not hit upon the right thing as far as our mathematical criterion 
of homogeneity is concerned. The inequality (18) says only, 
that the average of the values 5,, 8^, . . . is less than 
not that each one is less than S„. 

In our foregoing discussion of stability as measured by the 
relative essential fluctuation component, we found that fqr the 
total aggregate the stability was higher than the average for the 
partial aggregates, except for the case of isodromy, which in prac¬ 
tice rarely occurs. Hence, there exists betiveen homogeneity and 
Stability an antagonistic relation—small homogeneity ■ goes hand 
in hand with great stability. For example, the provinces into 
which a country may be divided will Show, on the average, a 
greater homogeneity and at the same time a lesser stability in 
reference to an event A than will the country taken as a whole. 
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Again, the districts into which the provinces may be divided will 
on the average show a greater homogeneity associated with a 
still smaller stability. We can say that in general the homo¬ 
geneity increases with the narrowing of the field of observation, 
while the stability decreases. 

Is this to be considered as a warning against the all too popu¬ 
lar diversification of statistical material which is being more and 
more accepted in research methods? Not m the least. That 
would be an obsolete point of view, as if the problem of statistics 
consisted in a search for most stable values. Rather does the 
opposition between homogeneity and stability give direction to 
business practice, especially to that branch of business which is 
in such close touch with statistics, namely insurance, where sta¬ 
bility is of prime importance. It has been known for a long 
time that it contributes to the even tenor of the business side 
if the risks are as heterogeneous as possible, It is of advantage 
if the insured persons or things are spread relatively widely ac¬ 
cording to geographical and other points of view, instead of con¬ 
centrating on a limited territory or few kinds of risks. 

Accordingly, even if this thesis, that an antagonistic relation 
exists between homogeneity and stability, seems surprising and 
strange, we find on closer consideration that the theory agrees 
with a practice which has instinctively grasped the true situation. 
It is now twelve years since I had tfie first opportunity to explain 
at greater length than here the foregoing developed ideas and 
with the verifying data to present them to my colleagues.^ As 
far as I know, only one of these has taken a definite stand in 
the matter. This is John Maynard Keynes * He makes the 
charge against me, that instead of clearing up a very simple mat¬ 
ter, I have befogged it with a profusion of mathematical formulas 

’Homogeneitat und Stabilitat in der Statistik, in the Skandinavislc Alrtu- 
anetidskrift, 1918, pages 1-81, Upsala. 

'A treatise on probability, London, 1921, pages 403-40S. 
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and new technical terms, and he believed that he could show this 
best by an example of my own. from the field of insurance. In 
referring to this example, Keynes thought that the distincbon 
made by myself in a much earlier publication between a gen¬ 
eral probability p and the special probabilities , p ^, . . . 
was the one in question, where 




z 



Pa+- 


Keynes further expressed himself as follows: 

“If we are basing our calculations on p and do not 
know p,, , etc., then these calculations are more 

likely to be borne out by the result if the instances are 
selected by a method which spreads them over all the 
groups 1, 2, etc., than if they are selected by a method 
which concentrates them on group 1. In other words 
the actuary does not like an undue proportion of his 
cases to be drawn from a group which may be subject to 
a common relevant influence for which he has not allowed. 

If the a priori calculations are based on the average over 
a field which is not homogeneous in all its parts, greater 
stability of result will be obtained if the -nstances are 
drawn from all parts of the non-homogeneous total field, 
than if they are drawn, now from one homogeneous sub- 
field and now from another This is not at all para- 
doxicai, Yet I believe, though with hesitation, that this 
15 all that Von Bortkiewicz’s elaborately Supported math¬ 
ematical conclusion amounts to.” 

th,t a lire mauranee company i„a„rea 

wrgrfaprirT “r" no 

+ ' ■ • equally likely events. Hence 



L. V. BORTKIEWICZ 


21 


two kinds of buildings, dwellings and factories, which are classified 
as different grades of fire risks, for msurancc premiums which 
are not graded. The premium is to be calculated per unit on 
the supposition that the risks jn the two categories are divided 
in a definite projxirtion Then, according to Keynes, a greater 
stability in the business is guaranteed if every year dwellings as 
well as factories are insured, than if in one year only dwellings 
and m another year only factories are insured. This is certainly 
true and requires no lengthy argument. But it has nothing what¬ 
ever to do with my thesis of the antagonistic relation between 
stability and homogeneity. 

To give an example which does illustrate my theory, think 
of three insurance companies, A, B, and C A insures only 
dwelling houses, B only factories, while C insures both. The 
premiums in A, B. and C are different because of the different 
classes of risks. It is assumed in C that there is no grading of 
premiums A premium per unit is charged which is calculated 
according to the relative number of the two risks. The premium 
is to be just high enough so that for a period of years, allowing 
for variations due to chance, the damages are just covered. In 
the course of this period, the danger of fire varies from year to 
j'ear, showing gains in some years, losses in others. Such fluctua¬ 
tions of fire hazard would correspond in my scheme to the varia¬ 
tions of the probabilities ^ with respect to k , while p- ^ 

IS associated with A, ^ with B, and p^^ with C. And in 
accord with my theory that, except in the case of isodromy, the 
values ^ , relatively speaking, show -weaker variations than 

A,/if and p^^ do on the average, the insurance company C 
would show relatively smaller fluctuations of fire damage from 
one year to another, resulting in a more stable business than 
would be shown by the average of A and B. The mixed charac¬ 
ter of the risks would be conducive to greater staliility. In the 
case of C a certain compensation of effects would take place 
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which the time variations of the two-sided fundamental probabil¬ 
ities would make manifest on the business side.^ But Keynes 
says nothing of these variations. He simply missed the point of 
my argument and his remarks were not relevant, 

It is to be hoped that the new exposition of my theory, 
although, or because, it is essentially shorter than the older one, 
will give no cause for a similar misunderstanding. 


'This coifipensation would also appear in the more complicated case where 
the proportions of the risks in C are not unchangeable as is assumed in 
the text, but would charge from year to year (the premium being adjusted 
accordingly), Vit need not go further into this matter because, in my 
theory, the composition of 3 , out of the component parts s, ^ is 
considered as fixed, In my examples, this composition varied, but the 
fluctuations were insignificant in comisirison to the variations of the values 
See Skandinavlsk Aktuarietidscrift, pages 69-70, 
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An Expository Presentation* 


By 

Edward C Molina 
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Bayes’ theorem made its appearance as the ninth proposition 
in an essay which occupies pages 370 to 418 of the Philosophical 
Transactions, Vol. 53, for 1763 An introductory letter written 
by Richard Price, “Theologian, Statistician, Actuary and Political 
Writer,’’* begins thus; 

“I now send you an essay which I have found 
amongst the papers of our deceased friend, Mr. Bayes, 
and whicli, in my opinion, has great merit, and well 
deserves to be preserved.” 

A few lines further on Price says r 

“In an introduction which he has writ to this Essay, 
he says, that his design at first in thinking on the subject 
pf it was, to find out a method by which we might judge 
concerning the proliability that an event has to happen, in 
given circumstances, uix>n supposition that we know 

‘Read before the American Statistical Association durinR the meeting of the 
American Association for the Advancement of Science in Cleveland, Ohio, 
December, IMO, 

‘These titles are associated with the name of Price in the frontispiece por¬ 
trait of him bound with the December, 1928, i^sue of Bioinilriko, 
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nothing concerning it but that, under the same circum¬ 
stances, it has happened a certain number of times, and 
failed a certain other number of times,” 


"Every judicious person will be sensible now that the 
problem mentioned is by no means merely a curious spec¬ 
ulation in the doctrine of chances, but necessary to be 
solved m order to assme a foundation for all our reason¬ 
ings concerning past facts, and what is likely to be here¬ 
after." 


No one will dispute the importance ascribed to Bayes' prohlelin 
by Price, in-fact, a paper by Karl Pearson on an extension of 
Bayes’ problem is entitled "The Fundamental Problem of Prac¬ 
tical Statistics " Opinions differ, however, as to the validity and 
significance of the solution submitted in the essay for the problem 
m question. In view of this situation I shall limit myself today 
to an exposition of the fundamental characteristics of the prob¬ 
lem Bayes theorem deals with and shall give no consideration to 
its interesting applications. 

The exposition may be outlined as follows; after specifying 
the class of problems to which Bayes’ theorem pertains, I shall: 

I, Discuss briefly two problems, each of which will empha¬ 
size one of two kinds of a priori probabilities which should be con¬ 
stantly borne in mind when Bayes’ theorem is under consideration, 

II. Partially analyze a certain ball-drawing problem which 
will not only serve as an introduction to the algebra of Bayes’ 
theorem but will later help to throw light on its significance, 

HI. Present Bayes' problem and the related theorem. 

IV. Make some remarks on the value of the theorem and 
the controversies which it raised. 


I» carry,„g oat this plan I shall find 1, convenient to ignore 
the histone order of events. 


When probability is the subject under consideration 


one an- 
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ticipates problems such as: A com is about to be tossed 15 times; 
What IS the probability that heads will turn up seven times? A 
sample of 100 screwdrivers is to be taken from a case containing 
1000 screwdrivers of which 300 are known to be defective. what 
IS the probability that the sample will contain 2S defectives’ 

These are direct, or a prion, prohahiUty problems. In each' 
of them the nature of a game, or an experiment, is specified in 
advance and then a question is asked relating to one, or more, of 
the possible outcomes of the game or experiment Problems of 
this typie have occupied the attention of mathematicians since the 
days of Pascal and Fermat, the creators of the mathematical theory 
of probability. 

An inverse class of problems of great practical significance, 
called a postenon probability problems, came into prominence with 
the publication of Bayes’ essay. In these we find specified the re¬ 
sult or outcome of a game which has been played, whereas the 
question then asked is whether the game actually played was one 
or some other of several possible games This tyyie of problem 
is usually stated as follows; 

An event has happened which must have arisen from 
some one of a given number of causes ; required the prob¬ 
ability of the existence of each of the causes ” 

I 

Consider this example ■ During his sophomore year Tom 
Smith played on both the baseball and football varsity teams; 
we have been informed that he broke his ankle m one of the 
garhes; what are the a posteriori probabilities in favor of baseball 
and football, respectively, as the baneful cause of the accident? 

Evidently the answer depends on the number of baseball and 
football games played during their respective seasons and also on 
the likelihood of a man breaking an ankle in one or the other of 
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these two games, As a concrete case assume that; 

1. At Smith’s college an equal number of baseball and football 
games are played per season; 

2, Statistical records indicate that if a student participates in a 
baseball game the proliability is 2/100 tliat he will break an 
ankle and that, likewise, the probability is 7/100 for the same 
contingency in a football game. 

Ill view of the first of these two assumptions our conclu¬ 
sions as to the cause of the accident may be based entirely on the 
information contained in the second assumption. The odds are 
two to seven, so that the a posteriori probabilities regarding the 
two admissible causes are, 

For baseball, 2/(2+7) =2/9 
For football, 7/(2+7) = 7/9. 

Now consider this other example. A lone diner amused him¬ 
self between courses by spinning a coin. We elicited from the 
waiter that in IS spins heads turned up seven times Moreover, 
from our point of observation, the size of the coin indicated that 
it was either a silver quarter or a ten-dolhr gold piece. What are 
the 0 posteriori probabilities in favor of the silver quarter and the 
gold piece, respectively? 

If the lone diner were a professor from one of our eastern 
universities we would not hesitate a moment in declaiing that the 
com spun was a quarter But it happens that the gentleman was 
a member of the Cleveland Chamber of Commerce, dining at the 
Bankers’ Club. We must, therefore, give the matter more careful 
consideration. The number of quarters and gold pieces usually 
earned by a banker and the probabilities of obtaining the observed 

result by spinning coins are relevant; let us assume, therefore 
that: 

1. The small change purse of a Cleveland financier contains, on 
the average, ten-dollar gold pieces and quarters in the ratio of 
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eight to three. 

Moreover, we may assume (in fact we know) that; 

2. If either a quarter or a gold piece is spun IS times, the prob¬ 
ability that heads will turn up seven times is approximately l/S. 

The second of these two items of information makes the a 
postcrion probabilities depend entirely on the first item. Clearly 
the odds are eight to three and ,we conclude- 

For a quarter, a posteriori probability=3/(3+8) =3/11. 

For a goldpiece, a posteriori probability=8/(3+8) =^11. 

Now regarding the general a posteriori problem, 

"An event has happened which must have arisen 

from some one of a numlier of causes; required the prob¬ 
ability of the existence of each of the causes," 

what do the two examples we have just considered suggest? In 
both problems we inquired into; 

1. The frequency with which each of the possible causes is met 
BEFORE THE OBSERVED EVENT HAPPENED. This frequency 
is called the a priori existence probaliility for the correspond¬ 
ing cause. 

2. The probability that a cause, if brought into play, would re¬ 
produce the-observed event. This probability will hereafter 
be referred to as the a priori productive probability for the 
cause in question, 

In the case of the broken ankle, the a priori existence prob¬ 
abilities were equal and took no part in our conclusion; we based 
the a posteriori probabilities entirely on the a priori productive 
probabilities. We did just the opposite with reference to the coin 
spun by the Cleveland financier, on account of the equality of the 
a priori productive probabilities we deduced a posteriori prob- 
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{abilities in terjns of the unequal a pfiori existence probabilities. 

It is apparent that our two examples represent extreme cases. 
In general, the solution of an inverse or a pasteriori problem, in¬ 
volving a number of causes, one of which must have brought about 
a certain observed event, depends on both sets of direct, or a priori 
probabilities. Those of the first set give the frequency with which 
the various causes were to be expected before the observed result 
occurred, those of the second set give the frequencies with which 
the observed result would follow from the various causes if each 
were brought into play. 


II 

Bearing in mind the two distinctly different sets of a priori 
probabilities required in arriving at a posterxori conclusions re¬ 
garding the possible causes of ttn observed event, we must now 
give some thought to the algebra of the subject before taking up 
Bayes’ problem and theorem, For this purpose con.sider the fol¬ 
lowing bag problem • 

A bag'contained M balls, of which an unknown number 
were white. From this bag N balls were drawn and of these T 
turned out to be white. What light does this outcome of the 
drawings throw on the unknown ratio of the number of white 
balls to the total number of balls, M , in the bag? Let a: be 
this unknown ratio. 

Two cases of this problem may be consideied: 

Case 1,—After a ball was drawn it was replaced and the bag was 
shaken thoroughly before the-next drawing was made, 
Case 2—A drawn ball was not replaced before the next drawing. 

These two cases become essentially identical when the total 
number of balls in the bag is very large compared with the num¬ 
ber drawn. Case 1 will serve as an introduction to Bayes' prob- 
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lem; later we will find it highly desirable to consider Case 2. 

We are confronted with ( A^ + 1) possible hypotheses or 
causes before the drawings took place: 

1 - the unknown value of oc is = O/M , 

2 - the unknown value of jc is jr, “ 

3 - the unknown value of ^ is a:, = 2 /M, 

k-h \ - the unknown value of x is x^ “ k/M, 

M +1 - the unknown value of x is « m/m = 1. 

Let w (Xff) be the a priori existence probability for the k 'th 
hypothesis; by this is nieant the probability in favor of the A'^th 
hypothesis based on whatever information was available regarding 
the contents of the bag prior to the execution of the drawings. 

Let B(T^ Nj Xf/) be the o priori productive probability 
for the k 'th hypothesis; by this is meant the probability of ob¬ 
taining the observed result ( 7' whites in N drawings) when the 
value of X is k/M. 

Then, the a posteriori probability, or probability after the 
observed event, in favor of the ^th hypothesis is 

H w(x^) 3{7, N, 

^•O 

For Case 1 of our bag problem we have 


‘This is the Laplacian {generalization of Bayes’ formula, although in soipe 
textbooks it is referred to as "Bayes’ Theorem.’’ A relatively short dem¬ 
onstration of it is given by Poincar^ in his Calcul des Probab^itis, See 
also Fry, Probability and tit Engineering Uses, Art. 49. 
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where (^) represents the number of combinations of N 
things taken 7 " at a time. Substituting in (1), we obtain, 
after canceling from numerator and denominator the common 
factor ^ , 

( 2 ) p . C/~ x^ ) 

If in equation (2) we give k successively the values e» , 
d + 1. tf 2, . . . d> - 1, A and add the results, wa 
have 

P + P + • • ■ + 

or 


*•0 

for the a posteriori probability that the unknown ratio of white 
to total balls in the bag lies between a/Cl and A/zV, both 
inclusive. 


( 3 ) 


III 

BAYES’ PROBLEM 

Consider the table represented by the rectangle ABC D in 
Fig. 1. On this table a line 05 was drawn parallel to, but at 
an unknown distance from, the edges AD and BC ^ Then 
a ball was rolled on the table N times in succession from the 
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edge AD toward the edge BC , As indicated in the figure 
it was noted that T times the ball stopped rolling to the right 
of the line 05 and N- T times to the left of that line. 

What light does this information shed on the unknown dis¬ 
tance from AD to O 5 ? In more technical terms, what is 
the a posteriori probability that the unknown position of the line 
05 lies between any two positions in which we may be interested? 


/ 

(n-t) 
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Pisr. 1. 


Each rolling of the ball was executed in such a manner that 
the probability of the ball coming to rest to the right of 05 is 
given by the unknown ratio of the distance to the length 

3A of the table; likewise, the probability of the ball stopping 
to the left of O >5 is given by the ratio of the distance fl O to 
the length . 

,Set jc- OA/BA, l-\x - GO/BA. 

The only difference between this problem and the bag of balls 
problem is that now the possible values of X are not restricted 
to the finite set 0 /M, 1 /M, 2//V, . . . ( Af - M/M'^ 

in the table problem jc may have had any value whatever between 
the limits of 0 and 1. Therefore eqiation (3) will answer the 
question asked provided we substitute definite integrals in place 
of the finite summations. This substitution gives us, for the de- 
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sired a posteriori probability that a: had a value between x, and 
, the formula 


(4) 




f w(x)x'^ (f~x) Ctx 

__ 

J' w(x)X^ (f-Xp ^ c^x 


Equation (4) is useless until the form of the a priori exis¬ 
tence function vy(jeJ is specified; this depends on the way in 
which the line O 3 was drawn. Bayes assumed that the line 
OS , of unknown distance from A D , was drawn through the 
point of rest corresponding to a preliminary roll of the ball. This 
amounts to postulating that all values of between 0 and 1 
were a priori equally likely. In other words, with Bayes, the 
a priori existence function w/jt ) was a constant which, therefore, 
did not have to be taken into consideration.^ Thus, instead of 
equation (4), Bayes gave the equivalent of the following restricted 
formula: 


(5) 




Y /'^dx 

9 


1 say “the equivalent of” (5) because in Bayes’ day definite 
integrals were expressed in terms of corresponding areas. 

Equation (5) constitutes Proposition 9 of the essay, but is 
usually referred to as Bayes' theorem. 

The existence function w CxJ does not appear either explicitly or implic¬ 
itly anywhere in Bayes’ essay. This fact raises the question as to whether 
or not Bayes had any notion of the generat problem of causes. 
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IV. 

Equation (5) is a very beautiful formula; but we must be 
cautious. More than one high authority has insinuated that its 
beauty is only skin deep. Speaking of Laplace’s generalization 
and extension of the theorem, George Chrystal, the English math¬ 
ematician and actuary, closed a severe attack on the whole theory 
of o posteriori probability’ with the statement that “Practical peo¬ 
ple like the Actuaries, however much they may justly respect 
Laplace, should not air his weaknesses in their annual examina¬ 
tions. The indiscretions of great men should be quietly allowed 
to be forgotten ’’ 

Chrystal’s advice as to the attitude one should assume toward 
“the indiscretions of great men’’ is excellent, but in the case under 
consideration, it was the plaintiff rather than the defendant who 
committed indiscretions; this is discussed in a paper by E. T. 
Whittaker^ entitled “On Some Disputed Questions of Probability." 

The discussions and disputes, which began shortly after the 
birth of the formula in 1763 and which have not as yet subsided, 
may be divided into two classes; 

1. Discussions concerning problems in which it is known that the 
a priori existence function is not a constant. 

2. Discussions concerning problems in which nothing whatever 
is known concerning the a priori existence function. 

The discussions of Class 1 are out of order in so far as 
Bayes’ theorem is concerned; recourse should be had to formula 
(4), Laplace’s generalization of the Bayes’ theorem, when it is 
known that is not a constant Failure to differentiate 

‘ "On Some Fundamental Principles in the Theory of Probability," Trans¬ 
actions of the Actuarial Soctely of Edinburgh. Vol, U, No. 13. 

’ Transactions of the Faculty of Actuaries in Scotland, Vol. VIII. Session 

iniO llVm 1 WN.a.i.v.u 
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explicitly between equations (4) and (5) has created a great deal 
of confusion of thought concerning the probability of causes. The 
discussions of Class 2 have centered on what Boole called "the 
equal distribution of our knowledge, or rather of our ignorance,” 
that is to say "the assigning to different states of things of which 
we know nothing, and upon the very ground that we know noth¬ 
ing, equal degrees of probability.” Regarding the legitimacy of 
this procedure Bayes himself, contributed a very imiiortant schol¬ 
ium, which appeared m his essay on pages 392 and 393. The 
argument in this scholium, based on a corollary to Proposition 8 
of the essay, may be summarized as follows': 

Assuming that all values of jc are a priori equally likely and 
that the /V throws of a ball on the table have not yet been made, 
the probability that T times the ball will rest to the right of O 5 
and that the remaining N~T times it will rest to the left of 
OS IS (as shown in the corollary) 

(6) p./ 


a result hi which T does not appear In other words, any as¬ 
signed outcome for the throws is no more, or no less, likely than 
any other outcome, if a priori all values of oc are equally likely. 
But, wrote Bayes in the scholium, when we say that we have no 
knowledge whatever a priori regarding the ratio jc , do we not 
really mean that we are in the dark as to what will be the out¬ 
come when we proceed to make -W throws? If so. then equa¬ 
tion (6) justifies the assumption that a priori all values of Jc are 
equally likely. 

To clinch his argument it must be shown that the converse 
of equation (6) is true That is, it must be shown that, if any 
outcome of throws not yet made is as likely as any other, then 
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any value of jc is a priori as likely as any other. This converse 
theorem was submitted to Dr. F. H Murray, who obtained an 
elegant proof based on a theorem of Stieltjes.^ 

In view of Bayes’ corollary and his scholium, an analysis of 
our bag problem with reference to the “equal distribution of our 
knowledge, or ignorance” is in order. 

Consider again Case 1 where each drawn ball is replaced in 
the bag before the next drawing is made. 

Assuming each of the ( A7 ■/-1) permissible hypotheses to be 
a prion equally likely, the probability that /V drawings, not yet 
made, will result in T white and N - T black balls is 

Equation (7) is not, in general, independent of T * so that 
any one assigned outcome of A/ drawings is not as likely as any 
other outcome. This result is disturbing; at first sight it seems 
to discredit Bayes’ scholium. We must, therefore, look into the 
the matter more closely. 

Bayes’ problem corresponds to drawings from a bag con¬ 
taining an infinite number of balls. Therefore, even if drawn 
balls are replaced, the chance of a particular ball being drawn 
more than once is zero. But when drawings with replace¬ 
ments are made from a bag containing a finite number, , of 
balls, we are by no means certain of drawing A/ different balls; 

'Bulletm of the American Mathematical Society, February, 1930. 
•Consider, for example, the case of Af = 2. Equation (7j reduces to 

p’iariT) 


a result which is not independent of T. 
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a paiticular white ball may be drawn several tunes over, and, like¬ 
wise, a particular black ball may appear more than once. It is not 
surprising, therefore, that Case 1 of the bag problem does not 
confirm Bayes’ corollary. 

Consider now Case 2, where the drawn balls are not returned 
to the bag, If A of the total balls are white and the rest black, 
the probability that a sample of /Y balls from the bag will con¬ 
tain T white and A/- J~ black is 

Cr) / (ill) 

Hence, if the permissible values 0, 1, 2, 3, . . . for k 
are all equally likely a priori, we obtain instead of (7), 


( 8 ) 






a result independent of any assigned value for T and identical 
with the result in the corollary to Proposition 8 of the essay. 


SUMMARY 

Bayes’ theorem is the answer to a special case of the general 
problem of causes. The special case- postulates that the a priori ' 
existence probabilities for the various admissible causes of an ob¬ 
served event are equal. 

In the essay Bayes recommends that his theorem be adopted 
whenever >we find ourselves confronted with total ignorance as 
to which one of several possible causes produced an observed 
event. To justify this recommendation Bayes takes the attitude 
that: A state of total ignorance regarding the causes of an ob- 
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served event is equivalent to the same state of total ignorance as 
to what the result will be if the trial or experiment has not yet 
been made. This interpretation is a generalization of the fact 
that in his billiard table problem, the assumption of equal likeli¬ 
hood for all possible positions of the line O S , gives equal prob¬ 
abilities for the various possible outcomes of a set of ball 
rollings not yet made. 

Laplace, Poincare and Edgeworth' have shown that the a 
priori existence function yv{x) . which appears in the Laplacian 
generalization of Bayes’ theorem, is of negligible importance when 
the numbers A/ and J are large Therefore, when this con¬ 
dition holds, one need not hesitate to use Bayes’ restricted formula 
for the solution of a problem of causes 

The transmission, by Price, of Bayes’ posthumous essay to 
the Royal Society marked an epoch in the history of the literature 
on probability theory. As mentioned at the beginning of thi.i 
paper, Karl Pearson has called the extension of Bayes’ problem 
the “Fundamental Problem of Practical Statistics." 


‘Laplace: "Oeuvres,” Vol. 9, p. 470 Poincari. "Calcul des Probabilitdg" 
2d edition, p. 2SS. Bowley; "F. Y. Edgeworth's Contribution to Math¬ 
ematical Statistics,” pp. 11 and 12. 


^ 9hcrd>^ 



ON CERTAIN PROPERTIES OF FREQUENCY 
DISTRIBUTIONS OBTAINED BY A LINEAR 
FRACTIONAL TRANSFORMATION OF THE 
VARIATES OF A GIVEN DISTRIBUTION 

By 

H, L. Riew 


Considerable evidence has been presented by R. A. Fisher* 
to show that, by an appropriate transformation X.- f Cr) of 
small sample correlation coefficients r ^ r ^ distributed 
in accord with a decidedly skew frequency curve, values of e 
are obtained which are distributed nearly in a normal distribution. 
In fact, the approach of the distribution of z to normality 
seems sufficiently rapid to justify the use of the probable error 
of z in many applications as if it were normally distributed. 
Such a change in the character of the distribution of an important 
statistic suggests the further study of properties of the distribu¬ 
tion of variables obtained by applying rather simple transforma¬ 
tions to variates distributed from —1 to +1 in accord with a given 
frequency function. In a previous paper,® the writer has dealt 
with a similar problem when each variate of a given upimodal 
distribution of any finite range is replaced by a given power of 
the variate. 

Consider a positive unimodal continuous frequency function 


‘Metron, Vol. 1, Part 4 (1921) pp 3-32 

•Proceedings of the National Academy. Vol. 13, No. 12 (1927), pp. 817-820. 
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y ^ (x) of a system of variates JC,, x^, . . . X^j with 

a range of -1 to +1, with (-1 )= )^ (1)=0, with a single 
mode at some point, say at x= d (-1 < < 1), and with the 

derivative ijr'(x) continuous More precisely, we assume 
that ty Cx) is positive except at the end points of the in¬ 
terval -1 to +1, where it is zero, and that Ip' ' (x) changes 
from positive to negative at x= d , and is non-negative or 
non-positive at any point x^d according as d is less or 
greater than ■ 

It is the main object of the present paper to consider certain 
properties of the distribution of variates + f )/ 

{ qXi + h ) obtained by a linear fractional transformation of 
the X ’s, where e , f , g , and h are real numbers so selected 
that u « ( ex \ f )/( gx +/? ) is continuous from 
Jf=~l to oc =1, 

When g =0, we have the case of the linear transformation 
which simply has an effect equivalent to a change of origin and 
of unit of measurement. As we are not in the present problem 
much interested in such a simple transformation, we shall, in 
general, assume g, ^ 0. Moreover, we take g positive, since 
this involves no loss of generality. 

We shall, except as otherwise stated, restrict our considera¬ 
tions to the interval for u that corresponds to -1 ^ or ^ 1, 
and to such transformations that the derivative of ti with re¬ 
spect to X is finite for each value of jc and that u increases 
when jc increases These restrictions require that 

du. , he - fa 
dx ~ (gjc+h)^ 

where g <- \ h \ and where the determinant 

( 1 ) ^ 
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Starting then with 


(2) 


we have 


(3) 

gu-G 

Next, let 


(4) 

v= ^ (u) 

be the frequency function of the new variates u . Then 

may write’- 


(5) 

™ ' gu-e Cgci-eJ^ 


Since he- > 0, we know that v is positive through¬ 
out the interval in which we are interested except that V =0 
at the end points. From (5) it seems that the new distribution 
function may possibly became infinite when u •■ 0/9 , but the 
question then arises as to whether is an admissible value 

of u . 

We shall prove that e/g is not an admissible value of u 
by showing that u cannot take the value e/<y within the 
interval ur h-g) to u- (e*f)/(g-^h) 

wherein u lies when -1 S X = 1. .In this connection we shall 
also establish some inequalities that will be found useful in the 
consideration of certain properties of the new distribution. Con¬ 
sider first the cases in which is positive. 

Then since eh > fg 1 we have eh + eg >■ fg + eg 

Divide by g(q^fj) , and we have S. > Hence 

__ 9 9+ h' ’ 

‘cf. Annals of Mathematics, vol. 23. No. 4 (1922), pp. 293-4. 
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e/g is too large when g-^ h is positive to be an admissible 
value of <-4 . 

Consider next the cases in which g + h is negative. In 

this case, /?<£? since 0. Hence 9-/7 ;> 0. Then since 

e/7 ^ fg , we have eh-eg^ fg-eg . Divide by 

the positive number g(g-/}) This gives l£ 

, e ^ e-f 9 9 ~ ^ 

and g ^ q. tj • 

Hence, when 9 (g+h) < 0, e/^ is too small to be an 

admissible value of u . 

To summarize with ^ > 0, we have shown that: 

(a) When g + h is positive, is too large to be 

an admissible value of u 

(li) When g+h is negative, e/g is too small to be 


an admissible value of u . 

Returning now to the consideration of our frequency function 



When a takes the value (g b-t f)/ Cg b-<r h) into which 
variates at the mode are transformed, we know that 

0 , , 

By making use of the fact that be- fg > 0. and the propo¬ 
sitions (a) and (b) relating to the inadmissibility of e/g as 
a value of u in an examination of the right hand member of 
(6) for u ^Ceb * f) / ( g b + fy) we establish the 

following proposition in regard to the sign of the derivative 

dv /dCL lor the value of u. which correspxinds to the 

modal value of x. 

When g-^/? f 0, cCv/aiu jg positive or negative 

at iJ-‘(eh^-f)/CQb^h) according as g-th is 
positive or negative. 
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The truth of this proposition follows readily by applying 

(а) and (b) to (6), remembering that g is positive and that 

. t 

yr (b) vanishes. 

We shall show next in case g + h > 0, that dv/cYu 
is non-negative for all admissible values of U less than 
(ebif}/(qbih) . To see this from (6), note first 
that ^ [{f-hu) J ( qu-e)^ remains non-negative for 
(f-hu)/( gu-e) <‘t or for d less than 

)/(qb+h) , and note second that q/Cgu-e)^ 

is negative since e/q is too large to be an admissible value 
of u under the condition q+h '> 0 

Next, in case g\h ^ 0i ctv/du is non-positive for 
all values of u > (eb + f i / (qb + h) . To see this fiom 

(б) , note first that ^ ( f-hu) / ( qa-e) J remains 

non-positive for (f-hu)/(qu-e) > b or for u > . 

and note second that qj (qu-e)^ is positive when 

because in this case u > e /q , 

To summarize, when q-rb i 0, we state the 

Theorem I, When the derivative c/ir/du is 
positive for the value of u into xvjtkh variates at the 
modal value ■x=b transform, then d^/du is 
non-negahve for all smaller values of u . Similarly, 
when dy/du is negative for the value of u into 
which variates at the modal value -X-b transform, 
then dy/du is non-posUtve for all larger valuei 
of u . 

Finally, we wish to inquire about a modal value for 
the frequency function y = ^ (u) in (5). To this end, 
consider first the case in which dy/du is positive at 
u = (eb + /)/ (qbfh) . At a point between 

42* (ebff}/(qb + h) and the upper bound of u , that 
IS ie+f)/(q-f-h) , a maximum value of / occurs. To 



H. L. RIETZ 


43 


see this, note when i-t= (e + f^/ + 

dv/du-ilf'(l)(g^h)^/ Che-fg)^ which is 

negative, or zero since (1) is negative or zero. If it is nega¬ 
tive, there is a maximum where the sign of the continuous first 
derivative changes from positive to negative If dv/(tU is 
zero at u= {e} f) / (g + d) , it follows also that there 
IS at least one maximum of i/- ^(o) between a. ~(eb 
and u ^(e+f)/(g^ h) since i/= 0 at u - (e-^f) / ( h) 

and V must have changed from an increasing positive function 
at u=(eb->f)/(gi>^h) to a decreasing function before 
becoming zero at ( eif) / (g-^ H) . Similarly, it may 
be shown that there is a mode at a value of u. <(eb^f)/(gt>ff7') 
whenever dt^/du. is negative at u ~ ( eb *f)/ (g t> + h). 
We may then state the following; 


Theorem II. Given a unimodal continuous positive 
function g - ^ (X.) of vanates x. , with a range 
from -1 to +1, with a mode at x = £> I <b</) , 
with ^ (-1)= ^ (1)=0, and with the derivative ij/ X 
continuous from X- -I to x~ then the frequency 
distribution V = (u) of variates u-(ex-*f)/(gj(-fb) 

(g > O) has a mode at a value of u> (ebif) f (gb^h) 
when g + h > 0. It has a mode at a value of 
Cl < (eb-^ f) / ( g h) when g -i h ^ 0. 


Since we have so restricted our transformation 

(gx^n) 

that the order of corresponding values is preserved, the trans¬ 
formation carries the median of the distribution of x 's into the 
median of the distribution of u. ’s, and we may state the following; 


Corollary. If g=ip'(x) has its median and 
mode coinciaent at x=b , the frequency distribution 
V- (u)- of u- (ex-t f)/ ( gx q- h) has a 

modal value greater or less than its median according as 
g + h is greater or less than zero. 
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Thus far we have imposed the condition 9 < | A? | . Let 

us next consider the cases in which h = ~ q and h=q 
instead of requiring that g < I ‘ Consider first the case 
h - - a . In this case 


( 7 ) 



ejc+f 


and 


c(u , he-fq , _ (f-t f 
ax (qx-<th)^ q(x-t)^ 


Both u and aLu./cLx become infinite as or approaches 
1. Suppose e and f so chosen that u is an increasing 
function of x for the interval -1 S jf* 1 , then u in (7) is 
an increasing function of x for the larger interval - oo<jc< 1 ; 
and it follows, for the case , that is’too small to 

be an admissible value of u when -1 ^ jf < 1 , since it is the 
value of u when jr ■ - 00 . 

For the case h- g , we have 


( 9 ) 


a - 


ex *f 
g(x+/) 


and 


( 10 ) 


^ . . 
ax g(x+i}^ 


Since u in (9) is an increasing continuous function of x 
for the interval -1 < jr < oe wherever and / are so selected 
that it is increasing for the sub-interval -1 < S 1 , it follows, 
for = g .that e/g , the value of u when jc r oo , 
is too large to be an admissible value of u when -1 < jr 3 ^ 1 . 
Bjr making use of the fact that «/9 is too small or too large 
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to be an admissible value of u according as / 7 - - 9 or + 9 , 
we readily obtain the following results from an examination of 
( 6 ): The derivative dv/du given in ( 6 ) is positive at the 
point u= ( etJt f)/( <jb-hh) when , and it is 

negative at this point when h= -g 

Moreover it readily follows as in the case where 9 < | /7| 
that when the derivative dt'/c/u is positive for the value 
of u into which the modal x = t> transforms, then dv/ctu 
is non-negative for all smaller values of u , and when c(^/cCu. 
IS negative for the value of u into which the modal value jc= b 
transforms, it is non-positive for all larger values of u 

Next, for the case h=g , a mode occurs for a value of 
u > (eb^f)/(gbfh) . This may be seen by noting that 
as jc approaches 1 and as a takes corresponding values 
dr/du in ( 6 ) approaches the value 16 ^ (!)/(&- 

which is negative or zero. The analysis given above for the 
corresponding case g<l hj may be applied, with the conclusions 
stated in Theroem II by replacing q + h > 0 by h = g and 
gi h < 0 by b- ~ g 

The question very naturally anses as to whether there exists 
a linear fractional transformation u - (exif)/(gx-^h) 
that will transform almost any distribution with the properties 
of g •> ijr (x) into a new distribution v = ^ (u) with 
a mode at a previously assigned point a--c within the range 
of admissible values oi u . To insure a mode for /= (u) 

at U-- c , it IS, of course, sufficient that there exist values of 
s , f , g , and h that make the continuous function 


( 11 ) 

da 


igv-ey* ^ \gu-ej 


£g(be~fg) ^/f-ba) 
( 9 u-e )3 r \gu~eJ 


change sign from positive to negative at u=-C 

Since the only restrictions on , 7 * , 9 , and >> are that 
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they shall be real, and that g and /le - fg shall be positive, 

.t seems that the requirement that dv/du shall change from 

positive to negative at an assigned value of U could probably 
be satisfied for some important classes of relatively simple func¬ 
tions. As a simple example, take the quadratic function 
\lr(X)-Aoc^* Q'X ^-C , which, when subjected to the 

conditions on , becomes 

The mode is in this case at JT- 0. The problem we propose 
is to find the linear fractional transformation u-(ex-hf)/(9XFh) 
that will transform ijr (x) into V- (f> (^) with a mode at an 
assigned c In this case (11) becomes 


( 12 ) 




To facilitate the examination of (12), make 1?“^ . Then 

(12) reduces to 

(13) 

’ da Si (gu-e)^ 

Since + /? > 0, we have gu -e < 0, and consequently 
the coefficient of ( F Sf'Jgu) is positive To provide for 

the change of sign of (13) at td- c , select e , f , and Q 
so that e+2f‘’<3cg . To make (13) positive at u-c~S 
and negative at u - C-f^ 6 , where S is arbitrarily small and 
positive, we may assign to g any positive value and to e any 
value greater than eg , for then f is less than e , which is 
the condition P/e ~ fg > 0 when h= g While there are 
thus an infinite number of ways in which we may select a linear 
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fractional transformation so that, when applied to special func¬ 
tions, it will give a new distribution with a mode at an assigned 
point, no general proposition is proved that assures an assigned 
modal value of ^ (x) ■ 




ON SMALL SAMPLES FROM CERTAIN 
NON-NORMAL UNIVERSES* 


By 

Paul R Rider 
lVashi>ig(on Umverstiy 


INTRODUCTION 


The distribution of the ratio 

2 _ mean of sample-mean of universe 
standard deviation of sample 

which is of great importance in the theory of small samples, has 
been derived exactly by theoretical methods for samples of any 
size from a normal universe.^ Experimental studies® have been 

*The writer desires to express his grateful appreciation to the National 
Research Council, which made possible this study by a grant-in-aid for 
the assistance of a computer. 

‘See, for example, R. A Fisher, Applications of '‘Student’s” Distribution, 
Metron, vol 5, No, 3 (Dec. 1, 1925), pp. 90-104. S 

*e. g. VV, A Shewhart and F. W. Winters, Small Samples—New Exper¬ 
imental Results, Journal of the American Statistical Association, Vol 23 
(1928), pp, 144-53; 

J. Neyman and E. S Pearson, On the Use and Interpretation of Certain 
Test Criteria for Purposes of Statistical Inference Part I, Biomctnka, 
Vol 20A (1928), pp, 175-240; 

"Sophister,” Discussion of Small Samples Drawn from an Infinite Skew 
Population, Biometrika, Vol. 20A (1928), pp, 389-423, 

E S Pearson assisted by N. K. AdyanthSya and others, The Distribution 
of Frequency Constants in Small Samples from Non-normal Symmetrical 
and Skew Populations 2nd paper, Biometrika, Vol 21 (1929), pp. 259-86. 
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made of the 2 -distribution for samples of specific sizes from 
other types of universe A theoretical method applicable to 
samples from a discrete universe was used in a previous paper,^ 
in which a rectangular universe was studied in some detail. The 
rectangular universe was chosen as being the simplest from the 
standpoint of the method employed, and as a good example of 
a limited symmetric distribution It is the purpose of the present 
paper to apply the method to a triangular population, which is 
a specimen of a limited skew distribution, and also to a U-shaped 
universe. The rectangular, triangular and U-shaped universes 
are shown in Table I in the columns headed ^ , T , and H , 
respectively. Their graphs are exhibited in Figure 1. 

In addition to the z -distribution, the distributions of means 
from the triangular and from the U-shaped universe are given. 

In the concluding section is discussed the probability corres¬ 
ponding to an interval of three sample standard deviations on 
each side of the sample mean. 

All of the results of the paper are for samples of four. 

THE DISTRIBUTION OF Z 

The distributions of z are shown in Table II,®, in which 
the distribution for samples from a normal universe, /V , is also 
given. 

The cumulated probability of z for the triangular and for 
the U-shapied universe are shown in Table III, which may be 
compared with a similar table for a rectangular and for a normal 
universe given in Biometrika, Vol. 21 (1929), p. 131. 

‘ P R. Rider, On the Distribution of the Ratio of Mean to Standard Devia¬ 
tion in Small Samples from Non-normal Umverses, Biometnka, Vol 21 
(1929), pp. 124-143. 

For an explanation of the method of deriving these distributions see 
Rider, loc. cit. 
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SAMPLES FROM NON-NORMAL UNIVERSES 


These cumulated probabilities art plotted on probability paper 
in Figures 2 and 3 and may be compared with similar probabil¬ 
ities for a rectangular universe by reference to Biometrika, Vol. 
21 (1929), p. 129, Figure 2. 

The principal results to be noted are as follows: 

1, The general characteristics of the Z -distribution for 
the U-shaped universe are the same as those for a rectangular 
universe, viz, a greater number of z ’s outside of a certain value 
of 1^1 , and also a greater clustering of Z 's about the origin, 
than is the case ,for a pormal universe.^ This is to be expected, 
since the values of A for U and ^ are 1.132 and 1.776 
respectively, as compared with the value 3 for /V . 

2. The negative skewness in the triangular universe pro¬ 
duces skewness of the opposite type in the distribution of Z , 
as found experimentally by Neyman and E, S, Pearson* and by 
“Sophister.”® This means (in the case of negative skewness 
in the universe) that the probability corresponding to an interval 
from - oo to ^ i.s smaller than when the sampling is from a 
normal universe, 

3 The cumulated probability of (£ | , or the probability 
corresponding to an interval from -H to Z , is somewhat the 
same for the triangular universe as for a normal universe;^ a 
comparison is made in Table IV. 

Results 2 and 3 are apparently due to the fact that in a 

' See Rider, loc, cit., p. IdO, 

'Biometrika, Vol. 20A (1928), p 198 

•Biometrika, Vol. 20A (1928), p, 408, 

cf. E. S. Pearson assisted by N, K. Adyanthaya and other*, The Distribu¬ 
tion of Frequency Constants in Small Samples from Non-normal Sym¬ 
metrical and Skew Populations. 2nd paper, Biometrika, Vol. 21 (1929), 
pp. 259-86 
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skew universe the regression of variance on mean^ is often essen¬ 
tially linear (if parabolic, the vertex of the parabola is well to 
one side of the scatter diagram). Let us consider the case in 
which the slope of the regression line is positive Designating 
by jc the difference between the mean of a sample and the 
mean of the universe, and by 5" the standard deviation of the 
sample, we see that large values of |w>cr| tend to be associated 
with large values of ,S^ (and therefore with large values of .S )■ 
Thus the values of ^ tend to be smaller. On the other hand, 
for large values of |--r/, S is smaller and |-e| consequently 
larger. This means that the frequencies corresponding to the 
algebraically lower values of z are greater than in the case of 
a normal universe, or that the use of “Student's” tables would 
give results too small for the probability that the mean of a 
sample does not exceed algebraically the mean of the universe 
by more than z times the standard deviation of the sample, 
The opposite is true in the case studied here, since the universe 
is negatively skew and the regressjon line of 5 * on would 
have a negative slope. 

Since there is a shifting of the whole cumulated jz -distribu¬ 
tion to the right or left, the effect noted in 3 is readily explained. 
As a result of this effect we should apparently not be far wrong, 
when sampling from a skew universe, if we used “Student’s” 
tables to obtain the probability that the mean-of a sample does 
not exceed numerically the mean of the universe by more than 
2 times the standard deviation of the sample.® 


'For the regression formula see J Neyman, On the Correlation of the 
Mean and the Variance in Samples from an “Infinite” Population, Bio- 
metrika, Vol 18 (1926), pp 401-13. 


' See E S. Pejirsqn assisted by N. K. Adyanthaya and others. The Distribu¬ 
tion of - ,!■ . . ... i-. „v.. . - ■ lal Sym¬ 
metrical J .‘kif. 1 ; ., . jr.-i I. ;■■■., ^ (1929), 

pp 2S9-a‘ . , ■ ,1 

J - i.. . . . ‘ t it'll ■■ 


t-iU I.;,) j' . 

( sf'." " -J 

A-'C Kj 7//^*? " ' ^ 


> 
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SAMPLES FROM NON-NORMAL UN IF ERSES 


THE DISTRIBUTION OF MEANS OF SAMPLES 


The distributions of means of samples are shown in Tables 
V and VI. In these tables x indicates the difference between 
the mean of the sample and the mean of the universe. 

For the difficulties involved in obtaining satisfactory results 
for the distnbution of means of small samples from a U-shaped 
iiniierse see K, J Holtzinger and A, E. R. Church, “On the 
Jleans of Samples from a U-shaped Population,” Blometrika, 
Vol 20A (1928), pp 361-88, 

The probability corresponding to an interval of three 
sample standard deviations on each side of the sample mean. 

If M is the mean and <y the standard deviation of a nor¬ 
mally distributed variate X. , then, as is well known, the prob¬ 
ability that an item selected at random will lie within the range 
^ - 3 cr IS 0.997, If X and 5 are the mean and the 
standard deviation respectively of a sample, the expected or aver¬ 
age probability corresponding to the interval X * 3 s will be 
different from the probability corresponding to the interval 
n - 2 CT. Sliewhart^ obtained experimentally for the average 
probability- for samples of four associated with the interval 
X ^ 3 a the values 0,90 for a. normal universe, 0.91 for a 
rectangular universe, and 0.91 for a triangular universe. 

By analyzing all possible samples of four from the rect¬ 
angular and triangular universes of Table I it was possible to ob¬ 
tain the probability corresponding to an interval of 3 a on either 
side of the sample mean, For example let us consider the 
sample (1, 1, 2, 2), for which X “ 1 5. S=0,5, The interval 
X * 3 s extends from 0 to 3. This interval includes 0.4 of 
the rectangular universe ^ ; 0.4 then is the probability'that an 


Probability Associated with the Error of 
Single Observation, Journal of Forestry, Vol 26 (1928) pp. 601-607 
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observed value will fall within the interval Now the particular 
sample (1, 1, 2, 2) would occur 6 times out of 10,000, If we 
take all of the samples for which the interval includes 

0.4 of the rectangular universe we find that such samples occur 
106 times out of 10,000. Such an analysis leads to Table VII, 
from which it is ascertained that the average probability corres¬ 
ponding to an interval of JX i' 3 s is 0 920. A similar analysis 
• of the triangular universe T gives us Table VIII and yields 
0,907 as the average probability as.sociated with X * 3 S . A 
better understanding of the situation may be obtained from 
Figure 4. 

'tl. 
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SAMPLES PROM UON-NORMAL UNIVERSES 


TABLE I 

Rectangular, Triangular and U-Sliaped Universes 



FREQUENCY 

X 

e 

T 

U 

0 

1 


10 

1 

1 

1 

5 

2 

1 

2 

1 

3 

1 

3 

1 

4 

1 

4 

1 

5 

1 

5 

1 

6 

1 

6 

1 

7 

1 

7 1 

1 

8 

1 

8 

5 

9 

1 

9 

10 

10 


10 


Total 

10 

55 

36 

Mean 

4.5 

7 

4.5 

A* 

0 

0 326 

0 

/5/ 

l.7f5 

2.36 

1.132+ 


*The values of the ^’s are uncorrected for grouping, The 
dots over the digits indicate repeating decimals. The values for 
a continuous rectangular distribution are A “0, and 

for a continuous triangular distribution are /<^-0.32. /3^-2A. 
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TABLE II 

Probability of z for Samples of 4 


2 

N 


7 

iTWTmarrw-..I lu.jm lU 

u 

Below -A.25 

0026 



.0384 

-4,25 to -3,75 

,0011 

.0022 


0004 

-3,75 to -3,25 

.0018 

.0026 

.0007 

.0009 

-3 25 to -2,75 

,0032 

0032 

,0032 

,0077 

-2,75 to -2.25 

0062 

0074 

.0028 

0016 

-2,25 to -1 75 

,0131 

0188 

.0061 

,0106 

-1,75 to -1.25 

,0314 

.0267 

.0251 

.0147 

-1,25 to -075 

,0829 

0692 

.0615 

.0256 

-0,75 to -0,25 


.2000 

.2098 

.2299 

-0,25 to 0.25 


.3244 

.3249 

.34054 

0,25 to 0 75 

.2047 


1741 

.2299 

0,75 to 125 



.0764 

.0256 

1,25 to 1,75 


.0267 

0566 

.0147 

175 to 2,25 

,0131 

0188 

.0118 

.0106 

225 to 2.75 

.0062 

.0074 

0094 

0016 

2,75 to 3,25 

.0052 

.0032 

.0174 

.0077 

3,25 to 3.75 

.0018 

.0026 

.0000 

.0009 

3.75 to 4.25 

.0011 

.0022 

.0025 + 

.0004 

Above 4.25 

.0026 

.0077 

.0150- 

.0383 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE III 


The cumulated probability of z , or probability that the mean 
of a random sample of 4 will not exceed (in algebraic sense) the 
mean of the universe by more than H times the standard devia¬ 
tion of the sample 


Cumulated Probability 
Triangular Universe 


51955- 

.41649 

.34497 

.28885+ 

.22719 

18568 

.14350- 

.11580 

.09485- 

.07784 

.06130 

05053 

.04256 

03716 

.03152 

.02783 

02334 

01845- 

.01552 

.01410 

.01366 

.01265- 

.01039 

.00907 

.00871 

.00816 

.00725+ 

.00725+ 

.00661 

00483 

.00462 

.00272 

00242 


Cumulated Probability 
U-Shaped Universe 


for 2 

for - 2 

for z 

.51955- 

54355+ 

54355 + 

54037 

39365- 

.60635 + 

.61053 

.34651 

.65349 

.65136 

.30739 

.69261 

.70010 

.27831 

,72193 

74269 

.22081 

.77991 

.76942 

.14785+ 

.85215- 

79993 

.11382 

88618 

81086 

09844 

90192 

.83462 

.09065+ 

.90935 + 

.86748 

.08285- 

.91715 + 

87456 

07994 

.92006 

88731 

.07471 

.92529 

88731 

07363 

.92637 

.90787 

.07179 

.92821 

.91316 

.06614 

.93387 

.91911 

05979 

94021 

93480 

.05975- 

.94025- 

.94390 

.05941 

.94059 

.94390 

.05798 

94202 

94810 

.05441 

.94774 

94810 

.04959 

.95041 

.95565- 

.04892 

.95108 

95565- 

.04892 

.95108 

95565- 

.04891 

.95109 

.95565- 

04891 

.95118 

.95565- 

.04803 

.95197 

95565- 

.04732 

.95268 

96509 

.04728 

.95272 

97910 

.04133 

.95867 

98250- 

.03954 

,96046 

98250- 

.03904 

96132 

98250- 

.03833 

.96168 
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TABLE IV 


Cumulated Probability of | H. | for Samples of 4. 


zl 

greater 

than 

Probability 

1^1 

greater 

than 

Probability 

Triangular 

Universe 

Normal 

Universe 

Triangular 

Universe 

Normal 

Universe 

0.0 

.9219 

1.0000 

1,6 

1042 

.0695- 

1 

.8761 

8735+ 

17 

0836 

,0603 

.2 

.7303 

7519 

18 

0716 

.0526) 

.3 

6375- 

.6392 

19 

.0702 

.0460 

.4 

.5271 

5382 

20 

.0652 

,0405+ 

.5 

.4423 

.4502 

21 

.0646 

.0358 

.6 

3723 

3751 

2,2 

0547 

.0318 

.7 

3135- 

3121 

2,3 

.0534 

,0283 

8 

.2834 

2599 

24 

0531 

.0253 

9 

2432 

.2169 

25 

.05254- 

0227 

10 

.1891 

.1817 

2,6 

0516 

.0204 

11 

.1755- 

.1528 

2,7 

.0516 

.0185- 

1.2 

.1552 

.1292 

*28 

.0415+ 

0167 

13 

.1497 

,1098 

29 

.0257 

.0152 

14 

.1236 

.0938 

3.0 

.0212 

.0138 

l.S 

.1146 

0805t 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE V 


Distribution of Means of Samples of 4 from Triangular Universe 


X 

Probability 

m 

Probability 

X 

ProbablHtjj 

-S,2S 

.00001 

-2,25 

.01627 

0,75 

.07202 

-s.oo 

.00004 

-2,00 

.02200 

1,00 


-4,7S 

.00009 

-1,75 

.02882 

1,25 

.05496 

^.50 

.00019 

-1.50 

.03559 

1.50 


-4.25 

.00038 

-1.25 

.04501 

1.75 

,03415 + 

-4.00 

.00070 

-1.00 

.05362 

2.00 


-3.75 

.00125 

-0.75 

.06187 

2.25 

m 

-3,50 

.00212 

-0,50 

.06916 

2.50 

.00881 

-3.25 

.00344 

-0.25 

,07484 

2.75 

.00393 

-3,00 

.00537 

0.00 

.07834 

3.00 

.00109 

-2.75 

.00805- 

0.25 

.07918 



1 ^ 
1 o 

.01165- 

0.50 

.07707 




orafinean of sarnple)-(mean of universe) 
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TABLE VI 


Distribution of Means of Samples of 4 from U-Shaped Universe 



Fre- 

HHI 


Fre- 

Prob- 

X 

quency 

mmM 

JC 

quency 

ability 

^,50 

10000 

.0060 

0.25 

106660 

.0635+ 

-4.25 

20000 

0119 

0,50 

62755 

.0374 

-4(X) 

19000 

,0113 

0 75 

51244 

.0305+ 

-3.75 

15000 



49270 

.0293 

-3.50 

14225 

0085- 

1.25 


.0288 

-3 25 

15300 

.0091 

1.50 

49505 

,0295- 

-3 00 

16690 

.0099 

175 


.0381 

-2.75 

18140 

,0108 


89660 

.0534 

-2.50 

35651 

,0212 

2,25 

mAimm 

.0484 

-2.25 

81224 

,0484 

2,50 

tWiMM 

.0212 

-2 00 

89660 

,0534 

2.75 

18140 

.0108 

-1.75 

63960 

0381 

3.00 

16690 

.0099 

-1 SO 

49505 

,0295- 

3.25 


0091 

-1 25 

48376 

,0288 

3.50 

14225 

.0085- 

-1.00 

49270 

,0293 

3.75 


0089 

-0 75 

51244 

.0305+ 

4,00 


.0113 

-0 50 

62755 

.0374 

4,25 


,0119 

-0.25 

106660 

.0635+ 

4.50 


.0060 

0.00 

146296 

.0871 







Total 

1679616 

1,0001 


JC = (mean of sample) - (mean of universe) 
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SAMPLES FROM NON-NORMAL UNIVERSES 


TABLE Vn 


Probability Corresponding to the Interval X - 
Rectangular Universe 


Proportion 
of universe 
included in 

S i 

Number of 
samples for 
which this 
proportion 
occurs*'*' 

0.1 

10 

0,2 

8 

0.3 

84 

0.4 

106 

O.S 

284 

0.6 

324 

0.7 

564 

0,8 

652 

0.9 

888 

1,0 

7080 

Total 

10000 


‘i. e the probability corresponding to X 

’ The probability of the occurrence of this proportion is, of course, obtained 
by dividing by 10000 
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TABLE VIII 

Probability Corresponding to the Interval XtJs 


Triangular Universe 


Proportion 
of univcrsa 
included in 
X±3s 

Number of 
samples for 
which this 
proportion 
occurs 

Probability 
of occurrence 
of this 
proportion 

Cumulated 

probability 

1/55= 018 

1 

— 

— 

2/55“ .036 

16 

— 

— 

3/55= .055- 

89 1 

- 1 

— 

4/55= .073 

256 

— 

— 

5/55= .091 

625 

.0001 

.0001 

6/55= .109 

1448 

.0002 

.0003 

7/55= .127 

2401 

.0003 

.0006 

8/55 = .145- 

4096 

0004 

.0010 

9/55= .164 

6993 

.0008 

.0018 

10/55= .182 

11388 

.0012 

0030 

12/55= .218 

1280 

0001 

.0031 

13/55 = 236 

7776 

.0008 

.0039 

14/55 = .255- 

2928 

.0003 

.0042 

15/55= .273 

8762 

.0010 

.0052 

18/55= .327 

12768 

.0014 

.0066 

19/55= .345 + 

36000 

.0039 

.0105 

20 7 55= .364 

8640 

.0009 

.0114 

21 /55= .382 

26508 

.0029 

.0143 

22/55= .400 

5400 

.0006 

.0149 

24755= .436 

32768 

.0036 

.0185 

25755= .455- 

21600 

0024 

.0209 

26/55 = 473 

10584 

.0012 

,02j1 

27/55= .491 

112764 

.0123 

,0344 

28/55= .509 

19698 

.0022 

0366 

30/55 = .545+ 

71526 

.0078 

.0444 

33/55 = 600 

27116 

.0030 

.0474 

34 / 55 = 618 

296384 

.0324 

0798 

35 / 55 = .636 

115128 

0126 

.0924 

36/55= .655- 

37892 

.0041 

.0965 

39 / 55 = .709 

54092 

0059 

.1024 

40/55= .727 

555924 

.0608 

1632 

42/55= .764 

57888 

.0063 

.1695 

44/55= .800 

26416 

0029 

.1724 

45 / 55 = .818 

556520 

.0608 

.2332 

49/55= .891 

,774320 

.0846 

,3178 

52755= 945 + 

904676 

.0989 

.4167 

54 / 55 = .982 

879564 

0961 

,5128 

55/55=1.000 

4458390 

4872 

10000 

Total 

9150625 

1 0000 


i. c. the probability corresponding to 5? 

±3s 

1 IIP 
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SAMPLES' FROM NON-NORMAL UNIVERSES 
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Cumulated Probability of H —Triangular Universe 
The curve is for samples of 4 from a normal universe. 
The dots are for samples of 4 from the universe T 
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Probability Corresponding to the Interval X-3s 
The circles are for samples of 4 from a rectangular universe, 
the dots for samples of 4 from a triangxilar universe 







AN EMPIRICAL DETERMINATION OF THE 
DISTRIBUTION OF MEANS, STANDARD 
DEVIATIONS AND CORRELATION COEFFIC¬ 
IENTS DRAWN FROM RECTANGULAR 
POPULATIONS* 


By 

Hilca Frost Dunlap 

Tenilorial yorwni and Training School, Honolulu, Hawaii 


Formulae for the standard errors of means, standard dtviV 
tions and correlation coefficients have been derived on the as¬ 
sumption of a normal distribution in the sampled population, 
They are said to serve approximately even when the population 
varies considerably from the normal. This paper presents em¬ 
pirical evidence of their applicability in the case of means and 
standard deviations of samples of ten from a rectangular dis¬ 
continuous population, and of correlation coefficients of samples 
of fifty-two from a rank distribution. 

The data for the study of the distribution of means and 
Standard deviations were secured by throwing ten dice 1600 times. 

The dice were cubes four-tenths of an inch along an edge 
and numbered on opposite faces 1-6, 2-S, 3-4, They were con¬ 
structed of bone and formed a matched set, 


♦The writer is indexed to Jack W. Dunlap for reading the entire 
script and for checking the mechanical computations. 


rfianu'* 
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These were thrown from a cup whose inside diameter was 
1,75 inches and whose depth was 2,5 inches The dice were 
shaken in a box and then cast upon an especially prepared flat 
topped table covered with eight thicknesses of an army blanket. 

As a guard against any possible bias in the table, the dice 
were thrown alternately with the right and left hands. After 
each throw the number of aces, deuces, treys, fours, fives, and 
sixes were recorded, and the mean and standaid deviation cal¬ 
culated In this study each throw was taken as a sample of ten 
drawn from a population of 16,000 

The next steji was to determine whether there was any sys¬ 
tematic bias in the dice used The a priori expectation for any 
particular face of the die is one-sixth, here one sixth of 16,000, 
or 2,666}i This is of the nature of a point binomial of the form 
{ p + <1 with a standard deviation equal to n/A/ pq 


TABLE I 


Distribution of Observed and Theoretical Populations with a 
Test of the Difference of Their Standard Deviations 


Die 

Face 

Observed 

Frequency 

Expected 

Frequency 

Difference 

1 

2726 

26665/3 

5956 

2 

2653 

266656 

1456 

3 

2671 

266656 

456 

4 

2763 

266656 

9656 

5 

2650 

266656 

1756 

6 

2537 

266656 

13056 


<7 = (1600.1/6.5/6)^ »47,1 ^ 70.8 

s-a-237 ±13 76 
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AN EMPIRICAL DETERMINATION 


T^ble I gives the observed and expected values of each face. 
The standard deviation of the differences was determined and 
compared with the standard deviation of the expected distribu¬ 
tion and the probable error of this difference was found. 

Small S is used here to denote a standard deviation of a 
sample, while cr represents the standard deviation of the the¬ 
oretical or true population The formula for the standard devia¬ 
tion of a. difference is 

and in particular 



The second term drops out hero because it is the standard 
deviation of the true standard error and this is equal to zero. The 
third term drops out for the same reason. Table I shows that 
the difference between the obtained and expected standard devia¬ 
tions IS 23.7 t 13,76. As this is less than twice its probable error, 
It can be concluded that the difference is not significant and that 
there is no significant bias in the dice. 


MEANS 

Figure 1 shows the distribution of the 1600 observed means, 
a normal curve for A7 1600 is superimposed on the histogram. 
For this distribution 

rP-W, ) » .0160 i.0413, indicating symmetry 

■ 3 ) " 10501,0026, indicating mesokurtosis 
whence we ipay conclude, that the norma) curve xepresentfl this 
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distribution adequately. 

The curves of this and succeeding figures were drawn 
through points calculated at intervals of I /2 cr, except that in 
the case of Figures 2 and 3, points beyond ± 2 a were calculated 
at intervals of 1 a. 

The values of the observed means varied from 1.6 to 5.4, a 
range of 6.9129 standaid deviations. 

The basic information to be drawn from this study of the 
distribution of 1600 means of samples of ten is given in Table II. 
The table is interpreted as follows: 

The mean of the sampled population (16,000) is 3,47306, 
while the theoretical mean of the infinite population is 3,500000, 
The standard deviation of the sampled population (16,000) is 
i.6788, and of the theoretical population 1.7078. The standard 
error of the mean of the sampled population is .0133. In com¬ 
paring the mean of the sampled population with the mean of thp 
theoretical infinite population, the former is treated as an ex¬ 
perimental value whose standard error can be estimated, while 
the latter, being a true value, has no error. 

The standard deviation of the difference between the means 
(theoretical population) and Jc (sampled population) is 

The first and third terms drop out because equals zero. 
The difference between the mean of the theoretical population 
and the sampled population is .02694 ± .00897, from which it can 
be concluded that the mean tends to vary from the true mean, 

S will hereafter refer to the mean of a sample of ten, The 
best estimate of the mean of a sample of ten that can be made 
for any sample chosen at random from the sampled population 



,1050 ±.0826 
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AN EMPIRICAL DETERMINATION 


is 3,47306, and from the inficite population, 3.5000. 

The standard deviation of the means of 1600 samples is 
.5467, while the estimated value for a sample picked at random 
from the sampled population is .5372 and from the theoretical 
infinite population .5401. These last two values are calculated 
by the formula 

The best estimate of the standard deviation of a sample of 
ten picked at random from the sampled population is the a 
of the sampled population, 1,6788, or of the theoretical infinite 
population, 1.7078, whence the values in the tables are obtained. 

The standard error of the standard deviation of the means 
of samples is .0097 The standard error of the standard error 
or„ of the mean of a sample of ten from the sampled and theo¬ 
retical infinite population.s is zero, as these arc true values. 

The difference between the standard deviation of the means 
and the standard error of such means of samples of tep from 
the sampled population or the theoretical infinite population U 
.0125 t,006S, Thus there is no significant difference between 
the value of when calculated by the formula ^ 

and an actual distribution when samples as small as ten are used, 
V, indicates, as pointed out above, that the distribution is 
not skewed, while shows the distribution to be slightly peaked 
but not significantly so. 


STANDARD DEVIATION$ 

Figure 2 shows a histogram and a fitted Gnuti-Charlier Type 
A curve, of the distribution of 1600 standard deviations of 
samples of ten calculated by the formula 

X being measured from the mean, 3c 

Figure 3 shows a similar histogram and curve fitted to the 
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FIGURE 3 

Distribution and fitted Gram-Charlier curve of 1600 standard deviations of samples of ten, calculated 

by the formula _ _ "T 
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TABLE III 

Distribution ot 1600 Standard Deviations of Samples of Ten 


Description 

Observed Value 

Theoretical Value 


«2 

^ N 

N-t 

Sampled Infinite 
Population Population 

£ of 5’s of sam. 

1.5869 

2.0403 

1.6988 1.7078 

S. D of s’s of sam 

S. D. of Jf of 3’s of 

,2665 

,2538 

.3799 .3818 

samples 

S. D. of s of s’s of 

,0067 

.0063 

.0000 ,0000 

samples 

.0047 

i .0045 

,0000 ,0000 

<7-jfa 

.1119 

.3415 

,0000 .0000 


i:0045 or 

± .0042 or 



.1209 

,3325 



^.0045 

±,0042 



.1134 

.1261 

.0000 ,0000 


±.0032 or 

±.0030 or 



1153 

.1280 



±0032 

±.0030 


(skewness) 

-3568 

-5026 

.0000 (normal 


±0413 

±.0413 

theory) 

(kurtosis) 

.5140 

,6851 

.0000 (normal 


±0826 

±0826 

theory) 

N 

1600 

1600 
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same data when the standard deviations are calculated by the 
formula 



A study of this latter formula is included here tq test which 
is more appropriate when dealing with small samples from a 
rectangular population, 

An interpretation of Table III is now in order. Column one 
is a description of the statistics Involved. Column two is sub¬ 
divided into two parts: First, w hen a equals , and 

second when s equals . Column three gives the theo¬ 

retical values. There are two of these—one for the sampled 
population and one for the infinite population. In the case of 
the sampled population the values calculated for the standard 
deviation and the l^ecome true values when a single sample 
is compared with them in exactly the same manner as if com¬ 
pared with similar values from the infinite population.' The reason 
for this is that for a given sample the 16,000 constitutes the actual 
population from which the sample is drawn. 

In the first line the means of the standard deviations of the 
samples are found to equal respectively, 1.5869 and 2.0403. The 
theoretical means for the sampled and infinite populations are 
respectively 1,6988 and 1 7028, 

In the next line are the standard deviations of standard 
deviations pf samples. These are calculated values, obtained by 
substituting in the formula 

As the best estimate of the standard deviations of any particular 
sample chosen at random is the standard deviation of the sampled 
population, or the infinite population these values can be sub, 
stltuted in the above formula in obtaining the standard error of 
the standard deviation of such a sample of ten, 

The standard error of the mean of standard deviations in 
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samples for both observed values is given in line three. Obviously 
in the case of the sampled and infinite populations these equal 
zero. It should be clearly understood by the reader that here N 
equals 1600, the numbei of standard deviations used in deter¬ 
mining the mean standard deviation. 

Line four gives the standard eiror of the standard deviation 
of standard deviations of samples of ten. 

Line five gives the difference between each of the true stand¬ 
ard deviations (sampled and infinite) and the two observed mean 
standard deviations The standard deviations of the sampled 
population and of the infinite population are each greater than the 
mean standard deviation of the ob served population when calcu¬ 
lated by the formula . In the first case the differ¬ 

ence IS 1119 ±.0045. This is approximately 25 times its prob- 
ab'e error, so it must be considered a significant difference. The 
difference when compared with the theoretical infinite population 
is .1209 ±.0045 This is even more significant When the 
theoretical values are compared with t he mean standard deviation 
calculated by the formula s *he differences are found 

to be .3415 ±,0042, and .3325 ±.0042. The differences here are 
much greater than those found from the first formula. 

Line six shows the difference between the standard errors 
of the standard deviations of the true populations and the cal¬ 
culated Sj of the samples. The difference between and 
Sj (.3799 -.2665), is .1134±.0032 This difference is approx¬ 
imately 35 times its probable error. The difference between .3799 
and ,2538 is even greater. Still la rger di fferences are found 
when Sg is calculated for the »formula. 

i, in the case of both curves is negative and more than 
8 times its probable error, definitely showing a negative skewness, 
7a m the case of both curves is 6 times greater than its prob¬ 
able error, indicating definite leptokurtosis. The Gram-Charlier 
curves shown in Figures 2 and 3 were fitted to the first four 
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moments according to the equation 



If we compute values of s by the empirical formula 
3 -, the mean value is 1.7039, which lies very close to 
the theoretical values 1.6988 and 1.7078, in fact almost exactly 
half-way between them. 


CORRELATION COEFFICIENTS 

The product-moment correlation coefficient varies between 
the limits plus one and minus one, Obviously, the distribution 
of correlation coefficients cannot be normal, although in the case 
wher? r*0 their distribution should approximate a normal 
curve, as it can become symmetrical. Coefficients around any 
other point tend to be distributed asymmetrically 

It was assumed that if a deck of cards be thoroughly shuffled 
there should be no correlation between successive deals. Using 
a deck of cards gives a sample of 52. A new pack was 
thoroughly shuffled. The cards were then dealt one at a time, 
the first card dealt being recorded as number one, the second 
card dealt as number two, the third card as number three, etc, 
That is, if the seven of hearts was turned first, the value one 
was recorded against its place in the table. After each deal the 
cards were picked up in the same order an<^ shuffled three times 
by the fan method and then cut twice, Si^tty such deals were 
made and recorded. Then rank correlations Were calculated be- 
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tw'een each pair of deals, the total number of intercorrelations 
being , here 1770. 

In this study, there could be no split ranks, Each card could 
receive one and only one rank on each deal, Thus, the rank 


correlation formula gave exacOy the same values as would a 
Pearson product-moment coefficient. 

Figure 4 shows a histogram with a fitted normal curve super¬ 
imposed on it. 7 ^ for this curve is .00001.0392, indicating 
no skewness, and is 2174 t .0785, indicating a slight ten¬ 
dency to peakedness. Both of these facts are shown by the fit 
of the curve to the histogram. 

The forn^ula for the standard error of a cofrelation coefficient 
from a normal population is 

p being the correlation in the population. Thus when r - -0000 
and A/-52, CJ>-.1387. 

The mean value of the 1770 coefficients is r*'.0O12. The 
expected mean is zero. The difference between these two values 
is .0012 *.0022. This shows that the mean correlation coefficient 
is not significantly different from the expected mean correlation. 

The standard deviation of the observed distribution is .1359. 
This value differs from the expected value by .0028 i .0091. The 
formula is therefore seen to give a sufficiently close 

approximation in this case. 


CONCLUSIONS 

1. The distribution of means of samples of ten drawn from 
a discontinuous rectangular population is normal. The formulst 

gives a reasonably close estimate of the standard 
error of such means. 

2. The distribution of standard deviations of samples of 
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ten drawn from.a discontinuous rectangular population is skewed 
and leptokurtic, The formula ^ 

sonably close estimate of the standard deviation of standard 
deyiations of samples o f ten, whether the latter are computed 
from the formula s or s ^ 

3 Neither of the formulas, 3=7=^ and 5' 

■V yy 
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for the standard dfeviation of a sample of ten gives a reasonably 
close estimate of the true standard deviation m a rect angular dis- 
coiitiiuious population. The empirical formula 
does appear to do so, 

4. The distribution of correlation coefficients of samples 
of 52 from a rank population in ^vhich the expected correlation 
is zero, is symmetrical and very slightly leptokurtic. The formula 
Of .' represents adequately the atafidard deviation of 
such correlation coefficients. 




EDITORIAL 


The Interdependence of Sampling and Frequency 
Distribution Theory 


The object of the theory of sampling is to describe the phe¬ 
nomena exhibited by all the samples that can possibly arise from 
a parent population of known characteristics. In some cases the 
desired description can be obtained directly by employing elemen¬ 
tary operations of combination theory, in others it is either ex¬ 
pedient or necessary to use the indirect attack of the statistical 
theory of sampling. These two methods are quite different in 
application, and it is advisable to illustrate the respective peculi¬ 
arities of the two methods. 

Example 1. An auction bridge hand may be regarded as a 
single sample withdrawn from a parent population of 52 cards. 
The number of different hands that can be selected equals the 
number of combinations of 52 things taken 13 at a time, namely, 
() = 635 013 559 600. Of these 

( 1 ). 

will contain exactly ? cards of any specified suit. Therefore if 
in this expression we successively place ^ equal to 0, I, 2, . . . 13 
we shall obtain the frequency of all possible samples ranked ac¬ 
cording to the number of cards of the specified suit contained in 
««ch sample. The results are presented in the following table. 



EDITORIAL 


83 


TABLE I 


2 

f(Z) 

Pz" f(E)/N 

0 

8 122 425 444 

.01279 

1 

so 840 366 668 

.08006 

2 

130 732 371 432 

.20587 

3 

181 823 183 256 

.28633 

4 

151 519 319 380 

.23861 

5 

79 181 063 676 

.12469 

6 

26 393 687 892 

.04156 

7 

5 598 661 068 

.00882 

8 

740 999 259 

•00117 

9 

58 809 465 

.00009 

10 1 

2 613 754 

.00000 

11 

57 798 

.00000 

12 

507 

.00000 

13 

1 

.00000 

Total 

635 013 559 600 

.99999 


In this illustration, combination theor> has yielded a perfect 
solution. The frquencies are exact, and the sum of the fre¬ 
quencies between any two limits may likewise be obtained exactly 
by a simple addition. 

Example 2. The bidding strength of hands in auction bridge 
is often approximated by counting each Jack, Queen, King and 
Ace as 1, 2, 3 and 4 points, respectively. The total count of a 
single hand may range, therefore from 0 to 37 inclusive, Re¬ 
quired the frequency distribution of all possible hands when they 
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are classified according to count. 

Unlike the preceding problem, we cannot obtain a simple 
expression for the general term, , of the required distribution. 
But after rather involved computations the following solution 
may be obtained: 


TABLE II 




Count 

7 

Frequency 

0 

2 310 789 600 

19 

6 579 838 440 

1 

5 006 710 800 

20 

4 086 538 404 


8 611 542 576 

21 

2 399 507 844 


15 636 342 960 

22 

1 333 800 036 


24 419 055 136 

23 

710 603 628 


32 933 031 040 

24 

' 354 993 864 


41 619 399 184 

■25 

167 819 892 


SO 979 441 968 

26 

74 095 248 


56 466 608 128 

27 

31 157 940 


59 413 313 872 

28 

11 790 760 


59 723 754 816 

29 

4 236 588 

11 

56 799 933 520 

30 

1 396 068 

12 

SO 971 682 080 

31 

388 196 

13 

43 906 944 752 

32 

109 156 

14 

36 153 374 224 

33 

22 360 

15 

28 090 962 724 

34 

4 484 

16 

21 024 781 756 

35 

624 

17. 

14 997 080 848 

36 

60 

18 

10 192 504 020 

37 

4 

■ 


Total 

635 013 559 600 
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Example 3. If the mean and the standard deviation of the 
weighth of a group of '200,CXX) men be 140 lbs. and 20 lbs., re¬ 
spectively, and if in addition it be known that the higher standard 
moments of this distribution he 




what is the chance that the mean weight of 1000 men chosen at 
random from the 200,000 will exceed 141 pounds? 

It is clear that it would be physically impossible to solve this 
problem by employing a direct attack by combination theory, even 
though the W'eights of each of the 200,000 men were available. 
Mofeover, it is likewise evident that in statistical problems cor¬ 
responding to the illustrations of examples 1 and 2, the number 
of individuals in both the parent population and each sample is 
considerably larger than 52 and 13 respectively, anu consequently 
the calculation of either a single frequency or the sum of any 
large group of consecutive frequencies by the direct method is 
quite out of the question. 

Let us now consider the three examples above from the point 
of view of the indirect attack. The parent populations for the 
first two examples may be interpreted as 


Variates 

Frequencies 


and 


X 0-1 

f(x) 39 - 13 


Variates 

Frequencies 


JC . . 0 1 2 
fM, . 36 4 4 


3 4 

4 4 


respectively. 
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For the first, the mean is at jc = l/4, and the nwinents 
About the mean of the parent population are obviously 

For the second, tne mean is at Jc w 10/l3, and corres¬ 
pondingly the moments of this parent population are 

J 

If a and r denote the number of individuals in the parent 
population and each sample respectively, then the momenta of the 
distribution of all samples that can arise from this parent popula¬ 
tion may be obtained from those of the parent population hy 
means of the relations 

( 2 )» ■ * *^°P,' 

* ^ ^P4. ■ ^Ps) 

» 

♦Mo/V '"«/»♦) 

«*(A- ' ^P^ -*^Pi * ^Pt) 

^•(P, 6ps*i3fi, tip, 
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where 


_ r(r-l)(r-Z) - to i factors 

I I S(s~l)(s~2) • i factors 

Since the moments x examples 

are now known, and according to the conditions of the problems 
the values of ( r , s) are (13, 52), (13, 52), and (1000, 200000) 
respectively, it follows that the moments of the desired distribu¬ 
tions of samples are as follows: 


I'unction 

Example 1 

Example 2 

Example 3 

r ;. 

13/4 

10 

A/a 440 lbs, 


507/272 

290/17 

<?•* . .630874 Ibi. 


6591/13600 

28^17 

,0156927, 


S3591421/S331200 

17441114/29155 

3.0001357 


9339447/1066240 

2262240/833 

,1569051 

/*61 

71781968037/801812480 

2684384074/39151 

«.c.**lS.026638 


It will he observed that the indirect procedure has yielded 
the moments of the required distributions rather than their fre¬ 


quency functions, and the next step therefore is to obtain with the 
aid of these moments approximate expressions for the desired 
frequency functions. In this connection it should be home, in 
mind that we are not concerned with questions regarding the 
probable errors of the moments which we are employing, since 
the moments computed for the distributions of samples are neces¬ 
sarily exact, and their probable errors are therefore zero. For 


iSte AnnaU, Vol, I, page 104, 
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this reason arguments tending to limit the number of terms that 
may be employed in either a Gram-Charlier senes, or in the de¬ 
nominator of Pearson’s differential equation are not to the point 
so far as our illustrations are concerned. These remarks holt) 
even for the third example, since if the moments of the parent 
population are as given, then the moments of the distribution of 
samples may be determined with any desired degree of accuracy. 

Since it is evident that the solution of our problems now 
depends upon our obtaining approximate expressions for these 
distributions whose moments are known, we shall at this point 
develop a general method of representing discrete distributions 
which is essentially due to the researches of Charlier, Although 
the results that we shall obtain are practically those that have 
also been obtained by Gram, Edgeworth and others, the method 
that we shall employ is that used by Charlier in “Dib Strenge 
Form des Bernoullischen Theorems.” 

Let fix) be the frequency function for a discrete dis¬ 
tribution ranging from jr= /J to . If the ordinates 

be equidistant at intervals of h , the total frequency of the dis¬ 
tribution is 


-i, tM. 


where our interest is focused on a typical ordinate at «x ■ Jc. , 
If we now set up the function 



EDITORIAL 


89 


where i , and multiply each side by g so that 


-X.uit 


f(x)e ■ f (x^ -t-fCi 


at*/ 


hitfi. - thtoi 

x„4-h) e *f(x,*ehy^ +• 




fiuii 


+ f(fje + fix^-h) € V- 


■Zhtitt 






we obtain by integrating both members with respect to tO bC' 

tween the limits <x;= "•? and oj= 

n n 




rr 

h 


e \du>^f f(x^)ciu>, 


J '■£ 

ft 


since the integral of all other terms of the right hand member will 

vanish as follows: 

S 

f^ f " f• 

f ^ 

4 

h I 


cos mhui-t-i ain /rthu> 


dcti O 


(/7? is an integer.) 

It follows therefore that 
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Moreover, since 


-Cb*h)<tX ~au)i 

-oui -ja+hj"< e -e 

e +e +.-+e - - r— - 

we sep that the sum of all the consecutive frequencies from 
x~a to x~b may be expressed as the definite integral 



The changing of the order of integration is permitted since the 
limits are all finite, 

Ordinarily frequency distributions are expressed as develop¬ 
ments of the integral (4), and the sums of consecutive frequen¬ 
cies obtained by applying the Eulcr-Maclaurin Sum-Formula to 
these results. It seems at first sight that it might be well to place 
a little rnore emphasis upon the evaluation of (5), since this as 
it stands affords an exact expression for the sum of any group 
of consecutive frequencies. For the case of continuous variates 
we need only permit h to approach zero, replace the sign of 
summation by the sign of integration, etc,, and after justifying 
the change in the order of integration for the resulting infinite 
limits obtain 


/** -««ui r / ^ 1 
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We shall now attempt to evaluate the definite integral (4). 
Let us first observe that the quantity within the parenthesis is a 
function of cO , since the finite integratioh with respect to jc 
and the subsequent replacing of jc by the limits will cause this 
distribution variable to disappear. 

For reasons which will develop later, let us write 

JC’/, 


If in Leibnitz’ formula 


D U.V’^uDZ +( - iT ( 2 ) K + 


Q* 

we place « - e and v , g , and note that 


D e I ’<P 
2=0 


Zr\ 4**1 bP 

D e ^ \ rfl 


2rO 


then 


(7) 


^ C -J ^<2 * 2-P ^ Z^-Z ^ ** O a 


it-6 J 


n^/j-/Xn-Z) .to / factors. 


where 
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Thus we may write 


^f(x)e 






= /V'[c.*c, 


jjr + 


(unr 

J/ 


and employing the notation 

Z. (JC-b,) f(x)= N/u' 

jftf, 

we obtain from (7) 


f x .,-1 


( 8 ) 


«/'A' 


£j 








Formula (4) may therefore be written, dropping the sub* 
script on jr. 


( 9 ) 



I <r. 


dm 
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Placing 


(10) Q(x} 


/ 


77 

h 


~(OC -t>,) oUl - —i. 


E-cu' 


cLco 


it follows that the n th derivative with respect to , or is 


( 11 ) 


77 

h 




rt ^ -(JC-bJaJl - 1 


^ c/a> : 


-n 

h 


so finally- 


(12) }u)^N h \6Cx)- f; e"cx)-% e%~}e 




Let us now investigate the function 


ocxy 


'ilt '^^'^cos(x-b,)U> 

h 

-1 zin (x j ctto 

_ / - . . , , 
~ / € * COS (x - 6,) uj doj 
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[since ^in(Xrt>,)c^ is an odd function of w] 

‘jfje ^coe^-ar 

^/r -^y/t 


e * cos (x ~bt)u)dto 


’K 

h 

!__ -/>,u>yg 

ff J ^ 

% 


fi 




Cosifar-AJcnX^o; 


J e ^ ^ cos mxdx* 


■/W 


• Iff VVa' 


Ukcwise we may write 


1n> , fn) 

erao=^ rarh/e„, 


e <if 

'■j* TT /jf 

fr 


fci'V 


By successive integration by parts it can be shown that 


‘•ffi‘f)(fh^ ' ■(n-2i* ^ <jfif 
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so we have that 






4 


my] 


So far we have said nothing concerning the values of the 
parameters b, and . Referring to formula (8) it is seen 
that if the origin oi oc be taken at the mean,of the distribution 
in question, and equal the second moment about the mean 
of this distribution, c, ■ Cp^O, and consequently if the 
valqes of may be neglected, the equation of the distribution 
expressed in standard units becomes 


(IS) (!>%)+ ^ J 

where i>~‘• , and 


( 16 ) 


^ 3 “ 

^4 ' -^4 >3 




(t) 




A„‘%'Trr/ 


/f 


’^n-t * 


Tf~* 


£’5f 
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By employing the Euler-Maclaurin Sum-Formula we can 
write 


f Ca) + i + ^(b-h)i-f(b) 



In some cases it may be more convenient to employ a mean 
and a standard deviation of the generating function that differs 
somewhat from, that of the distribution for which the representa¬ 
tion is desired. In this event the coefficients of the first and second 
derivatives in (15) will not vanish. However, the extra effort 
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expended in increasing the number of significant terms may be 
more than offset by the fact that a rather arbitraiy choice in the 
values of b, and may result in simpler values for 

t - 

which in him may occasionally eliminate difficult interpolations 
when dealing with tabulations of the generating function and its 
derivatives. 

Formulae (17) and (18) may be regarded as a sort of apol¬ 
ogy for the fact that the definite integral of formula (5) has 
never been developed. The need of a satisfactory expression for 
the sum of any number of consecutive variates is indeed acute. 

By permitting h in the foregoing theory to approach zero, 
one can obtain corresponding formulae for the ordinates and 
areas of distributions of continuous variates. However, it should 
be noted that for this case the limits for the integrals in the 
vicinity of formula (4) are now 


x-b, 


'fiiri 

h-0 


n 

h 


oo 


and consequently the changing of the order of integration must 
be justified. 

In conclusion we may state • 

I. Answers to problems of statistical sampling are usually 
expressed as finite or infinitesimal integrals under a function 
whose moments only are known. If known, the function is gen¬ 
erally of but little value. 

II. It is necessary to approximate the desired integrals by 
emploving frequency functions. 
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111. Present methods are unsatisfactory from the point of 
view that remainder or limit of error terms are not available, 
The. X ^test, though helpful, does not meet the issue in question, 



NOTE ON THE DISTRIBUTION OF MEANS 
OF SAMPLES OF N DRAWN FROM 
A TYPE A POPULATION 


By 

Cecil C. Craig 
National Research Fellow 


Recently in this journal, Dr, George A. Baker has found 
"the distribution of the means of samples drawn at random from 
a population represented by a Gram-Charlier series."^ It is the 
purpose of this note to call attention to the fact that by the use 
of the semi-invariant notation Dr. Baker’s results may be reached 
in very many fewer steps. 

Let the parent population be represented by 


( 1 ) 


f(cc)~ (p(jc) 


/> 
1 + 





in which 


( 2 ) 



J_ _ 



Wol. 1. No. 3 (Aug., 1930), pp. 199-204, 
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the origin for oc being chosen at the mean, and 
(3) ^ (c 

We shall first find the distribution function of + *. 3 - 

* '*n 

in which , i« 4 2, ■ ■ ■ , has the frequency function 

f (or). Let us assume the frequency function of js is given by 

Fra). <p(a) L ^ W, f| ) , ^ j 


*. ■'m 


Then the semi-invariants of f (jet), X /, ,- X^ 

are defined by the formal identity in t : 

(S) jcix A,»0 in this case) 

and on integration, using (3), wc get at once on the right; 

1 

c ^ ^/) 


Similarly for the semi-invariants L,, L , L “ • of F (2) 
we have ^ ^ 


A X* a X* ^ J 


But because of the well-known fact that 
gives ' ' 
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- ("O'^ai^t 




an identity in t. Thus 


( 7 ) Ar-l 


__ Vj 

V,!V,i 3 “4 ■■■‘7 


the sunuTUtion including all terms for which 

Remembering that a^-VU^ , we have on 

substitution in (4) the expression for ^ (jg) since only a finite 
number of A^.'^ (depending on N) are different from zero, 
To get the distribution of i ’■ t-- only 

k I I • ^ 

involves the appropnate change of unit. 




Stanford University. 
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ON SYMMETRIC FUNCTIONS 
AND SYMMETRIC FUNCTIONS OF 
SYMMETRIC FUNCTIONS’^ 


By 

A. L. O’Toole 


INTRODUCTION 

The study of symmetric functions is quite an old one, From 
the time of Girard (1629) even up to the present day this sub¬ 
ject has occupied the attention of many eminent mathematicians. 
The theory of the roots of algebraic equations in one or more 
variables has furnished the chief incentive for the development 
of the theory of symmetric functions. Ingenious methods for 
computing symmetric functions In terms of what arc called ty 
elementary synvAietric functions have been developed by Ham¬ 
mond, Brioschi,. Junker, Dresden and others. Extensive tables 
of symmetric functions in terms of the elementary symmetric 
functions may be found in the literature. > 

Symmetric functions play such a pre-eminent role in the 
mathematical theory of statistics and their computation by direct 
methods or by general formulas, even when assumptions restrict¬ 
ing the groupings of the variates about the various means are 
made, is so excessively tedious that there has seemed to be need 

*A diiiertation submitted in partial ftiifillntent of the requirements for tbs 
degree of Doctor of Philosophy in the University of Michigan. 
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of development of the theory of symmetric functions in direc¬ 
tions not suggested by the theory of equations. The ingenious 
methods referred to above are of little or no practical value in 
statistics; for they express a symmetric function in terms of the 
elementary symmetric functions whilst here it is necessary to 
express the symmetric function in terms of what are called the 
Sims, Likewise, and for the same reason, the tables men¬ 
tioned are of no value to the student of statistics. 

Moreover, in the theory of sampling one not only has to 
deal with symmetric functions of the given variates but with 
symmetric functions of symmetric functions of the given vari¬ 
ates. This then leads to interesting as well as practical develop¬ 
ments ill the theory of symmetric functions. 

In this investigation it is proposed to: 

1. Develop symbolic methods which will enable.one to 
express any given symmetric function in terms of the power 
sums, without knowing the expressions for the symmetric fuoc. 
tions of lower weight, and which will also lend themselves readily 
.to the construction of tables; 

2. Develop symbolic devices in the more general case of a 
symmetric function of symmetric functions* 
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CHAPTER I 


Direct Computation 

1. Suppose there is given a set of 77 variates* x, . ■ 

JTj . X 4 * • • ■ I no assumptions whatever being made 
Its to^ their arrangement about, the various means. Any rational, 
integraJ, algebraic function of these n variates which is un¬ 
altered by interchanges or permutations of the variates 13 called 
0 symmetric function. With a few modifications, the usual no¬ 
tation for symmetric functions will be used in this investigation- 

The juwj , s.. s' . . . 

Let 


i-t 

. ■*■*/»> 

yt , ■ 


I'f 

• — • ^ 

& 


s,V jcf« jc* + oc* • 
hi 

, t ^ a a 

• * « • » 

n 

* * m % 

. 

Further, let ( - 

•) represent any symmetric 


‘The , variates may be either real or complex numbers. 
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function of the given variates. In other words, let ( •) 

equal the sum of all the terms such as 


a A 


„ CL * b 

JC JC hZ 
<4-J 


which can be formed from the ri variates, where a , b, c , 
and /3, i, ■ . . are positive integers and ay b >■ c > 
• • y O . c- g. 

(3 /?J)=Z 

I 

J’l 

H’l 

rn^l 


Definitions : 

1 

A partition of a positive integer t is any set of positive 
integers whose sum is t ■ The integers which constitute the par¬ 
tition are called the parts of the partition and are enclosed in i 
parentheses ( )■ It is desirable to arrange the parts in descend¬ 

ing order of magnitude from left to right. Obviously then' for 
any finite positive integer t each partition of t contains a finite 
number of parts. If there are r parts in the partition of t 
then the partition is called an r-part partition of t or simply 
an r-partition of t. E. G. (33), (321), (3111) are respectively 
2-part, 3-part and 4-part partitions of 6. When repeated parts 
appear jn the partition it is customary to write one of the re¬ 
peated parts with an index correspotiding to the niimber of times 
that part is repeated. Thus (33) is written (3*) and (3111) is 
written (31“). The number t is called the weight of the par¬ 
tition. For a discussion of the formulae for finding the number 
of partitions of an integer the reader is referred to Whitworth’s 
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"C^ice and Chance.”^ 

U will now be dear that the notation introdnced for the gen¬ 
eral symmetric funcstion is a partition notation. The weight of 
a symmetric function is the degree in all the variates of any tens 
in the summation. The order of a symmetric function k the 
highest degree in which each variate appears in the sunumtion. 
For instance, in ^ Jf * « (432) the weight is 

4+3+2 “9 and the order*^is 4. It follows that in the partition 
notation of a symmetric function the weight is given by 
• and the order by a . In the par¬ 
tition notation the power sums become simply (1), (2), (3), 
.I ( t") respectively. 

For the purpose of mathematical statistics, moiSents rather 
than the power sums are the important thing. However, the 
transformation from power sums to moments is so simple that 
the results of this investigation in terms of power sums may be 
written in terms of the moments by putting 


’ *4*4 (X ’ 
statistical moments of the 


where 


n variates. 




are the 


I 2. It is not difficult to express certain symmetric functions 
in terms of the power sums. Practically all texts in higher al¬ 
gebra devote a section or two to this problem. Most of those 
which develop general formulae do so by using the properties of 
the coefficients of an algebraic equation. However, many others 
have developed general formulae in symmetric functions without 

^ G. E. Steehert and Co., N. Y, 

nfth edition, page 100. 
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making use of the algebraic equation in their derivations. The 
latter procedure will be followed here in order to emphasize the 
fact that the interest is not in the theory of equations but in s 
s^ of variates such as might appear for instance in a statistical 
problem. A few of the general formulae of symmetric functions 
will be developed now by direct computation in order to demon¬ 
strate a basic theorem of this work-^a theorem which will be 
stated at the close of this chapter. 

Multiplying 6, and a, the result is 

«i » + ... . • • • "hXjf) 

+ • > +x* ) 

n V 

* Z *Z ‘V/ 

(20 -(2)(l)-(3) 

Similarly, if u / ^ > 




I u u 

• (Xf + 


■ *x 







U V 

+x^ •*, * ■ 


' *x. 


’n~l 


V\ / u*v utr 

XjAx, tx^ 
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J n 

Z x,“4r/ * Z *•' 




' • modiSgaSon is ne^ssary. for then 

f , ' 

■ .. . a ^ 

y-/ 

Jiatea ortary „. ,.over 2 <r to- 

^ aull,pi,cation of 2 and tr , i a. 

' "“'‘"^“"'““'^^o-^v.raroyln.fcn 

*■■/ • ' ; / 
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n n 

L T i ^ 'I'll 

< J L^i » 

i’-t 7-/ 

/./ , i « 


(u Yw)-f(U + V, w) + (Y-t-WtU)* (u+W, Y)+(u^■V^^ fv) 


the commas being used to separate the parts of the partitions. 
Now applying the result obtained for ( u v ) to the second, third 
and fourth t^rms on the right of this last expression, it becomes, 
since 


(u*Y, w) = (a*v)(w) ~ (u+v-hY/) , 

(u) - iv*w){u) - (u+v+w) , 

} 

(u-hyY,Y) = {u*Yj)iv) - iu-^Y , 
{a'iY)[yH)-(uvw)■tlu^■v)^whiv■^vf){a)Aut.*)N)(v) -Zi 


Finally 


{uVVy)*^ {li^v)M -(u* v)(w)-(v-f-w)(u) -(u-t w)('f) + 2 (u-i-V 4 -VY) 






If U‘Y-yY , then a modification is again necessary, and 
repeating the multiplication with u*vv</ it is fouyd that 

i3l(u^) (u)^-3l^Hui+2(3Z) 
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In like manner, if z , u ■f' ^ ^ hV , etc., 

^ Z ; etc., then 

iuvwz)=lu)(\fXw)(i) -(a)(\/)(w+i) ~(u)M({/^z) 
-(u.)(i)ivF\A/) ~(y)(w)(u-h) - (/)( 

+2(u)(v+w-n^^Z(v)(u+vif -n) 
*2(iiv)(u 4V4g.)+2(z)(u-t^V -tw) -hfui-vXl/y-tz) 
+(uiv)iw*i)*(u*V^Xvn)+(ui‘^)(v-tyv) •S(u-¥V4-\N*z), 

\ 

If W” z , then 


4l(u^)=‘fu)^~6fu) (272)*^fuX^) 


-^ 3 *s_ -t-ds,s, *Jsf - 

U 9 u ti «Jc 4 


Similar modifications are necessary when some but not all 
of the parts of the partition are equal. For example, 

(u)^(v)=^(jc“+JC^* ■ ■ ’ • • i-JC^) 

or''.*“**; 


j»/ 




j=i 

k-l 


^I2u-tv) + (itu,v)*- £(u-i-\f,u) +2(u^v) 

• i2u)iy) *2(u)lu+v)-A(^ + v) * 2{u^y) 
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hence 


2.!(u^v)~ (u)^fvj '^^)(v)-2{u)(u+v) + 2(Fu-f-v) 
* ~ ~^ ^eu y- ^ 


3- Proceeding after the above fashion, any symmetric func¬ 
tion whatever can be expressed in terms of the power sums. 
However, the process becomes increasingly cumbersome and the 
general formula is of no practical value for the purpose of com¬ 
putation. Moreover, it is necessary to use a continuous process, 
that is I to work from the simpler symmetric functions of small 
weight to the more complex symmetric functions of greats 
weight. 

A special case may be worth mentioning to illusti*.te still 
better the carrying out of the direct process in the general case. 

(u) “ ^ac“+oc“+. • . . 

Applying the multinomial theorem and assuming that the law 
holds for t -1 and that the symmetric functions of weight less 
than t are known and transposing all the terms of the right 
member except the term involving ( u ^), it is found that 


tUu*) ‘Z(-0 




t {iuf' Uu.) (ju) ° * ■ ■. (f *** 
/"' a,.' • ■ aj 


where a, , a^, a^, . . . . , are either positive in¬ 
tegers or zeros such that a, * a, ■* Oj*. . . +afm y and 
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In particular, if a ' 1, then 






This last result may be expressed very conveniently in de¬ 
terminant form. Starting with the results obtained in article 2, 
it is seen that 

IfW = s, . 

a. I 

Sj 5, 


2U/^) 





A. L, O'TOOLE 


113 


ti(i *) * 


S, 

/ 

0 . . 

• ■ 

• 

• • 

0 

Sa 

5y 

^ 0 

• 

- 

■ 

0 


Sa 

5, 3 

• V 

0 

s 

• 

C 


• « 

« • 

Sg 

S/ 

• • 

0 


^t-Z 

• . 

Sj 

Sa 


tl 

3t 

St-J 

St-2 • 

. • 

Sj 




To establish this general law it is sufficient to note that the 
devdopment of this determinant gives as a general term 


where a.,, a^, Oj, . . * . , a ^ are positive integers or 
zeros which satisfy the conditions -f- a^, * a j ^ y 

and < 1 , + + - -. ■ ta^ ‘t. 

Hence the determinant is equal to 


L(-i) 


v+i 


t/ S, 


a, 




where^as before, the summation is over all the different terma it 
is possible to obtain by assigning a, , , <i( all 

positive integral values or zeros which satisfy the conditions 


Of + 2a,, y- v ■ /- ta^ ' ^ , 
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4* This chapter will be concluded here with the statement 
of a very important theorem which may now be written and which 
will serve as a basis for the developments in the chapters to 
follow. 

Basic Theorei^: 

1 Any symmetric function (defined in article 1) may be ex- 
I pressed as a rational, integral, algebraic function of the power 
stuns. 

Further, each term in the expression for the symmetric func¬ 
tion in terms of the power sums is of the same weight as the 
symmetric function itself. Hence a term which does not arise 
from a partition of the weight of the symmetric function cannot 
appear in the expression in terms of the power sums. 
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CHAPTER II 


A Differential Operator Method of Computing Symmetric 
Functions in Terms of the Power Sums 

S. Consider a symmetric function . .)of 

weight wv of the variates jc, , JCg .. By the 

theorem demonstrated in chapter I and stated at the close theteof 
it is possible to write 

ia'^'b^c ^ • )- f (e,. 5,. • • •. 

where { stands for a rational, integral, algebraic function of the 
power sums 5,, , and where each term in 

/ is of total weight wv, i. e. isobark. 

In the preceding chapter the direct method of computing a 
symmetric function in terms of the power sums has been illus¬ 
trated. But that method has two major disadvantages. In the 
first place, it is necessary to know the expressions in terms of 
the power sums of the symmetric functions of lower weight; and 
in the second place, it becomes altogether impractical for any¬ 
thing but the simplest cases. It is proposed to develop a method 
which will have neither of thesf disadvantages—in other words, 
to develop a method which will express any given' symmetric 
function directly in terins of the power sums without knowing 
the expressions for the symmetric functions of lower weight, and 
which will not become too unwieldy. In addition, the method 
ought to lend itself readily to the construction of tables of sym¬ 
metric functions in terms of the power sums. 

The method developed he^ will be a differential operator 
method. It may be stated at the outset that many schemes for 
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determining differential operators which will do the work are 
possible. The writer has investigated a number of them. The 
operators developed here are given 'l^tue they seem to satisfy 
best the demands just imposed on fhe metibod of computation. 
In fact, their simplicity and the directness with which they pro' 
duce results indicate that they are the simplest differential oper¬ 
ators that can be developed for the problem. 

6. Suppose now that a new variate * is intro¬ 

duced. What effect will it have on { a* , . .) and on 
f ? First consider ( . •)• Since all the variates 

enter the symmetric function in exactly the same way, new terms 
involving k in all the ways in which the other variates appear 
will be introduced. For example, if the original set of variates 


is X, , J", , X,, X* and 

the original 

symmetric function 

(32)-2 < xf , 

•'^J ■ 

, then this symmetric function is 

made up of Ae terms 




.rV' 

**», t 


a**# 


xUt 




afx; 




Intrc^udng a new variate 

Xj " k . produces the new terms 


•a. ■ 

> a c 

9 g 

X) k 


x.k 

•9 

x,k 

kx, 

. j a 
kx^ 

L-* • 
k Xj 

kx* 


or that is, produces Z b’xf and Sxfk* And since k is 
a constant with respect to the sumnation, these niay 

be written k’Z and 1, 2, 3, 4. 
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i. e., (32) becomes (32) + if ^(2) * k^(3). 

Similarly If must enter . . , .) Juit m 

every other variate does. As a result new terms are produced 
and (a^b^c ^ ... .) becomes ( a*b^ . . . .) 

+ ■ ) * . 

Next find what happens to / ( «,, , . . . , 

when the new variate is introduced. From the 

definition of the power sums it follows that 


S| 

becomes 

9, + k , 

Sa 

becomes 

Oa tk^ , 


becomes 

• • • • 

> <C® , 

• 

s* 

« • • • 

becomes 

• * « » 

• • • • 

9t* k* , 

V • • * 


« • • • 

becomes 

* * * ■ 

9^* k^. 

Hence f ( a,, a,, . . . 

0 ^ ) becomes 

f(9,*k. 


• ” >' Bw+ k"^) 


Taylor’s series for several variables is 

■kihd/dx^kd/by-t-mf^/dm* • • ')1 

■^{h d/dx kd/dg * fn<i/<ia *••••)* ^ 
+ (hd/dx ^-kd/dy I? 
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where the multiplication of operators is algebraic, 

Applying Taylor’s series to the function under consideration 
the result is ’ 






s^.k' 




> '5* f 


' '.Sw) 


+ lkd/ds, kd/ds^ ^ . . + k '^/ds^) f 

*(*d/<is. * kd/A:S, I, 

*(kd/a,,^ kd/d^,.,.. . *k’'d/d>„)’i, 


■ * {kd/ds, 4- kd/ds^ + . . • 




Wl > 


all other terms being identically zero. 

Now let 

^,-d/dm, , d^^d/ds^, -^ 

Then df. (d/ds,)(d/a,,) . dydsf and 
similarly 

It is now possible to write 
f(Q:+k S -k k^ • . . . s f 

lit , + K Y 


^( kd ,- f - k % 4ky ^ + . . 
■^ikd,4-k*d^4.k^d,4 . . 

Hkd, + k^d,*k^d^+ . - 

. 

^ikd,+k%4k^d^+ . . 





4k 


\S f 
dj 37 


• 4 


k-dj 
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Multiplying out and collecting coefficients of powers of k , 
this becomes 




all other terms vanishing, where 


( 1 ) 


\liDrd:^.2d,. 

y.q=d^^6c/,d,^6d^. 

4lD^’’cC^edJ‘d^ *e4d,d^ */edl *B4d^ , 
5iD^^d%2Od^d^*6Ody^*6^,d*.l20d,^ *t20d,d, d20d,, 
6iD^-d*y)d*d^*)ZOdfd, *l80d’<il *3€Od‘d^ 

■*7i0d,dgd^ *720ct,d^ *720d^d^*l20d[*J60d'^^7md^^ 


etc. 


Applying the multinomial theorem and then picking out the 
coefficient of k *, the general term in this coefficient is found to 
be of the form 




i? c 


A! b!C! 


wherp a , h , c , . . . and A , R , C , . . . are positive 
integers which satisfy the condition tzA * hD *cC + ■ • ■ 
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Hence 


t!I>t -I 


a! B! C! 


where a A * 6B c C i ; 


i. e. the sum of all the different terms which can be fonned by 

assigning to £ 2 , C. . . . . , A , B ,C- . • all positive 

integral values which satisfy the condition a A + b 3-tcC• "’’t. 
From the above relations it follows also that 


, - 

Zd, 

3d. HDr5D,D,*5DJ, 


( 2 ) 


4d^-(Dr4D^Ii ^EdI*4D,D, -4DJ, 

*5P*D^ *5D,Dl-5D,D, -6D,D^ 
6ct^^-(D*6D*D,*6D^D^-6P,% ^9D‘P‘-feD,P,q 

*6P,Dj*6P^D^ 

Zl-O" 


4? B\ cl • 


where a, 6 , c , , . .; A , Q , C , . . . are positive 
integers and where the summation is over all the different terms 
which it is possible to obtain by asagning positive integral values 
toa.^.c, , . A , O, C, . . . which satisfy the 
conditions 4 + fl+C+- . . . "V , a A ^ bB * cC* • 

7. Now since ( oT- b^c*, . , therefore replac¬ 
ing f by (a b c . .) the effect of the introduction of 
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the new variate may be written 

ihkD,+k^D^* ' ' ' *■ k^P^)ia'*6^c ^ 


Equating ct)efficients of equal powers of ilr, it is obvious that 
D^(a*‘b^c^- • (a^ ‘ b^c. •■•), 


(3) 


J)Ja 


”6 '’c 


0 = U’^b^c 


0 i-t 


). 


A ■ * ■ ^- ‘ ') - I, and also that 

Df(a'*'h^c^--’) = O \i r is not among a,b,Ci 

The relations between d and £) given above 'enable one to 
express { oi'^ b C. . .) in terms of the power sums. 

One particular case is worthy of mention. If 1 is not amcMig 
a , b , c , . . . then I?, {o'* b . .) - 0 and hence 

d, f Q and therefore also = d,^f » ■ • • 

In this case the operator relations may be written simply 


(!') 


J^tt ‘ . 

'Cl,, 
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A * 


etc. 


d,~0, 

o', ' D. , 


( 2 -) 


da ~Dj, 

2!d^^2:D^~D;, 


dj^Ds - I>t A . 


Z!d^-6D^~ZDl*2D;~6D,D^, 

l_etc. 

Hence when 1 is not among a, b , c , . . • then s, 
cannot appear in the expressiop ol (a* b^c . . .) in terms 
of the power sums, i. e, all the coefficients of terms involving 
a, vanish identically. But it must not be assumed that if 
a, " Q then </, / ■ 0, Ordinarily this will not be trtie. It is 
necessary to find df/ds, and in it set s, • 0. In statis¬ 
tics, s, - 0 corresponds to the case where the variates are 
grouped about their arithmetic mean, i, e.*so that A7j,»0. 

8- The application of these operators cf and D to the 
computation of a symmetric function in terms of the power sums 
will now be demonstrated. After that their use in the construc¬ 
tion of tables will be considered. 
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Suppose it is desired to express (3*) in terms of the power 
sums. The only terms which may appear are given by the par¬ 
titions of 6. There are eleven partitions of 6> Hence let 


(3 a, s,\ f ^ a^s, 

».* <»/.«« ^ «// «« • 

Since (3^) does not contain 1 as a part, D,= ci^-‘0 
and s, cannot appear on the right- side of the above equation, 

*■ O., - • Qg‘Qf *0. 

Now operate on the left side of the equation with and 
on the right with , 




d^f 


* -f <2 S 
a 3 to -» 


hence 0 - »3 a _ «/ -# o,- and therefore o * ■ a ■ 0. 

operating on the left with and on the right with gives 

since Z?, (3*) >.(3) and cT,/- , i. e. 

Sj » 2)0^ Sj . Operating on the left with 6 and on the 
righf with df * 6cl^d^ +'3ct^ ^ d^ gives 0'6<a, 

+ and thus - - j/j. Hence 

Similarly let 




Operate on the right with d* and on the left with 
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This gives 

Sy’ BO a, s,^y- 6 s, 5 ^ *■ Ba,St 
hence 


Operate on tlie right wkrj ^ncl on tne leh with 

(D,^-BDa)- Then - • 4 s, .s^ * B 3 ^ 

and a^ - O, 

Operate on the right with 4d4. and on the left with 
-(D,^-4D^D^ ^2D**4D, 2)^ Then 

-4a, =4a,a, . < 2 ^=-/ 

Similarly, oi^erating on the right with 5 df and on the left 
with its equivalent in terms of D, the result is5»5a, , a,"l. 
Hence 

( 3 ! ) = ( s ^ s ^~ 2«,)/2 • 

In the case of (3 ) the operations on the left were per¬ 
formed with Dj , , JDj and 6 , and on the right with 

their equivalent expressions in terms of , ci^ , 

df , d^, with « 0. In the case of (31 *) the op¬ 

erations on the right were performed with d^, 2<tg, ^d^ and 
5dg , and on the left with their equivalent expressions in terms 
oi ^ ' ■^a ’ > A » ^S' Obviously it is immaterial from 

a theoretical point of view which procedure is followed. For 
practical purposes it will usually be found that the procedure 
followed in the case of (31 *) is preferable. 

9. The application of the operators to the construction of 
tables of symmetric functions in terms of the poster sums will 
now be illustrated. 
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Weight 1: 
t. (f) = S,. 

Weight 2; 

/. (^) “ Sgi 

3 . . 

a,-//?. 

d^)’^(<if■»-B<£^){ cl,s^+<1 ^), a^--a,*-l/z. 

Weight 3: 

For all the symmetric functions of weight 3 f will be of 
the form 

+aj . 

<3f/=3a,V+«««a- 

fof,'*-# dc^ *do^ )f +o-^). 

I. (3) = 5 ^ . 

«. (;?/>s,s,-3^, since PJbO-C^) *^ 3 ; therefore 
0;''0, Q-g^h, 3 Dj(2I)*0^ 3xA\ikokz '<***-/. 

since 

and {/V -(sf-s^)/2 
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m 

therefore" 

6DJI^)’0 hence < 2 ^ --tv, - - // 3. 

Weight 4: 

For all the symmetric functions of weight A f w ill liave 
the form 

f . eL,a^*a^sfs^*a^ s, s» v- 

rf/. Pa, 

(cif'*Pd,)f ^P/6a.,^a,)s,** 3fa,*Pet^) s, . 

(4^*/2dfd, *24el,eij *Hdg-t24ci^)f‘^P4h^rQg ^ ■*«/). 

<f 

e. since OJP’J^O, 

S4Djp*)^0. 

A (3{) - Sj 5, - 3^ since ■ D,(3l)‘ (3)’ a, ^ 

a^-01 P4D^f3t)-0. o^-/. 

4 (3/%(afa,-Ps,s^-sf,P^J/e since 

■^{3/ ) = (Pl)=- ^ , a, *0, Og . //?, Qj ■- /; 
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‘2(1^)’^ (s^-a^),2a ^.-//«». 
a^‘ -//21 24.D^(2l‘)^0, a^-l. 

3. (/*)-(st-es\ *da,a3 ^v3fi“- 6sJ/24, 
since OV’'{/*) = 3 a^a,*2s^) / 6 

) SD^d^) =0, 

- i/s: ^4£t, a V~0, - //-^. 

Weight 5; 

f-a, 9fi-aj,a,\ a,\ * a^a, s/* o,9, * <a,% •M*«r^s- 

5a, af-* 'Sc^ fa^* 2a^ a,a ^-ta^al + a^a^. 

(eif*2dg)f <‘2(/0a, *ag)af-t-2(3ag 
*2/a^*ag)a^. 

(d,**2Sd^^dg *SSd,‘dj *6Od,d;*ie0</,<U ’HeO<t,d, 

*i20dg)f» t2p(a,*a^*a^+Q^*Qg*Q^*a^). 

f. 

a, 


since D,(< 32 )’‘ 0 , 
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o.f <*■ o-g « aj “0 j BDg {3B} “ Z(>3)f 

/20djj(32)“0, <*7 --Z. 

-Sj , since ^(4/)-(4), 

>‘0, Qg^lI 2Dg{4l}*0, a^"0; 
IZOdg(4l)^0, cij--L 

(2^1) » (SgS^ - 3^a, - *2sg )/2, since 

Dj2^l) ^(^*K «/« a, * -t?, 

. //?; 2Dg(Z*t) -2(20, -/ ; 

/ZODg(2*0-0, <i^nt. 

t. (3! *)*fSg «,*- 2a^ «/ ■ ^3 ■#■2’ )/2, since 

D,(3/*)-(3l), Of^^g-O, Qg»//2, a^mO, 

2J>g(3l*)-0. <2^^-<ig„.J/2; /20D,(3l*J-O, 

e 3s* 3^ +-533a,-4Sj)/5, 

since D, (2t ^■ (Z!‘). a,-0, o*- //^T, 

<^g-l/e. a^-/; 2Dg(2/*)-2(/*), 

a.- ; fSOO^ O.a^.-e/3. 

7. U’)-(sf~tOsgS^* +20Sgs“+153^3, -3Oa,,Si-20^ag 

*e4ag)/i20. since D,O0'(fV, -l/fZ, Qg = 1/6, 

cW-//« a^^l/l;2Dg(l‘hO, ai-ag^'l/6J20Pg(/hO,n,-^. 
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Weight 6: 

s^^+Q^Sg s^-f- 

+ + * a,<,s| *a,,s^, . 

6<z^sf+4a^ a^^-t-JagS^sf 

■t-2a^s^a^ + Za^s^s^ + et^s^s^* o,«^ . 

(cLf^-Zd^) f- Zf'/Sa, *Q^) s*i- ^/'(6a, ■* Za^ > ‘5^ «/ * 
^■2(3ct^ + Q^) a^ ^2fi2^¥3a^)s**Z(a^ 
(d^*6d,dg ■*■ Cd^if^ 6(20a,*4a.g+a^) sf 
*6f4*^g^da.^ a^ 8, ^ 6(a^*a^* 2^,,) «, . 

(dftJOd^g *tZOd^dj, * /SOdfctg ^^360d*t^ * 7Xd,d,dg 
+7e0d,d^ ^720dgd^+ie0d^*X0ei^^^ 720d^)f 

• 7S0fa, *<tg *a^ *4,^ *^T*^a * ***'• ^^z/^- 

A (6)-s^, 

since operating on this .sym¬ 
metric function with D, , 2 Dg . 6 D^ . 720 D^ and comparing 
coefficients of the .symmetric functions thus obtained with the re¬ 
sult of the operations on f above gives 

a,-ag^ <*j' ' <®7'«8 - Op -o 

<3„-//-?. 

For operat¬ 
ing with D, and comparing coefficients of ^ 0 with 

df f above gives ot, - a, ' *=■ •• • a, = o. 
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Similarly, operating with 2 Dg gives <2^ - //?. 

Operating with 62^ gives Operating with 720 

gives - //J. 

4 (42}’ia^ag~s^. 

«. -«^S, -sf i^2sg . 

« {4!*) « «, ■ ^ 

•t’Sa^Sg - Sjp )/ 

a <"'3/ «/-J ^ «/- s, 

+ 69 ^ 9 ^ ^i3 9^s^ 4 2s*~6s^)/6. 

/A (2/^J • ® 

' 9,- *'39*+Qsl*t€6^)/24. 

M. (/^•(sf-^Sge*+«>s^9**45a;s*-90s^ «/- f^Os^V, 
f t44a^ . /Ss**40a*. t20Sg)/r^O, 


Note that only the four operator relations given above have 
been used in finding the expressions for all eleven syninietric 
functions of weight 6. 
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CHAPTER III 


Symmetric Functions of Symmetric Functions 
A Problem in Sampling 


10. Consider again the rt variates oc, , , 


Let 


'®/!ar * ^aiae 


‘X 


■ ■ • 

denote the 


•a :X • 

power sums, the Jc subscript being introduced here to keep in 
the foreground the fact that the summation is with respect to ar . 
Now raise each variate to the power rn, where is a positive 
integer. Thus a new set of variates is produced, viz. jc, 

• . ■ • Suppose now that samples, each containing r vari¬ 

ates, ( r = Ti) , are drawn m all possible ways from these rt 
new variates. Obviously there will be samples. Denote* 

tliem as follows: 


rt! 



» • ■ • 



” JC f-X A • • • 
'*a 3 

• • • 


m rr9 

’ *^* * ■ ■ ■ 

f‘f9 

''T P W 


Z 

ft 




n~r*l 


■f ■ 




z 



^Notation suggested by Editorial, Annals of Mathematical Statistics, ! 
(1930), page 100. 
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r( Z 

where Z/ ” ^ ^ ^^”***® appear¬ 

ing in the t'th sample. 


Further, let 



Vl 







represent the power sums with respect to m. 

Now, since each g- is a symmetric function of certain of 
the '*‘^”7 • • • • I 'X'^, any symmetric function of the 

is a Symmetric function of symmetric functions. The situ¬ 
ation here is' then considerably more complex than in the preced¬ 
ing chapters. The problem now is to express any symmetric 
function of the in terms of the power sums with respect 
to JC. It is not difficult to imagine how much more complicated 
and tedious the direct computation is here than in the problem 
already dealt with. But these symmetric functions, particularly 
the power sums with respect to a, play such an important role 
in the theory of sampling that k is now proposed to develop a 
differential operator method for expressing symmetric functions 
of the z, in terms of the power sums with respect to Jt*. 

On account of the presence here of symmetric functions of 
both Jf and 2 it is necessary to modify the notation of the pre- 
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cedii’g chapters. Let (<x'^ be the general sym¬ 
metric function with respect to lac and the 

same general symmetric function with respect to .g. Under this 
notation the power sums with respect to ^ may be written 
(2)v I • • •> ( » and the power sums with respect 

to B become (1)^ , (2)^^ , , . . 

11. Case W7»l. 

Consider first of all the case of samples when 7 n»l. In 

developing an operator method for expressing ( a * b^c ^ • •)=, 

£1 

in terms of the power sums with respect to ac it will not be 
necessary to deal with this general case. For the operators de¬ 
veloped in chapter II will express ( a* b^c^- ■ • ■)^ in 
terms of the power sums with respect to g. Hence all that is 
required is an pperator method for expressing the power sums 
with respect to g in terms of the power sums with respect to jf. 

That it is possible to express the power sums with respect 
to z in terms of the power sums with respect to JC can be 
demonstrated by direct methods. Recall the theorem stated at 
the close of chapter I and note also that in any power sum with 
respect to g each term is a symmetric function (a power sum in 
fact) of certain of the cc, , jr^. Each x enters 

exactly the same as every other x and the power sum with 
respect to ar is unaltered by interchanges or permutations of 

.Hence the symmetric function with 

respect to a, is also a symimetric function with respect to x and 
therefore can be expressed as a rational, integral, algebraic func¬ 
tion of the power sums with respect to x. Moreover, as before, 
each term in the rational, integral, algebraic function of the power 
sums with respect to x will be of toUl weight w if the sym¬ 
metric function of the is of weight sv; that is, the sym¬ 
metric function is of the same weight in ar as it is in g , Tins 
last conclusion follows directly from, the definition of the 

Although the problem here is more complicated than that 
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in chapter II, nevertheless the approach to the problem in that 
case suggests a beginning here. Let 

where f is a rational, integral, algebraic function of the power 
sums with respect to -x. Since (tV) is of weight w, no 
power sum of weight greater than v/ can appear in /^ , i, e. no 
power sum higher than • 

Introducing a new variate ^ i as before, changes 

^ ^^itx ‘ ‘ ‘I ^ (^nx ^ 

But it has already been 

shown that this new f may be written 

where, if dy e , the relations between and e/ 

are given by (I) and (2) of chapter II. 

What is the effect of the new variate ^n*t “ ^ 

(w)^ ? If no further assumptions are made then obviously 
there will now be samples. The introduction of new 

samples complicates things and no operator relations are obtained. 
It would, seem desirable to preserve the number of samples. This 
may be done by making suitable assumptions. Just as the new 
variate is arbitrarily introduced, so its behaviour in the sampling 
process may be arbitrarily determined in any way that will bring 
results. With this in mind, select any one of the original variates, 
say . Let <^x- ■ Ar- Now assume that 

ir ■ is so related with that in the sampling process 

every sample which contains of, also contains , i. e. con¬ 
tains { f ') . In other words, in order to keep the num¬ 

ber of samples the same, X' and yjr^- are always taken to¬ 
gether in the samples. 

Now each variate appears in (1)^ exactly „ / ^ 
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times. Hence )x- appears C times in 

the new (l)^ . Therefore the new (l)^ is equal to the orig¬ 
inal fl)£ increased by f = k C . 

Similarly (2)^ becomes (2)^ ^ k^- C 

where the prime above z indicates here, and in what follows, 
that )a' is obtaind from by replacing n and r 

by 77- 1 and r- 1 respectively in the expression for ( ^ 
in terms of the power sums with respect to jc. For example, 
since ‘n-pr-/ ' ®/. jc ' 

" Ti-p" r-2 ' ^ isx ’ 

Applying the multinomial theorem to the samples, the effect 
of the new variate may be written 

(1) ^ becomes (1)^ f , 

(2) ^ becomes (2)^ +2k(l)^i + W ^r-( • 

(3) ^ becomes (3)^ + 3k(2)^, +3k^0)^. 


(W) becomes (w)^A- (w-g)^i 










ON SYMMETRIC FUNCTIONS 

Now since (vyJ^ =f , therefore 


(MD, 


Equating coefficients of e(|ual powers of k it follows that: 

* S, '<^*^"^ 4 ' ' 

« • • • • • • 

D (vv) = C 

V ' 'i w Y ' 'i ’ 

^*^“4 * Ypwt' ^^ 4 ' • 

^ U>w . 


12. Before proceeding to the application of these operators 
it ought to be remarked that other sets of differential oi>erator.s 
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can be developed. For instance, it is possible to develop a com¬ 
plete set of differential operator relations by adding k to each 
of the given variates. But the operators thus obtained are very 
cumbersome in comparison with those developed above. The 
statement made with respect to the operators developed in chap¬ 
ter II may be repeated here. There is every reason to believe 
that the differential operators developed here are the simplest 
that can be obtained for the problem, 

13. The use of the operators developed in this chapter will 
now be illustrated by computing a few power sums with respect 
to 2 in terms of the power sums with respect to jr . 

/. Let ( l)^ ~ ^ 1^1 3 c • Then 

-O //4 ' < a, s,, ^ , that is 

Hence 

2 . Let 

(2)^ = < 2 , 


' n-^r-z 


■ S. 


2 ^ tS 
i / i 




2! D^(2)^ =(2^^ 2ci^)f , 

^ Tt-g^r-e n-/ ^ t^/ ~ n-g^r-g ^ ^a:x ' 
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3 Let 

(< 3 )^ > ^^■ 


m^, = ci,f. 


^'jr-3^r-3 ' 

g 

®/:3r ^r-e ~ n-s^r- 

3 ^ ; Jf 


a,-. 

7-3^/-- 3 7 

Nw 

tn 

if 

^r-2~ n-l^r-a)' 


3IDJ3)^ 

^(d^+ 6 ci,d^-^ 6 <£^)f, 


^'■n-l^tr-l 



•^a * 77-/ ^ 

rr) n^g^t e ' 71 - 3 ^r 

•3 • 

r.3^r. 

3 n-Z'r-^ 


. ^C?-/ ^r-l ' 

rt-f-r-s^ ®a 

; ar * 

Let 






«3 * -S, 

a-*- 


D,(4)^ * d, f. 


4(3)^, ^d,f. 


ir..4Cr 

-4®/.X ^^C3^7>-j‘77-4 

^''-4 ^.®CJf®3;4r 
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'^( 79 - 3 '' ^r-S 'w-J ^r‘3 

a '®/;^ .‘JC '^.■^ ^ i 3C * 

O-f ” jy-^ ^r-j$. • “ ^(rt~3 ^r-3 ~ w--# ^r~^ ^» 

^S " ^ (n-S ^ 'ti- 3 ^r~3 * ^ ‘tt-* ^r-<^) ' 

ZiD^(4)^ (d*+ad^)f. 

/2(Z)^, ^(d,^*2d^)f, 

12 'ff-s ^ f -3 "'^/■•ar '*'12 (-n-z ^ r- z ~ u-a ^r- a 3 ^S;x 
^a-^'^Cn-z ^r-z '77-3 ^r ~3 *' »-•* 

4(Dj4)^-(d^^l2dfd^ *-24ci,ci^^/2d^^24d^)1, 
24’^.,Cr.i ~24la,i^a^+<i^^a^-*ag), 

^ tr-Z^r-l ” "n-t^r-g ' ff-S^f-S ~ ^ w-^^y-4* 

^ n-*^r-^ ' ^T:x '*' ^(v-S ^f-s ■»7-< ^r-*)^t :* ^a-x 

■t'4(ff.gC^^^ - 3 * 2'j,.^ ^<r-a)'^>ix ^a.-x 

'^{rr-Z^r-Z ~ ^'n-a ^r-a '*' rt-A- ^r-a )'^Z ;X 

■*• {1,-1 C r.t n-Z^r-Z ^^^n-a^t-a 

77 -^ :ae 
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14 . Now consider the case where wis any positive iiitt‘t;ei. 
Write ^ tJi • "^he operators developed in this chapter 

will express any power sum with resi>ect to z. in terms of the 
power sums with respect to ^ , i. e. in terms of ^, ;y , >*3 

y/.■ But obviously - 

and hence the operators of this chapter will express any sym¬ 
metric function which is a power sum with res[)ect to * in 
terms of power sums with respect to oc, viz. in terms of 
^am.x • • where OT is a pos¬ 

itive integer. Hence the operators developed in chapters II and 

III will express any symmetric function of B,- , t - I, 2 , , . . 
r! i • 

. • , tw a positive integer, in 

terms of power sums with respect to >ac. In particular 

(^)a “ n-/ ^r-l x ' 

r>~3^r-2 ~ ^anttx 

7)-3 ^r -3 ' ® m X * ^r-g ~ rt -3 ^r-a^^mix^ara.x 

IS. Consider again the case 777-/. p, - , 

P* ■ rt-9 ^r -2 ’ ./ Pk “ n-k ^r-k i A'S r. 

Theni 

iS/i* , 

®a:E ^4tK ^ix 

’Notation suggested in Editorial, Amah of MaihemaUcal Stnthllei. 1 
(1930), page 104. 
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> 4(p, - 3p^ ^ 3fp^. 4-pjsl^^ 

*(P, -4 °-») «+. « / 

etc. 

The question as to whether the coeflicients in the above 
expressions follow any simile law now arises, instead of 

Pic ‘ n-k ^r-k » • write ^r-H 

if ^ r . Let 

Pa(p)’‘p-p^, 


Pjp)^p-3p^42p^, 

P* (p) ‘P - 7p‘ 4 I2p^^ 6p 
etf. 

Further, let be the expression obtained from fp) by 
going back to subscripts instead of exponents. Then 

Pi "Pi . 

^ ’‘Pi 'P» . 

^ -Pi -'?/>, e 2p^ , 

P “P -TPt * , 

etc. 

The expressions for • ®a. a , . . . . may 

now be written; 
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+ ^six *' ^^3 '3f ' 

• « ■ ^ ^ IA » 

etc. 

where, of course, Pr ^ Pt ' • ■ • is to be found by nnilt:- 

plytng Pf.(fi) (p) P^ (p) .and then changing 

the exponents in the result into subscripts, e. g. To find 

first find ^^^/o)~fp-p‘)^^p».^p^^p* and then 

change the exponents into subscripts, obtaining 

One further step is necessary in order to emphasize the law 

for the formation of these expressions for « s .... 

, *.»• a-»' 

Th^ may be wntt^en in the form 






■ P^S 


a ;af ) 

T-J ’ 


- jf ( Pf :3t f P) ^ ^/fJc'^3IJe 

'■•* I 3/ UTi 


' 2( H 2t 


^ 3 P<* ^/ijr ^ Pf^l.x ^ . 


3l 


Zf(3!)' 
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After computing by the direct method the first eight mo¬ 
ments, under the assumption that s,, •» ■* 0, an article^ 

which appeared in the Annals of Mathematical Statistics gives 
the following law for the formation of the functions Pt(p) 
for /, • • • • ,8: If I . t coefficient of 

p* in the expression for Pf (p) , then 

<=i:t “ i,t. I ■ 

This is equivalent to saying that 

ntMO 

That this law holds for all values of t -\, 2, . . . . 

is now easily established For if it be assumed that this law 
holds for the expression for in terms of the power 

sums with respect to , then it holds also for because 

the operators D, , Dg , • ' ’ . and the equivalent oper¬ 
ators in terms of cL,, dg , • • •. df will express 
in terms of the power sums with respect to z. and of weight 
less than t. And the coefficients of the terms in the expression 
for (t)g^ are seen to depend only on the coefficients of these 
power stuns of weight less than t . e. g. Suppose the law 
holds for r= 1, 2. Let 

^^<4 “ ^ ^ ®/-‘ Jr ^ ' 

^Editorial, Annals of Mathematical Stat\st\cs, 1 (1930), page 107. 


(i.'/O'O 
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Operate on the left with and on the right with d, . 

3(b)^. = ^ , hence 

Q Q =3PP> 

Operate on the left with and on the right with (d^^ 

+ . Then 

GP, &(0, * Og ^ therefore 




-Prf;’-3P.r%, 


But 

PM - P.M-^ffCp) p, (fi) 3 fi(f>-p*) 




PJA 


Hence 

Qs-F, 

16, Consider the functions tm 1,2,-' y • • 

^ (p)’P. 
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f^f/oj^/o- ^ ^ '’- 60^ ^4.^ f 

pj/j) =/3-3/yo^^/SC/> ^-3QOyo^^3SO/>^-/PO/>^. 

/® ^ -/D -63^^^ 602yo ^-2/OOyo* 
i-336p^- 2SPOp ^ > TPOyO ^ 

^ (p)^yo - /2/,a^^/932p^-/0206/O 

+P5200p>^~ J/920p « ^ 2fJ/60yo S{)40/> f 
P^(yo)^yo-2SSp^*6d50yO-^~46620p^ -^/esePAyO^ 

- J/PSeOp,* ^32640p ^-m40p^* 4O320p* 

f>Jp) .p - s//p^^ fSSeOp ^-2O4630p ♦ 

/ /020600p 2739240p ^ J329424p, 


-areoooop^* fe/4400yo^^362680p‘\ 
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Those who are familiar with the calculus of finite differences 
will recogniae the coefficients in the above expressions, neglecting 
their signs, as the numbers appearing in the table of values of 

If u(jc) and . vfJc) are functions of x then 
CiPa{x). v(x)‘ ^ •^^(x) A u(x*t) 

‘Wx) • A(x*s)*• ■ ■ 

Now jf.jf . Hence, letting v(x)mjc and 

u{x)=»x , A X “ A X'X »xA X 

* m A (x*l) and all the other terms vanish. 

Also E x”'^(! * A)x”'\ .Therefore 

A X » xA X * mA (f*A)x 

- xA X *m(A X *A X J. 

It is now possible to write 

fjM-Z 

m»o 

To show that this law is equivalent to the law given above, via: 

assume they are equivalent for ^ f^) and show that they 
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are then equivalent for (p) That is, assume 

T mA ”-'1 '-'L 

L J 

IK*0 -* 

1'hen 

( /;”’4”’/ a„,l (./) /" 

t-t ^tt! (/^) 'he uvi) liiws :ui‘iM|iiiv,ili nt il 

i (-if\(n,^nA'''i 4 L”" 

m‘0 L y 

»wa 

But this is true since if c , j. , • (-1) vn /t~2 

m*i: t-i ^ 

then 

Similarly, since . (- !) A , then 

17. Since (f*A)0^ , it is possible to 

write 
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IfhO 

m>0 

The latter expression on the right suggests that Pf {/}) 
may be expressed as a function oi/O and Xi. with or set equal 
to zero for each particular value of t. Suppose that (x, 
is such a function. Obviously P can be neither a polynomial 
in jr nor a rational function of any kind in x ; for setting 
jf equal to zero would show that P would have the same value 
for all values of ^ , The nature of the expression suggests 
that X enters P only as a variable with respect to which dif¬ 
ferentiation is to be carried out, x then being set equal to zero. 
There are two main reasons for this assumption. First of all, 
since x enters the difference exfuression only as a variable with re¬ 
spect to which differencing is performed, x being set equal to zero 
after e^ch differencing, the guess is that x enters P only a.s a 
variable with respect to which differentiation is to be carried, 
out, X being set equal to zero after each differentiation, Be¬ 
sides this there is the intimate relation between A and d. /dx . 
For instance, / + ^ = e , d/dx ■ log (f+£k) 

and hence A** can be replaced by i function of the n’th degree 
in d/dx and vice versa. Further, since the difference ex¬ 
pression contains ^ it is reasonable to try to express ^ as a 
faction involving d*/dx* . Now let 
(dydx^).<^{ or./ojjc.o , Since i differentiations, none 
of which are to, give results identically zero, are to be carried 
out then cannot be a rational function of Jf . Also functions 
which involve the ^ssibility of the derivative being infinite are 
excluded. Hence try a transcendental function of jf and/> . 
The exponential function will not satisfy the conditions. Try 
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•x-,yo) a log f- {oc,p). And again f cannot be a rational 
function of jr . Suppose f is an exponential function of x, 
say f(ac,p)^ P(/0,e^)- Then 

The simplest case would be Pt/O, ^ ^)=/Otf ^ . But this 
does not satisfy P,(/o)^yo . Nor does 
nor / - p 

does satisfy the conditions since it has been shov\n' that 

satisfiesthelaw ^ , 

where is the coefficient of p>‘ in PtM 

Hence Pf (p) can he written in tlie three etjiiivaleni fiaiins 
for all values of t ; 

Pt (p) -Z ') p 


m.-o ^ 


>ri^/ 




t-f 


m-ht 


Pt^P^- (p^^*PpKx.o 


^Editorial, Annals of Mathematical Statistics, 1 (1930), paces 107, 108 
Also see remark on “Samplinc Polynomials," pace 120. 




fundamental formulas for the DOO¬ 
LITTLE METHOD, USING ZERO-ORDER 

CORRELATION COEFFICIENTS 


By 


Hakold D. Griffin 

Dean of Crescent College, Eureka Springs, Arkansas 


So far as the writer has been able to determine, fundamental 
formulas for the Doolittle method as applied to the solution of 
normal linear equations expressed in correlation coefficients have 
never before been developed. Because of their peculiar telescop¬ 
ing qualities, the writer has termed them "endothetic formulas." 
Perhaps the best way to judge the respective merits of three 
methods of solving simultaneous linear equations to obtain the 
coefficient of partial regression (the /5’s)—determinants, Kelley’s 
partial regression method,^ and Doolittle’s direct substitution meth¬ 
od*—is to compare the formulas by which each might be expressed. 


^Kelley, T. L. Chart to Facilitate the Calculation of Partial Coefficients 
of Correlation and Regression Equations. Ist ed. School of Education, 
Special Monograph No. 1. Palo Alto: Stanford University Publications, 
1921. 

^y/allace, H. A., and Snedecor, G. W. Correlation and Machine Calcula- 
tioa 1st ed. Official Publ. Vol. 23, No. 35. Ames; Iowa State College 
of Agriculture, 1925. 
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THREE-VARIABLE FORMULAS 


Determinants 


Hoa / 


r - r r 
'oe o! 'le 


ta 




A « J2£_S 
F'oa, /-r 




'at at ts 


^ott~ 


A 


01t» 


r -r r 
'at os t£ 

/-/"■* 

ti 


Kelley’s 


r - r .r- 

A s »/ oa >s 
^ota ” j^r * 

' 'ta 


Doolittle’s 


A 


Ota 


Qi ~ Ca ^oa / 


OPERATIONS REQUIRED IN SOLVING A 
THREE-VARIABLE PROBLEM 



Determinants 

Kelley’s 

Doolittle's 

Consulting tables 

,1 

1 

1 

Adding. 

0 

0 

0 

Subtracting , . , 

.... 2 

2 

2 

Multiplying . 

... .2 

2 

2 

Dividing , , 

.... 2 

2 

1 


In a three-varial>le problem the DooUtt]e method has but a 
very slight advantage over the Determinant method and the 
method used by Kelley in his Chart. 



FUNDAMENTAL FORMULAS 


FOUR-VARIABLE FORMULAS 


Determinants 



''o/.aa 


Kelley’s 

f* r* t' r* r r ^ 

'oi 'o/ ^Oi vr t$ 

"l-'-f. ~ /-Cj * 

/ _ ^aa ~ ^i3 

'T 7 r‘‘~^^ 


foa ~ ^/ 'fjf 'os ' '"o! '"is 




f- r,l 


C?j~ 'ti ''is 

f-na 


, " Oa 'is ^ '"as ~ Oj 

f- —[Tfn —■ 7 _ 7 « 


r -r r r -r r r -r r 
•at 'oa 'is _ 'os 'oa as ^ is is sa 

/- r^ ‘ /-r* J-r^ 

‘ ta - _ as _ ' ' iz 

r ~ r r r ~ t" /• 

, 'is 'la 'as ^ 'is 'ta 'as 

~ /-r* a 7 ^* 

' « ' 'ta 
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Doolittle’s 

~^ot ^13 " X (^»s' ^la 'fS ) 

___ 

f~r^ ~ f/z -1 t ) 

/» /-r.^ ^ '** 'n n* 

' 'IS 

r '“/• r r -/* r 

A <M 'ot 'tt 'm ’is is ^ 

Poa.ta / /■* * 

' 'is '~ 'is 




oa.is 


^ciss ” ^1 ' ^s ^om.ts ~^13 

OPERATIONS REQUIRED IN SOLVING A 
FOUR-VARIABLE PROBT EM 


Consulting tables 

Determinants 

6 

Kelley’s 

3 

Doolittle’s 

2 

Adding ... 

. , 12 

0 

1 

Subtracting 

4 

12 

4 

Multiplying . . 

18 , 

12 

8 

Dividing. 

. 3 

11 

3 


In a four-variable probtem the Doolittle method is seen to 
have a decided advantage over the other two. An examination 
and comparison of these fundamental formulas for three and 
four variables would seem to justify the conclusion that an in¬ 
creasing number of variables would but enhance the manifest 
superiority of the Doolittle method. 



ON A PROPERTY OF THE SEMI- 

INVARIANTS OF THIELE 


By 

Cecil C. Ckaig 
National Research Fellow 


Given a general linear form 

( 1 ) a,x, . ^ a„ 

of a set of statistical variaMes, x,, ' ' • •, .‘it 

i^ well-known that in case the variables, ur,. jt*,. 

are independent, in the sense of the theory of probability, that 
the r'th semi-invariant of this form is simply 


( 2 ) 


(0 


<->r 





(n> 


i 

> 


in which is the r’th semi-invariant of x^ . This is per¬ 
haps the most important and useful property of semi-invariants, 
Each semi-invariant is defined as a certain isobaric function 
of the moments of weight equal to the order of the semi-invariant. 
The question to which this note is devoted is whether among such 
isobaric functions, the property given above belongs uniquely to 
the semi-invariant. This problem is equivalent to another which 


^There ii no loss in generality in supposing the origin so chosen for each 
sci that the constant in the fom is zero. 

•Thiele, T. Theory of Observations (C. & E. Layton, London, 1903) 
'p. 39. 
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eeems more difficult to state verbally. The r’th semi'invariant 
of the form (1) is itself found in terms of the aenu-invari* 
ants, ^ • ■ ■ 'I of the 77 -way probability function 

, JCg, • • ■ - ■,J^)by means of a symlx^c multinomial 
expansion. Now in order that the above property may hold 
generally it is necessary and sufficient that the cross-semi¬ 
invariants of R( jr, , jr,,.should vankh if , 

-*** • ■ • independent; that is, that-each A^^^.-in 

which at least two of the quantities f', s, t,- ■ • ■ are different 
from zero, should vanish identically. Now are semi-invarianta 
the only such functions of moments,' whose “cross” members be¬ 
have in this way? 

The semi-invariants of the given linear form are de¬ 
fined by 


(3) 


€ 

■/ 


-, jrje 




which is to be r^rded as a formal identity in i. And the iwmi- 
invariants of oc,, jc ^, • • ■ are given ly 






(4) •/ . . .,jrje 

t,f*h f, 


‘We ihall obeerve the distinction between |>robability functions and fre¬ 
quency functions suggested by H. Cramdr in his importwrt memoir: “On 
ffie Composition of Elementary Errors,” Skandinavisk Aktimrietidakrift, 
tS28, p. 13. By a probability function' we mean what has been die 
cumulative frequency function and thus in die above we are usiiq; an 
w-way Sticltjes integral. 
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which is also a formal identity in , tg , ■ • ■ ■ ^ t 

The quantities (2 t. and (f i/ refer 

to symbolic multinomial expansions, perhaps most easily explained 
by means of examples. Thus 


and 






K'.K.,. 


• A 


t>> 


in which X ^ 

iroo « • 

in our first used notation, and A A 

, ’ .. .. o 

are cross-semi-invariants of x, and 

Then by inspection of (3) and (4) it is evident that 


, etc. 


(S) 


L,«tea,A,r. y-K2A 


In case the variables Jr,, are all indepen¬ 

dent of each other F(a:,.af,. . jr^) splits up into the 
product F, (x,) fofj) ■ • • (x„)of the probability functions 
of the separate variables, becomes equal to the expression 
(2), and all the cross-semi4nvariants in the expansion of the 
right member of (4) become identically zero. That the vanish¬ 
ing of these cross-semi-invariants is not only a sufficient but is 
also a nectssary condition that assume the value (2) is evi¬ 
dent from the absence of any restrictions on F (or,, jr • ■ x ) 
(except that it be an r? -way probability function) or on the set 

Now each cross-semi-invariant is expressed as a certain iso- 
baric function of moments, some .of them cross-moments. But 
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in the case of independent variables, 

Vi • V V v!, ‘ ‘ • 

and when this is true, the value of each cross-seini-invariant be¬ 
comes identically zero. To illustrate this and for use in the dem¬ 
onstration that the semi-invariants are the only such functions, 
let us write out the fourth order semi-invariants of F (cc,, 

) in terms of moments. These are obtained bjr 
equating coeflkients of like terms in 

(£ r-(? V, V, lit,) 

Leaving off superfluous zeros in the subscripts, tins gives 
for example 

^ J V ^ ♦ 12 . V **• 6 ^ ^ 

40 « ^ 40 ''<« *^10 ''lO ^ *^10 

A * 1 / ^^(2^ y/ ^2y/ y/ )''('}/ yf *2y/*i 

^ 'V •W' ^ ^4/ • 

If in the value of we set ^ . 

etc., then s 0 as it was already known must happ^ 

For the sake of simplicity let us suppose, at first, that the 
component variables in (1) are all "equal," that is, that P ( , 

., jr^)iF ( or, jc,..or). In the case of 

- - - -- 

^The general formula giving semi-mvariant* in temu of momenta ia to be 
found in aeverml pla*^ See e. g., C Jordan, Statistique yath^arijm ,. 
(Gauthier-Villars, Paria, 1927), p. 41. For an elementary derivation awl 
ajao for an extended example of die uae of aemi-invariantB of a correlatioa 
function of aeveral variablea aee the author’a "An Applicadon of Thiele'i 
Semi-invariaBta to the Sampling Problein,” Ifetron, Vd. VII, M& 4 
(1928), pp. 3-74. 
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independence among Jc,, we can write also 

F, .F An 

equivalent assumption is that all moments and hence all semi¬ 
invariants of the same type of F ( gc, , ,., ) are 

equal. (Moments of the same type are all those with the same 
combination of digits in their subscripts.) Then the expressions 
for all the semi-invariants of the fourth order of F (cc,, ■ • 

‘ •,<2]^) are equivalent to the following: 

-3V.: 

- 414 ^V/)-6>C 

A -J ’(2yJ V *ZyJ V )-(v' -J VZt/ 

Mil ’'mu «''m 10 

Now, our general isobaric function of the moments of weight 
four can be written 


( 8 ) 


-3a, [(i V. ti f*(^ v; f, f- 6 (”1 v,. /■/ 


And in our special case of equal component variables jc^, 
our problem is to determine for what sets of values of 
the coefficients of tf f, and f, f, 

in the right member of (8) vanish identically if • • -.x^ 

are independent. 

By comparison with (7) it is seen that this gives four linear 
equations with which to determine the five unknowns. But we 
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can add a fifth equation by stating that the coefficient of is 
in general a parameter which in the case of independence is a 
function of F Cjc) and ® ^» which we shall desig¬ 
nate by . Then we have for the determination of : 


^4. 




Si// 

0 




SV/ 

0 




-6i// 

0 




Si// 

Q 

-4y/* 


t2< 

-6V/ 

< 


-3V,* 


Si// 





-6V/ 





Si/; 



-64 


Si/f 

< 

-4y/r 


12'^* 

si/; 


By adding each of the four other columns to the first col¬ 
umn in the denominator, we have at once in view of (7), 





unless the identical first minor of numerator and denominator 
vanishes. But this can happen only if there is linear dependence 
between the corresponding elements in the four rows of this minor 
which in turn can happen only if there is a linear relation between 
the quantities V,* , and (Such a linear de¬ 

pendence would exist if the second or third semi-invariant of^ 
P (ac) is zero.) _ 

Moreover, it is readily seen that we get x,■ 

(Of course we suppose O and moreover 0 could 

hold only for some F (oc) 's) 

If we no longer suppose the components jc,. ■ • •, 

"equal” in the sense defined above, the quantities in (7) may be 
replaced by summations of all terms of the same type or summa¬ 
tions of all products of terms which are coefficients of similar 
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terms in ’s. Thus in place of i<o in the first 

equation, and and -v^ v^/ second we now write,^ 

liv*. * V4„* VL^ + Vo.4-^ ••■ 

2 “ ^31 * ^/3 *^a3l '* '*■■■■ 

ICl/l/ “VV+t/ iZ+i/ +i/ tZ +■■■ 

^ ’'30 •«» «/ "^/a ‘aa* '^•1 “«/o ’ 

respectively. But otherwise our argument will be the same and 
lead to the same conclusion. 

It is obvious that the argument for weight four is perfectly 
general and thus that the same kind of conclusions hold for any 
weight. We conclude that the semi-invariants are the only iso- 
baric functions of the moments of a set of. n variables which 
have the properties described in the first two paragraphs indepen¬ 
dent of the probability or frequency functions of those variables. 
But if when the variables are independent the probability 
function of each one is such that there is an isobaric relation 
among the moments of order lower than k, the same for each 
variable, then there are other isobaric functions of order k and 
Wgher which enjoy the property of semi-invariants in question. 
And it will be shown that the only isobaric relations among the 
moments of order < k , mentioned above, which lead to the new 
isobaric functions of this type of order i k , are obtained by 
setting semi-invariants of order < k , equal to zero. 

Let us return to the case in which the weight is four. Then ■ 
if ^ 3 * *3^^^ * 2V,*^ 0, the minor 0,i of our denom¬ 

inator D vanishes, and so, of course, does the corresponding 
minor in the numerator. Then as a matter of fact there is a 
double infinity of the sought isobaric functions of weight four. 
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Some of them are given by the following sets of values of the ^'s. 





4 


5 

2 

5 

2 

1 

6 

3 

6 

3 

2 

9 

3 

9 

3 

1 


as may be verified by actual computaticHi. 
Now we also have^ 

from which we can write in place of (8) 


( 10 ) 


CL V, - y^C^ A, t, )C^ 


in which we can seek to find sets of values of .. 45 ^ so 

that the coefficients of and t, ^ 

will vanish when the oc's are independent. This will give us four 
homogeneous linear equations in which the determinant of the 
coefficients vanishes identically since = 1 is a 

solution. Addition of the second, third and fourth columns to 
the first gives a new first column of zeros. But if, say, = 0, 
in addition to and which already vanish if the jc’s are 
independent, then the elements of the fourth column are all zeros 
also, and our determinant is of rank not greater than two. But 
since the solution of the set of equations arising from (10) is 
equivalent to that arising from (8), the minor , of 2? in (9) 


^Thiele, T. N., loc. cit., p. 25. 
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must vanish in case 0. 

But since - • - • ■ « 1 is a solution of the equations 

(8), it is easy to see that if in , the sum of the last three 
columns be added to the first column, the resulting first column 
will be identical, though opposite in sign with the last four elements 
of the first coulmn of D . Let us indicate the new 0„ by DJ . 

Now there is a linear dependence between the elements of 
the rows of ^ . In fact the elements of the first row minus 
three times the corresponding elements of the third plus twice the 
corresponding elements of the fourth ( 

must give zero for each element. For suppose there exists an¬ 
other such linear relationship between rows. This linear relation¬ 
ship must hold between the corresponding elements of the first 
column of , and we have a new isobaric relation between the 
moments of oc . But a probability function P (x)can always be 
found in which 

(U) 


holds and the other relation does not. But for the F^ac) ^s in 
which (U) holds must vanish, and thus the relation between 
columns must be that given by (11). 

Thus D„ contains as factors A, and A, . That it 
contains no others can easily be verified directly. 

The cases of weights two, three, and four are easily handled 
directly throughout. If the weight is now ir greater than four, 
our argument readily generalizes. The equations now arising 
from the relation corresponding to (10) are now greater in num¬ 
ber than the unknowns y,,y^. ., but it is obvious 

that the matrix of the coefficients is of rank not greater than k- 2. 
And it follows just as before that A^,, • • • •, , are 

all factors of the new . 

The argument above which shows for the weight four, that 
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is a factor of does not show that tliere cannot be other 
linear relations between the elements of the first column which 
are also factors of It only shows that if there is such a fac¬ 

tor, the corresponding linear dependence holds for certain rows 
of A/ 

Let us consider the case of weight five The elements of the 
first column of D are now V , V.-/* i/V.ti>f*and 

and the elements of the first column of Dj are the last six 
of these with opposite sign, and they thus correspond to the par¬ 
titions of 5. We know that one of the two sets of three rows of 
, the second, fourth, and hfth or the third, fifth, and sixth, 
are connected by the linear relation corresponding to ' <3 

^=0 so that IS at least once a factor of A/ • 
we suppose that the first set of three rows are so related, does it 
follow that this same relation holds for the second set? Now it 
is easy to see that if in the second row be everywhere sub¬ 
stituted for the resulting row will be identical with the third 
and that the same is true of the fourth and fitth rows and of the 
fifth and sixth. Then if a certain linear relation holds for the 
first set of three rows, by the substitution of for every¬ 
where in it, it follows that the same relation holds for the second 
set of three rows also. Thus is twice a factor In A/ ^or 
weight five. We note also that the partitions of 3 (counting 3 
as a partition of 3) are twice found with common factors among 
the partitions of 5, that is, 32, 221, 2111; and 311, 2111, 11111. 

The argument is readily generalized^ and in case of A of 
weight k, each semi-invariant of weight r < k" is a factor of A/ 

•The general argument is based on the principle that the second row of D 
IS obtained from the process which gives the first by replacing one factor 
t, by tg, the third from the first by replacing by ig , the fourth 
from the first by replacing i* by tg tj , and so on (see (6) and (7)). 
Thus in the case of weight six, to compare the three rows beginning with 
^ X"* with the three beginning with 
we replace the in the first set which arises as a coefficient of 
by and the two sets of rows become identical 
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as often as the partitions of r are found with common factors 
Wong the partitions of k . (We count r as a partition of r.) 
Thus for weight four, D„- A, Aj which gives D„ the cor¬ 
rect weight sixteen. In case of weight five, D,-,« A* A** 
which again gives D„ the correct weight thirty. And it is e^sy 
W show by induction that in case of weight k this method gives 
D„ its proper weight. Among the partitions of k are found 
all the partitions of k ^ I with a part 1 added to each. Thus each 
of these adds k to the total weight. For the partition k- 2, 2, 
it is seen that the remaining partitions of k - 2 with the common 
additional part 2 will be found among the remaining partitions of 
k and that the remaining partitions of 2 with the common addi¬ 
tional part k - 2 will also be found. Thus this partition con¬ 
tributes the weight k to the total. And sim arly it can be seen 
that every partition of k contributen k to the total weight of , 
which was to be proved. 

Finally, then, we have the additional result that the necessary 
and sufficient condition that more than one Isobaric function of 
weight k of the moments of the probal)ility variables x^, 
exists which has the semi-invariant properties in question, is that 

the probability functions of , - ,x„ in case of imlepen- 

dence are such that for some r< k , vanishes for each of 
them. 
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THE THEORY OF OBSERVATIONS 


By 

T, N. Thiele 


EDITOR’S NOTE 


Thiele's “Theory of Observations” constitutes a classic 
contribution to both mathematical statistical theory and the theory 
of least squares. Unfortunately, his researches, and in particular 

I 

his semi'invariant or "half-invariant" theory, have not received 
the recognition in this country that they deserve. Since, accord¬ 
ing to importers of books, the "Theory of Observations” is now 
out of print and copies are rare, the editor has deemed it advis¬ 
able as a matter of policy to make this work in this way available 
to the readers of the Annals. 

This reprint should also be construed as an acknowledgment 
of our indebtedness to Mr. Arne Fisher for his unswerving en¬ 
deavors to bring before American statisticians the important con¬ 
tributions of Danish and Scandinavian writers, 
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1. 'I'HR LAW OF tlAUSALITY. 


s I AVv Sturt with tlip aafiiimption that cvprythtng iJutt rxxsts, and enttrything ■ 
thu! hiifiprnu ei-hl-* or happmt* oh a urtenHarg consequence of a prevtous state of Ifnngs 
)|' A .stalo ol things IS ropoatcd iii ovory dotail, it ipuat lead to exactly the Hamo consequences. 
Any rlifleroiuo IjcIwcoji Uin idsnlts of taiisus that nro in part the aamo, must bo explainable 
by Aoiiin dilloreiuo in llm ofcluii' part of the ranaes. 

This iissiiniplioii, wiiidi mav ho tho law of eansahty, cannot be proved, but 

must ho believutU >n Iho s.uiu* \\\\\ wo holuwc tho rundamontal asaumptiona of religion, 
nilli nliU'li if IS 1 losolv anil infimatoly* iniinootod. Tho Jaw of causality forces itself upon 
our bi’lior It may lio donicil in (iuiorv, but not in practice. Any person who denies it, 
will, il ho IS wnUhtuI oiiongit, catch hinisoU constantly asking himaolf, if no one else, why 
////’< li.H liappoiicd, 011(1 not Ihiif Hut in that very question ho bears witness to the law 
of (•iiiM.ihfy. 11 wc uic (onsiotcndf io dmiy Ihu law of cniisality, we niiiat repudiate all 
ohMTvalion, uiul parbu uliirly alt pmhctioii IciMod on past oxpcnenco, aa useless and misleading 
If wo (ouhl iiiijgiiic for an iiiHiuiil that the same completo combination of causes 
(Oiihl have u delliiite niinibor of diHWciit tonsoquonros, however small that number mighf 
bo, and blial. among these Mio ort iirroiue ot the actual consoquenoe was, in the old sense 
of llio word, Ui'cidciiful, no ohservatiim would over he of any particular valuo. ScientiAc 
obroi'Mifions laniiot hu roioiRilcfl with polytheism. So long 08 the idea prevailed that the 
ri«}fMll of a jouiuoy iIcpoimUmI on wliolhci the power of Njord or that of Shade wos the 
siiougci, or that victory or doleat in buKlo depomiud on whether Jove had, or had not, 
iHfoiied fo Juno's c'umplaint'i, sO long were mon Htiontists'obhged to consider it below their 
dignity to eoiisuU ubuorvaiiunii 

lint 11 the law of causality is acknowledged to be an assumption which always 
linIdH good, Ihcn every observation gives iia a revelation which, when correctly appraised 
and comparud with others, teaches us tho laws by which Uod rules the world. 

>Vo oan Judge of tho far-ioaching cooseqiiencea it would have, if there were eoii> 
dilians in which thu law of causality was not valid at ''lill, by considering the oanea In 
which the eltacts of the law are nioru or less veiled. 
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In insDimate naturn the relation of oanie and eHect is so clear that the effects are 
determined by observable causes belonging to the condition immediately preceding, so that 
the problem, within this domain, may be solved by a tabnlsr arrangement of the several 
observed reeplts according to the causing circumstances, and the transformation of the 
tables into laws by means of interpolation. When, however, living beings are the object 
of onr observations, the case immediately becomes more oomplloated. 

It la the prerogative of living beings to hide and covertly to tranamit the influ- 
enoea received, and we must therefore within this domain look for the inHuenoing causes 
throughout the whole of the past hietery. A difference in the construction of a single 
cell may be the only indication present at the moment of the observation that the cell is 
a transmitter of the stiU operative cause, which may date from thousands of yean bach. 
In oonaequence of this the naturalist, the physiologist, «the physician, can only quite ex- 
oeptionally attain the same simple, dednite, and complete acootdanoe between the ebeerved 
oauses and their effeote, as can be attained by the physioist and the astronomer within 
their domains. 

Vithin the living world, communities, particularly human ones, form a domain 
where the conditlone of the obsavatiesi sie even more complei and difSeult Living 
beings hide, but the commonity deceives. For though It is not in the power of the ceni' 
uunity either to change one tittle of any leelly divine law, or to break the bond between 
caoM iind effect, yet every community lays down its own laws also. Every oommnnity 
trim to give its law fliity, and to make it cpwate as a cause; for instance, by paeelng it 
off as divine or by threats of punishment, but nevertheless the laws of the eoromunily 
are oenitantly broken and changed. 

Statistical Sdeoce which, -in the case of communltlee, represents observaUens, has 
therefore a very difficult task; although the observations are so numerous, we are able from 
them alone to answer only a very few queetions in casee where the intellectual weapons of 
hwtotloal and speculative eritieism*cannot assist in the work, by independently bringing to 
light the truths which the commnaitiee want to conceal, and on the otbm hand by re< 
moving the wrong'opiniona which theae belisvc in and propagate. 

§ 2. An iiolated eeneation'teaches us nothing, (or it does not amount to an ob- 
sarvatloa. Observation le a potting together of several rseulta of sensatioD which are or 
are sappoeed to be connected with each other according to the law of causality, so that 
soms represent eansu and others their effects. 

By rlrtue of the law of causality we most believe that, in all obeervatlona, we get 
eieentiany eorrect and true revelatioDe; the dUfionIty is, to ssk eearohingly enough and'to 
nndentaod the answer corrsoUy, In order that an observation may bo free hom every 
other aisumption or hypotheeii than the law of causality, it must Inolnde a perfeot 
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description of all tho cncnmsUnces in the world, at least at the instant pieceding that at 
which the phenomenon is observed Uiil il is clear tlial this far surpiisscs iiliat lan he done, 
even in tho most important cases. Iteal obseivations have a mueli siiiiplor form, lly giving 
a short statement of the time and place el observation, we reler to what is known ol llie 
stato ol things at the instimt; iind,'Ol tho iiihnite mulliiphiity of circamstaiiros loiiiiecled 
with the observation wc, generally, not oiilj ilisrogard everytliing wliicli may he suppo-wd to 
have litlle or no intluoiice, but we pay alleiitioii only to a small soleetion of circumstances, 
which wo call mciiUiil^ liecause no expect, in virtue of a special hypothesis coiiceiiiiii{' 
the relation of cause and elicit, that llie observed plieiioinoiion will be eilcct of lliese 
circumetances only 

Nay, we are often (ompelled lo disregard certain cireuinstniicea ns iiwwiilhilt 
though there is no doubt ns to their mllui'iuiiig the phenomoiiiiii, and we do this either 
because vve cannot get a sumcieiil aniimiil of liiislwoithy mroiiiialioii reg.iidiiig them, or 
becaiiBO it would be impracticable lo liaco out Iheir connection wilh the oll'cct For 
instance m statistical observations on niorlnlilv, wliero the age at Ihe time ol death can 
be regarded as tho observed plienoiurnoii, wo generally mciilmn the sox as on essoiilial 
circumstance, and often give a general slalmnont as to residence m town or country, or as 
to occupation. Dut there are other things as lo which wo do not get siirKcieiit iniorinatieir 
whether tho dead person has lived in str.iitcnod or in comfortable iircumstaiu'cs, whether 
ho hu been more or less exposed to infectious disease, etc.; and wc must put up with tins, 
even if it is ee|tMn that one or other of these things was the principal cause ol death. 
And analogous cases are frequently met with both in ecieiitifac observations and in everyday 
oci iirrences 

In oidei III obtain a perfect observation it in necessary, niereoier, that our sensations 
should give us acrairate iiifonnatioii regarding both the phenomenon and the atteiidiiiit 
^ circumstances, but all onr senses may be said to giie us merely approximate descriptions 
ol any phenomenon rather than to measure it accurately Even the finest of our senses 
recognizes no difference whtch falls short of a certain finite magnitude This lack of 
accuracy is, moreover, often greatly increased by the use of arbitrary round numbers 
for the sake of coiivenience Tho man who has to measure a race-course, may take into 
account the odd metres, but certainly not the millimetres, net to mention the microns. 

§ d. Oiriny to all tltin, m)ji iieliial obsti ontioii is aff'etted leit/i eirois. Even our 
beat observations are based upon hypothesis, and often even on an hypothesis that is cor- 
Uinfy wrong, namely, that only the circiimstances which are regarded as essential, nitlileiico 
the phenomenon; and a regaid for practicability, expense, and convenience makes us giie 
approximate estimatee instead of the sharpest possible determinations. 

Now and then the obseivations are aflecled also by lyioss siroiw which, although 

1 * 
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not introduced into them on purpose, Are yet caused by such carelessness or neglect that 
they could have been, and ought to havo been, avoided. 1, contradistinction to these ve 
often call the more or less unavoidable errors aretdental. For accident (or chance) is not, 
what the word originally meant, and what still often lingers in our ordinary acceptation 
of it, a capncioua power which suffers events to happen without any auae, b it only a 
name for the unknown element, involved in soyne relation of cause and effect, which pre¬ 
vents us /rom fully comprehending the connection between them. When we say that it 
IB accidental, whether a die turns up “six” or “three", we only mean that the circumstances 
connected with the throwing, the fall, and the rolling of the die are so manifold that no 
man, not even the cleverest juggler and arithmetician united in the same person, can suc- 
oeed in controlling or calculating them. 

In many observations we reject as unessential many circumstances about which we 
really know more or less. We may be justided in this; but if such a circumstance is of 
sufHcient importance as a cause, and we arrange the observations with special regard to 
it, we may sometimes observe that the errors of the observations show a regularity which 
is not found in “accidental'' errors. The same may be the case if, in computations dealing 
vnth the reanlta of observations, we make a' wrong supposition as to the operation of some 
circumstance. Such errors are generally called tyilmatic. 

g 4. It will be found that every applied science, which is well developed, may be 
divided into two parts, a theoretical (speculative or mathematical) part and an empirical 
(observational) one. Both are absolutely necessary, and the growth of a science depends 
very much on their influenoing one another and advancing simultaneously. No lasting 
divergence or subordination of one to the other can be allowed. 

The theoretical part of the science deals with what we suppose to be accurate 
determinations, and the object of its reasonings is the development of the form, connection, 
and consequences of the hypotheses. But it must change its hypotheses as soon as it is 
clear .that they are at variance with experience and observation. 

The empirical side of the science procures and arranges the observations, compares 
them with the theoretical propositions, and is entitled by means of them to reject, if 
necessary, the hypotheses of the theory By induction it can deduce laws fkom the obser¬ 
vations, But it must not forget — though it may have a natural inclination to do so — 
that, as shown above, it is itself founded on hypotheses. The very form of the observation, 
and especially the selection of the circumstances which are to be considered as essential 
and taken inh) account in making the several obserrations, must not be determined by rule 
of thumb, or arbitrarily, but must always be guided by theory. 

Subject to this it must as a rule be considered best, that the two sides of the 
SoieneO should work somewhat independently of one another, each in its own particular 
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nay. In what follows the empirical side will be treated exclusively, and it will be treated 
on a general plan, investigating not the purticiilar way in which statistical, chemical, phy¬ 
sical, and astronomical obeervatione .ire made, but the common rules according to which 
they are all submitted to computation 


II. LAWS OF EEROBS. 

^ 6. Kvery observation is supposed to contain information, partly as to the 
phenomenon in which we are particularly interested, partly as to all the circumstances, 
connected with it, which are regarded as essenbat, In oomparing several obaervatione, it 
makes a very great difference, whether such esaential cncumstancea have remained unchanged, 
or whether one or several of them have changed between one obaervation and another. 
Tlie treatment of the former case, that of rtptMtofia, le far eimpler than that of the latter,' 
and u therefore more particularly the subject of our investigations; nevertheless, we must 
try to mister also the more difficult general case in its simplest forms, which fores them¬ 
selves upon us in most of the empirical sciences. 

By rtpitUioni then we understand those observations, lo which all the essential 
circamstances remain unchanged, in which therefore the results or phenomena should agree, 
if all the operative causee had been included among our essential circumstances. Further¬ 
more, we can without hesitation treat as repetitions those observations, in which we assume 
that no essential circumstance has changed, but do not knotr for certain that there has 
heen no euoh change. Stnctly speaking, this would famish an example of observations 
witli syitematk oirors; but provided there has been no change in the care vrith which the 
suantial circumatances have been determined or checked, it is permissible to employ the 

simpler treatment applicable to the case of repstitione This would not however be per- 

■ 

misiiblu, if, for instance, the observer during the repetitions has perceived iny uncertainty 
m the records of a circumstance, and therefore pud greater attention to the following 
repetitions. 

§ G The special features of the observations, and in particular their degree of 
accuracy, depend on causes which have been left out as uneseential circumstances, or on 
some overlooked iincertunty in the statement of the essential circnmstancee. Gonsequenlly 
no speculatloD can indicate to us the accuracy and puticularitiei of obiervations, Theae 
must be estimated by comparison of the observations with each other, but only in tin 
ease of rspstitions can this estimate be undertaken directly and without acme preliminaiy 
work. The phrase lam of trron is used ae a general name for any matbemstical expres¬ 
sion repreaenling the distribution cf the varyiug resvlU of repetitions. 
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Laws 'of htclual errors lire each eg ccrreepond to repetitions. Ktnally carried out. 
But obserratione yet unmade may also he erroneous, and where we have to speak hypo¬ 
thetically about observations, or have to do with the prediction of resulta of future repe¬ 
titions, we are generally obliged to employ tbs idea of “laws of errors". In order to pre¬ 
vent any misunderstanding we then call this idea “laws of pretumplioe errors”. The two 
kinds of laws of errors cannot generally be quite the sane thing. Every variation In the 
number of repetitions must entail some varialione in the corresponding law of errors; and 
if we compare two laws of actual errors obtained from repetitions of thd same kind in 
equal number, we almost always observe- great differences in every detail In passing IVom 
actual repetitions to future repetitions, such differencea at least are to be ekpeeted, More¬ 
over, whilst any collection of observations, which can at all be regarded as repetitions, will 
on examination give us its law of actual errors, it is not every series of repetitions that 
can be used for predictions as to future observations. If, for instance, in repeated measure¬ 
ments of an angle, the results of our first measurements all fell within the first qnadrant, 
while the following repetitions still more freqnenUy, and at last exclusively, fell within the 
second quadrant, and even commenced to pass into the third, it wonid evidently be wrong 
to predict that the future repetitions would repeat the law of actual errora for the totality 
of these observations. In similar cases the observations mnst be rejected as bad or mis¬ 
conceived, and no law of presumptive errors can be directly based upon them. 

§ 7. Suppose, however, that op comparing repetitions of some observation we have 
several Umes determined the law of actual errors in precisely the same way, hmploying at 
first small numbers of repetitions, then larger >nd still larger hambers for each law, If 
then, od comparing these laws of actual erxbri’With oqe apother, we remark that they be¬ 
come more alike in proportion as the numbers of repedllons grow greater, and that the 
agreeinente extend ,euccessirely to all those details of the law which are not by necessity 
bound to vary vnth the number of repetitions, then we cannot have any heeltation in nsing 
the law of’Botual errors, deduced from the largest possible number of repeUtions, for pre¬ 
dictions concerning future observations, made under essentially the same oironmstanoes. 

This, however, is wholly legitimate only, when it is to be apected th if wo ooM 
oteota repetitions in indefinitely increoeinj nnmhere, the lorn of errors leonld then opproueh 
0 single definite form, namely the law of presumptive errors itadl and fonld not osoillito 
between several forma, or become altogether or partly indeterminate, (Note the analogy 
with'the'dnferenoe betifiien converging and oipillatiDg Iglhiite sorlu). We moat thorefon 
distinguieh between gopd and bad obaervations, and only the good ones, that ii thoao which 
aatisfy the above'monlionsd condition, the law of large tsusttberS, yidd Inwn of prasuinpUva 
errors and afford a basb for prodioUon. 

As we cannot repeat a thing indefisitdy ofton, we nan nwev be quiu osrtaln that 
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a given method oi observation may be called good. Nevertheless, we shall always rely on 
laws of actual errors, deduced Trom very large numbers of concordant repetitions, as sufli- 
oiently accurate approximations to the low of presumptive errors. 

And, moreover, the purely hypothetical assumption of tho existence of a law of 
presumptive errors may yield some special criteria for tho right behaviour of the laws of 
actual errors, corresponding to the increasing number of the repetitions, and establish the 
conditions necessary to'juatity their use fpr purposes of prediction. ' 

We must here notice that, when a series of repetitions by such a test proves bad 
and inapplioable, we shall nevertheless often be able, sometimes by a theoretical cntiolsm 
of the mothed, and sometimes by watching the peculiarities in the irregularities of the laws 
of errors, to find out the reason why the given method of observation is not as good as 
others, and to change it so that the checks will at least show that it has been improved. 
In the case mentioned in the preceding paragraph, for instance, the remedy is obviau.s. The 
time of observation is there to be reckoned among the essential oircurostancea 

And if we do not attain our objoot, hut should fail in many attempts at throwing 
light upon some phenomenon by means of good observations, it may be said even at this 
stage, before we have been made acquunted with the various means that may be employed, 
and the various forms taken by the laws of errors, that absolute abandonment of the law 
Of large numbers, aa quite inapplioable to any given rofraotory phenomenon, will generally 
be out of the question. After repeated failures we may for a time give up the whole 
matter » despair; but even the meet thoraugh sceptic may catch himself epsoulating on 
what may be the cause of his failure, and, In doing ao, he muat aoknowledgo that the 
error la never to be looked lot in the objective nature of the conditions, but in an insufll' 
oienl dsvelopm'’nt of the methede employed. From this point of view then the law of 
large numbers has the character of a balief. There is iu all external conditions such a 
harmony with human thought that ws, sooner or later, by the use of due sagacity, parti> 
cularly with regard to the essential suberdmate circumstancee of the case, will bo able to 
give the observations such a form that the lawa of actual etrora, with respect to repetitions 
■n increasing numbers, will ehow an approach towards a dsftnite form, which may be con¬ 
sidered valid aa the law of presumptive eriors and used for predictions. 

§ 8, Four difidreut means ol repreeenting the law of errors muat be deeerihed, and 
their respective merits conaideted, namelyi 
Tabular atraugameuta, 

Curves cf Errors, 

Functional Laws of Etrora, 

Symmetric Funotiona of the Kepetittona. 

In comparing those means of rapreaeutiug the laws of errota, we muat taka into 
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coulderation which cf thtn ii the wueet tc emploj, and neither this nor the deeoription 
of the (ormB of the lawa of errore demands any higher qnabfloation than an elementary 
knowledge of nathematici> Bnt we moat take Into account also, how far the different forma 
are oalcniated to emphaaiae the important foatnroa of the lawa of erroroi i. e. those which 
may be traneferred horn the laws of actual errors to the laws of preeumpldve enora, On 
thia single point, certainly, a more thorongh knowledge of natbematica would bo desirable 
than that which may be expected from the majority of those atndenta who are obliged tq 
occupy themaolrea with obaerrationa. Aa the definition o'f the law of preanmptire errore 
preauppoaea the determination of limiting aatoea to infinitely numeroua approximations, 
some piopoaitiona fkom the differential calculua would, strictly speaking, he necessary. 


m. TABULAR ARRANGEMENTS. 

§ 9. In stating the results ct all the aereral repatitiona we give the law of eircn 
In its simplest form. Identical reanlta will of course be .noted by stating the number of 
the obsemtions which give them, 

The table cf errore, when arranged, will state all the various reanlta and the fko- 
qooncy of eimh of thorn. 

The table of errore la cortainly improvod, when we include in it the rofofiM frs- 
jtMncfsi of the several reaulta, that id, the ratio which each absolute fkequenoy boars to tho 
total nmnbor of ropotitians. It moot bo tho rsfativs frequonoieo which, according to tho 
law of large nnmbers, are, as tho number of observations is incroasod, to approach the 
oonitant values of the law of prosnmptivo otrors. Long usage gives us a special word lo 
denote this tnnnllon in ont ideas; pniaiiJUy is the relative freqaancy in a law of pre- 
snmptlve errors, ths proportion of tho number of coincident reenlts to the total nnmbor, 
on tho supposition of infinitely numorons repetitloDS. There can bo no objection to oon- 
ddsring tho rsfolfM fn^mej/ of the law of aotaal errors la u approximation to tho 
oorresponding probaiUitjf of the law of prsoninptifs errots, and ths doubt whether ths 
Niitlvo frequency Itiolf is the boot approximation that can bo got from the reoulta of the 
given repetitions, is rather of theorotioal than practiod interest. Compare g 7S. 

It naka oome diffennco in several other reopocti — as well as in tho one Just 
mootlonid if tho phinomsnon lo such that ths rsanlts of the repetitions show qaaUtativo' 
diflhraooi pr only differoneos of magnitndo, 

§10. In the fonnor one, in whldi no tiuoitton ocenro, but when then ho ineh 
ihnpt difforencei that nond of tho rosnlla ate more olosoly oonnootod with one another, thu 
with the not, the tabnlv form will be the only posdble one, in which the law of orrora eia 
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be given Tbie oue frequently occurs in staMics and in games of chance, and for (his 
reason the theory of probabilities, which ie the form of the theory of observations in which 
th£e cases are particularly taken into consideration, demands special attention. All pre¬ 
vious authors have begun with it, and made it the basis of the other parts of the science 
of observation I am of opinion, however, that it is both safer and easier to keep it to 
the last. 

§ 11. If, however, there is such a difference between the results of repetitions, 
that there is either a continuous transitiou between them, or that some results are nearer 
each other than all the rest, there will be ample opportunity to apply mathematical methode; 
and when the tabular form is retained, we must take care to bring together the result 
that are near one another, A table of the results of firing at, a target may for instance 
hare the following form; 



1 (oct tc the left 

Central 

1 (not to the right 

Tula! 

1 foot too high 

8 

17 

6 

26 

Central 

13 

109 

19 

141 

1 foot too low .. 

4 

8 

1 

13 

Tout , 

20 

184 

26 

180 


^f here the heading "1 foot to the left" means that the shot has swerved to the 
left between half a foot and one foot and a half, this will remind us that we cannot give 
the exact measuris in such tables, but ate obliged to give them in round numbers The 
number g( results then will not correspond to snch as were exactly the same, but dis¬ 
regarding small differencee, we gather into each column those that approach nearest to one 
another, and which all fall within arbitrarily chosen limits. 

In the simple case, whore the result of the observation can be expressed by a 
single real number, the arranged table not only takes the extremely simple form of a table 
of funclions with a single argument, hut, as we shall see in the following chapters, leads 
us to the representation a( the law of errors by means of curves of errors and' functional 
laws of errors. 

It,IB an obvious course to hx the attention on the two extreme results in the table, 
and not seldom these alone are given, instead of a law of error, as a sort of index of the 
exactness of the whole series of repetitions, and as the higher and lower limits of the 
observed phenomenon. This index of exactness, however, must be rejected as itself too 
iueiaot for the purpose, for the oftensr the observations ore repeated, the farther we must 
expect the extremes to piove Ikom one another; and thus the most valuable series of 
ohsirvgtioni will appsar to possess the greatest range of discrepancy 

it 



On the other hand, if, m a Uhle arranged ariiording to the magnitude of the 
Tulnea, rre eelect a' tingle middle ralue, preceded and followed by nearly equal numbere of 
Wlnea, we shall get a quantity which is very well Alted to represent the whole series of 
repetitious. 

If, while we are thus counting the rosulte arranged according to their magnitude, 
we alec take note of those two values with which we respectively (a) leave the first sisth 
part of the total number, and (i) enter upon the last sixth part (more eiaotly we ought to 
lay 16 per ot.), we may consider these two ae indicating the limits between groat and small 
deviations. If we state these two values along with ths middle one above referred to, wo 
give a aorvicoablo oiproatlou for the law of oners. In a way which is very convenient, and 
allhough rough, is not to he despised. Why we ought to select just the middle value and 
the two sixth-pait veluee tot thie putpoie, will appear from the following ohapton. 


IV. CURVES OF EBBORS. 

g 12. Curves of actual errors ot repeated obaeivatiens, each of which we must be 
able te espresB by one ral number, are generally oonatrucUd as follows. On a straight 
line aa the axis of shscissae, we mark elf points corresponding to the observed numerical 
quantiUsi, and at each of thoao points wo draw an ordinate, proportional te the number 
of the repetitions which gave the result Indicated by the abeclaaa. We then with a tree 
hand draw the curve of errors through the ends of the ordinates, making it aa smooth 
and rognlar as posslblo. For quantities and tholr oorrsaponding abscissas which, ftnm ths 
nature of the case, might have appeared, but do not really appear, among the ropstitioni, 
the ordinate will be ^ 0, or the point of the curve falls on ths axis of sbBeiiaae. Whore 
this case occurs very frequently, the fotu of the curves of errors becomes vsiy tortuous, 
(Imost diicontmuouB, If ths obiorvation is soientiilly bound to disooDtinuons numbers, for 
instance to integers, this cannot be helped. 

§ 18. If the Cbserratlon is either of nscesslty or arbitrarily, in spite of aome in¬ 
evitable loss of accuracy, mado'in round numbori, so that it gives a bwor and a highar 
Umit for each obsorvation. i aomowhat dilfotent consttucUon of the curve of errors ought 
to' be applied, vis. such a one, that the ares incindod between the curve of error, the axie 
of ahsoiisaa, and the ordinatee of the limits, it proportional to the fraquenoy of repetitions 
Within these lunita. But in this way the sarva of arroia may depend very nneh on the 
degreq of aocuraoy involved in the use of round nnmben. Ibis construction of wens 
can be made by , laying down nctangles between the'bonnding ordinates, or still better, 
trapeioide with their Ikee sidsi gpproiimaieiy parallel to the Ungente of the onrve. If the 



ilmiting round numbero Are aquidietant, the mean heights of the trapetoide or rectangles 
m directly ptopotlioiui] to the frequenciee of repetition, In this case a ptelnDinsry con- 
etiuction of cnne-pointn can be made as in § 12, and may often be need as snfScient. 

It is a very common custom, but one not to be rocommendad, to drair a broken 
line between the obsorTed points instead of a euree. 

§ 14. Thera can be no doubt that the ourre of errors, as a form for the law of 
errors, has the advantage of perspicuity, and were not tho said nnceitainty in so many 
casea a critical drawhach, this would peibaps be sufficionL Uotoovor, it is in practice 
quite poBsibI^ and not very difficult, tc pass from the curve of actual errors to one which 
may hold good for presumptivs srrors; though, certainly, this transition cannot be founded 
upon any positive theory, hot depends on skill, which may be acquired by working at good 
oiamplos, but must b» practised judicionily. 

A.ccQtdmg to the law of large numbers we must eipect that, wheu we draw curves 
of actual errors according to relative freqnency, for a numerous aeries of repetitions, first 
bsaed upon small numbers, afterwards redrawn every time as we get more and more rep«> 
titions, the curves, which at first constantly changed their forms and were plentifully 
futniuhed with peaks and valleys, will gradually become mote like each other, us also 
simpler and more smooth, so that at last, when we have a very Iss-ge but Aults number 
of observations, we cannot distinguish the successive hgures we have drawn from one an¬ 
other. We may Ihua directly construct curves of errors, which may be approved as pictures 
of curves of presumptive errors, but in order to do so millions of repahtiona, rathar than 
thonsuida, ate certainly requited. 

If from curves of actual errors for small numbers we are t» draw coaclusions as 
to the curve of presumptive errors, we must guess, but at the same time support oar gusts, 
partly by an satimate of how great irregularities we may expect in a curve of actual erton 
for the given number, partly by developing our feeling for the form of regular ourvee of 
that sort, as we must euppose that the curves of presumptive errors will be very regular. 
In both respects we must got some practice, hut this is easy and mterestiag 

Without feeling tied down to the particular points that determmed the curve of 
actual errors, we shall nevertheless try to approach them, and especially not allow many 
large deviations on the ssme side to come together. We cun generally regard as large 
deviations (the reason why will be mentioued m the chapter ou the Theory of FEubabilities) 
those that cause greater errors, as compared with the jdiseluts frequen cy of the reeulk 
lu question, than the square root of that number (more exactly , where A is the 

frequency of the result, h the number of all repetibons). But evss deviations two or three 
timee as gijst as this ought not always to bo avoided, and we may be satisfied, if only 
one third of the deviations of the determining points must be called large. We may uae 



the word “a^ustment" (graphical) to eipresa the operation by winch a curve of preeurnptiTe 
errora in deterrained. (Comp. §U4) The adjustment is called an over-adjuatmenl, if we 
have approached too near to some imaginary ideal, but if we have kept too dose to the 
curve of actual errora, then the curve is said to be under-adjusted 

Our second guide, the regularity of the curve of errors, is as an msthetical notion 
of a somewhat vogue kind. The continuity of the curve is an essential condition, but it 
is not Bufflcient. The regularity here is of a somewhat different kind from that seen in 
the eianplea of simple, continuoue curvee with which etudents more espeoially become 
acquainted. The corvee of errors get a peculiar starop, because we would never select tlie 
essential circumstancee of the observation so absurdly that the deviationa could become 
indeAbitely large. Not would we without neceasily retain a form of obOorvation which 
might bring about discontinuity. It follows that to the abscissae which indicate very large 
deviationa, must correspond rapidly decreasing ordinates The curve of errors must have 
the aiis of abscissae as an asymptote, both to the nght and the left. Ail frequency being 
positive, where the curve of errors deviates ikom the axis of abscissao, it must eiclusively 
keep on the positive side of the latter. It must therefore more or loss get the appearance 
of a bow, with the axis of abscissae for the string in order to tram the eye for the 
apprehension of this sort of regularity, we recommend the study ol figs, 'i k S, wliicb 
represent curves of errora of typical forms, exponential and binomial (comp, the next chapter, 
p, 16, seqq.), and a comparison of them with ligurea which, like Nr. 1, are drawn from 
lotUal observatione without any adjustment. 

The best way to acquire practice in drawing curvee of errors, which is so^ important 
that no student ought to neglect it, may be to select a series of observations, for whieb 
the law of presumptive errors may be considered as known, and which is before us in 
tabular form. 

We commence by drawing curves of actual errors for the whoie series of observa¬ 
tions; then for tolerably large groups of the same, and lastly for small groups taken at 
random and each containing only a few observations. On each drawing we draw also, 
besidea the curve of actual errors, another one of the presumptive errora, on the same 
seals, BO that th' abaoissae ore common, and the ordinates indicate relative frequencies in 
proportion to the same unit of length for the total number. The proportions ought to bo 
chosen so that the whole part of the axis of ibsciasqe which deviates sensibly from the 
curve, Is between 2 and 5 times os long as the largest ordinate of the curve. 

Prepared by the study of the differences between the carves, ws pass on at last 
to the construction of eurvea of preeumptive errors immediately from the scattered pointi 
of the Curve which correspond to the observed frequencies. In this construction wo must 
not consider ourselves obliged.to reproduce tbe curve of presumptive errors which we may 
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tiMT btforsluiDd, onr taalc is to roproimt ths obwrsttions u nurly as possible by means 
of s curve which is as smooth and regular as that curve. 

The foUoniog table of 500 results, got by a game of patience, may be treated in 
this way as an aieroise. 



The law of presumptive errors here given is not the direct result of rree-haud coiip 
itruction; but the curve so got has been improved by interpolation of the legarithns of 
its statements of the relative frequencies, together with the formation of mean numbers 
Ibr the deviations, a proceeding which very often will give good roaulti, but which is not 
strictly necMiary. By thu we can also determine the functional law of errors (Comp, the 













neit chapter). The eqttatioD of the ourre ie. 

log 2-0228-|-0'0030(e-ll)-0-6886{*-U)>+001M5(*~ll)'-Uli016;t.^j-ll)' 

§ 16. B; the stedy of leany canee of preauniptiTe enon, and especiatly such u 
Tepresent ideal functional,larrs of erroia, we cannot fail tn get the impteselon that there 
exiete a typical form of curves of ecrora, which ie particularly diotlnguiehed by eynmetry. 
Familiarity with tbie form ia uaeihl for the conatiuetion of curvea of pteaumplire ettore. 
But we must not expect to get it realiaod in all caiee. For this reason I have considered 
it important to give, alongside of the typical corvee, an examplo taken from real observa¬ 
tions of a skeh curve of errors, which in consequence of its marked want of symmetry 
deviates considerably (tom the typical form. Fig. 4 shows this last mentioned law of 
piMomptiye errota 

Deviation (tom the typical form does not indicste that the observations are not 
good But it may become so glaring that we are forced by it to this ooncluiion. If, for 
instance, between the extreme values of repetitions — abscissae — there are intervals which 
ate as free from finite ordinates as tbs space beyond the extremes, so that lbs curve of 
eirore is divided into two or eeveral smaller curves of errors beside one another, there can 
ecucely be any doubt that we have not' a setios of repetltiDns proper, but a combination 
of eeveral; that is to say, different methods of observation have been oaed and the results 
mixed up tdgether. In such oasee we cannot expect that the law of large numbers will 
remain in force, and we had better, therefore, reject such observations, If we oaimot retain 
them by tracing out the essential cironmstmices which diitinguish the groups of the series, 
but have been overlooked. 

§ 16. 'When a curve oi presumptive errors is drawn, we can messnte the magnitude 
of the ordinate for any given abecisea; ao (or then we know the law of errors perfectly, by 
meens of the curve of errors, but certainly in the tubular form, .only, with all its copious- 
nesB Whether we can advance further depends on, whether we socceed m interpolating in 
the table so found, ancj, particularly on, whether we can, eitlier from the table or direct from 
the curve of errors, by measuremenl obtain a comparatively email number of constants, by 
whii-h to determine the special peculiarities of the curve. 

By interpolating, by means of Hewton's formula, the loguritbma of the frequenoies, 
or by drawing the curves of errors with the logarithms of the frequeDciea as ordinates, 
we often succeed, aff abovs mentioned, in giving the curve the form of n parabola of low 
(and always even) degree. 

Still easier is.it to make use of the circumstance that fairly typical curves of errors 
show a single mutmum ordinate, and an inflexion on each side of it, near which the 
curve for a abort distance le almost rectitinuar. By measnrieg the co-ordinates of the 
muimum point and of the pOinte of iqfieiion, we shall get data sufflcienl to enable us to 
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draw a curve of errora which, aa a rule, will deviate very little from the original. All tbia, 
however, holda good only of the curvoe of proeumptivo errora. With the actual onu vre 
cannot operate in thia way, and the tranaihon from the latter to the former eoema in the 
meantime to depend on the eye'a aenae of beauty. 


V. FUNCTIONAL LAWS OP ERROIJS, 

g 17. Lawa of enora may he represented in anch a way that the frequency of 
tbe results of repetitions is stated as a mathematical fnnction of the number, or nombera, 
srpresamg the results. This method only differs from that of curves of errors in tbe 
clrcumatance that the carve which represents the errors has been replaced by its mBthema- 
tical formwla; the relationship la ao cleae that it u difficult, when we speak of these two 
methods, to maintain a strict diatinction between them. 

In former works on the theory of observations the functional law of errors is tbe 
principal instrument. Its aonree Ja mathematical apecnlation j wa atari (horn the propertiea 
which are conaidered asaential in ideally good observationa. From these the formula for 
the typical functional law of errora is deduced; then it remains to determine hew 
te make cemputationa with observatiens in order to obtain the moat favourable or moat 
probable resnlta. 

Such inveatigationa have been carried through with a high degree of refinement; 
but it muat be regretted that m this way the real state of things is constantly disregarded. 
The study of the curves of actual errors and the functional forms of law’s of actual errora 
have conaequenlly heen too much neglected. 

The repreaentation of funotional laws of errors, whether laws of actual errora or laws 
of presumptive errors founded on these, muat neceaaarily begin with a table of the results 
of repetitions, and be founded on interpolation of this table. Wa may here be content to 
study the cases in which the arguments (i. e. the results of tbe repelitiona) proceed by 
cenatant diifarences, and the interpolated function, which givw the frequency of the 
argument, is conaidered as the functional law of errora. Here the only difficulty we en¬ 
counter IB that we cannot directly employ tbe usual Hewtonian formula of interpolation, 
aa this supposes that the function is an integral algebraic one, and gives infinite values 
for infinite arguments, whether positive or negative, whereae here the frequency of these 
infinite aignments must be — 0. We muet therefore employ eome artifice, and an obviaui 
one is to interpolate, not the frequency itself, y, but its reciprocal, A, This, however, turni 
out to be inapplicable; for - will often become infinite for finite arguments, and will, ai 
any rate, increase much faster than any integral fnnotien of low degree. 



Bot, M wt hftVe itrudy nid, tiu iaUrpoUtion gtnenll; succwdi, when we tpply 
ii to the loguithn of the fieqnency, iHumlBB that 

Logy - fl + h»-f ea'-|-...-|“y*'*, 

where the fanction on the right tide begioi with the lowest powers of the urganent ar, 
Hid dnds with tn ereo power whose coefAolent g must be ntyalirt. Without thli letter 
Modition the coaputed frequenoy, 

y n lOt+»f+«l*+,.. + et"_ HJ 

would egein become inflniteljf greet for « - ±co. Tliet the observed frequency is often 
■■ 0, end its logerithm — os ijke does no berm. Of course we must leere out 
these fteqne&oiee of the laterpoletlon, or r^lece them by very smell finite ftequenolee, e 
few of which it mey beoone neceseety to select erbitcerlly. As e rule it is possible to 
noosed by this meins. In order to r^remt e given lew of ectuel errors in this wey, we 
nuet, eeeordhig to the rule of Interpolelioii, determine the coefhoiente o, b, c,.,. g, whose 
eamber must be at leist es lirge is that of the rerioiu raults of repetitions with which 
we hive to deiL This datermioetlon, of course, is e troublsMme business. 

Hen else we mey suppose thet the lew of preaumptive etrora is simplir then thit 
of the eotul amri. And though thh, of course, doas not imply that log y oen be ex- 
presied by e small number of termi oopteining the lowest powers of «, this supposition, 
neverthslen, Is so obvious that It muit, it any rate, be tried before iny other. 

S18. Among theee, the limplest ciee, namely thet in which Log y is a function 
of 0 ) of tho oocond degroo 

‘Lofiy • a-fb* —»'i 

givei ua tho typioil form for tho funclhmsl lew of errori, end for tho curve of errors, or 
with other ooniUnlt 

( 2 ) 

when 

The thnetien hie therefore no ether conitents than there which may be interpreted 
is unit for th« frequenolM h, end tt loto m and unit n for the obaorved values; the 
oorreipondisg typical carve of emn has thoreforo in iQ ewentiila a fixed form. 

The lUaetteDil form of the typical law of errors bss spphoationi in mathemstlci 
which an ilmsit la important u thoio of the expoMptial, logirithmio, and trigonometrical 
Itanctioiia. la tlm theory of obsamtiom its importanu Is so great that, though it hii 
lieoB ovar-oitimaUd by lome ^ten, and though many good observaliotii show presiUnptlvo 
tt well la lotoal laws of erroti that an not typicaL yol every student must make miif 
perfMly fhmlllar with Ha propertin. 
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Ux^Dding the index we get 
ri\~) . 


e'¥,7)'‘ev.r^7)\ 


DO that the general function reeolvee itaelf inta a product of three factore, the firat of which 
le constant, the second an ordinary exponential fhnction, while the third remains a typical 
functional law of errors. Long usage reduces this form to but this form cannot be 
recommended In the maiority of its purely mathematical applications r”' is preferable, 
unless (as in the whole theory of obserrations) the factor ^ in the index is to be preferred 
on account of the resulting simplification of most of the derived formula). 

The differential coefflcienta of nh) with regard to t are 

•- -I- «-'(*•—Sn'jile-Tlv) 

Il*e“i{») — 

D*r^7f - n-<V*'-5a‘-3*« + 3.5n*-3*'-1.8.6«*)e’'K7)’ 


( 4 ) 

# 


The law of the nnmerlcal eoeradents (products of odd numbon and binomial 
numbors) is obvious. The general eipreasioa of Z)'e''Hf)' can be got from a comparison 
of the coeflfioieots to (—m)' of the two identical series for equation (3), one being the Taylor 
aeries, the other the prodnct of e"?!*) and the two exponential senes with w* and m as 
arguments, U urn also be induced from the differential equation 

ar • 

Inversely, We obtain for the products of the typical law of errors by powers of x 


Xf — •—n'Pf 
X'f — + 

**j) — — — 8w*i^ 

x*f ■- n*D*f + + BnY 

x>f~~ - 10»»Z>'y. - IBa'/Jp 

4iY _ n‘'i)*p + 


( 6 ) 




the anmerical ooefficienla being the same as above (4). This proposition can be denaon- 
atiated by the identical equation n-'af+'jp 

By means of |:heee fornulss every product of any integral rational Ihnction by 


» 
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uponentigl functions and funotional typical laws nf errors can be reduced to tlie form 

+ ( 0 ) 

where 

^ e i\ • 

and thus they can easily be differontiato^ and integrated. Eyory quadrature of tins form 
can be reduced to 

/■, (*)e-«(-»') -f y,(a)[ t~f( ) dx, 

where y,(*) and f^{x) are integral rational functions; thus a very large class nl'iirolilems 
caa be solved numerically by aid '! the following table of the typical or exponential 
fnnctional law of errors. 5 - togeUier with the table of its integral 

s s £? g 

M i' 2327 r (HWii -ffisn trw -cri « 

n i2977n xnai - no ■ 2 s ^ ■! ii 

2« I MIOH 0310 - XMS ■» - '8 U 

2-7 i aH(K xiMi ~ iru in - ■« 0 

itinoi 0100 ■■ onn 11 - a n 

20 1U8M 11119 - oia 'll ~1> 0 

311 msis (Tom -O'Oaa imib -02 0:1 


jVir ,-e-'** 


10000 

'Weo 

'9802 

■9M0 


00 OflUOOQ 

01 009988 
02 019807 
029000 

01 0'B89na 2231 

0( 0111293 8«» 

(M oaaiga ssss 

07 OOM93 '7827 

08 01«27 7261 

02 079191 -0070 

10 083082 

1-1 091223 
1'2 023168 
1'2 191067 

U 196082 
13 198363 
I'd 111396 

n 1-14181 

18 1'131B6 

19 118123 

M H 2 fti 2 

»1 198838 
n 191(46 
28 1988(9 


dt d'» d** 

ft IP ^ 

OOOO -lOU 00 

■100 - 99 '3 
■126 - M ■O 
•287 - '87 8 

308 - 78 1 0 

■441 - 06 12 

601 - B3 I'S 

343 -. 41 14 

- 081 - 26 1'4 

- '800 - -la I'S 

-0807 000 12 


P 


'3461 - 901 


4286 

■3763 

'8247 

2780 

•2867 

1972 

1846 

01238 

■1108 

9892 

9710 


- -338 

- '326 


•11 M 
91 9 

■30 '7 


- 487 

- 443 

- 401 


36 '6 
■41 '4 
48 9 

■46 9 
... 360 '44 -'1 

- '810 '48 -'2 

-0271 041 -3 

- ■332 -38 -'8 

- 196 , 64 -4 

- -lOS 30 -'4 


1 

1 

0 

-0 

-I 

-1 

-2 

-2 

-2 

-2 

-a 

-2 

-1 
-1 

-I 

-1 

-0 

-0 

-0 


9082 - -026 07 —'2 O 
11080 - 019 -06 - •! 0 

•(1043 - 014 04 T- 1 0 

0(01 - 911 10 - '1 0 

■0022 - 008 ■(» - 1 0 

HllO - IXB 1)2 - ■] 0 

•0011 - 004 91 - 0 0 

'0007 - 003 91 - 9 0 

ms* ~ 1)02 91 - ■0 0 

49 1 20828 000(0 -0901 001 - p. 

41 1263!^ 0002 - -001 -00 

42 l'263a8 0001 - 901 90 

4'8 1-26329 0001 - 900 90 

44 1-23830 -0001 - 900 -00 

46 1^ 0010 - 900 90 

» Ki* -OOOO - -OOO 90 0 0 


81 IS 

32 1-20109 
83 1 20210 

34 ,1'28247 
36 1 28278 

36 1 26292 

37 1-26301 

33 1 26313 
39 l'2li310 
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U«re ^ fot t^oeUivt and aegatiia lakes 

of i\ the ether r^Iunns of the table chinge sigai with a. 

The inteniolitions are easil; worked out b; nesns of Tsylor's' theorem: 

tl(.+Cl “ (7) 

and 

The typical form for the functional law of orrora (2) ehowe that the froqueocy ig 
always positive, and that it arranges itself ayminetricnUy about the value z » m, for which 
the frequency hae lie maiimum value y»-h. Forz«-m:j;H the irequoncy la yuJt-O'dOdfiS. 
The correaponding points in the curve of errors are the pcinta of infleiion. The area 
between the curve of orrora and the axis of abscisaae, reckoned from the middle to z •» wi^J^n, 
will he Nli'0-8fl562; and as the whole area from one aaynptote to the other is irdFSir 
x nA • 2'6066ll, only tiA ■ 0'89769 of it falls outside either of the inteilons, coneequentlii 
not quite that alith part (more exactly 16 per cL] which ia the foundation of the ruja, 
given in § 11, aa to the limit between the great and small errors. 

The above table shows how rapidly the function of the typical law of errors do- 
creasee toward mo. In almost sll prscbcal applications of the theory of ohiocvitlou 
s'T''x 0, if only o > 5. Theoretically this suponor assymptotical charactar of tha function 
IS eipresaed in the important theorom that, for a x ^oo, not only s~T^ itself is x 0 
but also all its diifarontial coefhcionta; and that, furthnnora, all products of this funotion 
by every ilgebruc iotogni function and by every eipoDontisl fuaotion, and all tha difsrantiil 
quotients ef these products, are equal to lero. 

.+»I 

In ccueequence of this theorem, the integral I e~T* da x |/3w epn ha onni|wtad 

as tha sum of equidistant values of e~t’' multiplied by the intorval of the argnmonta 
without any corrootion. Thia aimpla method of computation ia not quite oomet, the 
underlying asfiea for couveiilon of a sum into an inthgial being only aonilcontergaiit in 
this case; for very largo intervals the error can be easily eiatod, but is far eo intarvala 
of one unit the numbeti taken out of out table are not luflloieiit to show this error. 

If thi eurvo of orrora is to give ttiabvo fro^noncy dirootlyi the total via onat ho 
1 x tih)f!!ii; h conaoquantly ought to bo put x • 

Problem 1. Provo that every product of typical laws of amri in tlw fUnethaal 
lorn X hs~T(~v), with the asms indspondont variable» li, itaolf a typical law of nrron. 
i^ow db the eonetaota h, m, and « chasga la luoh a miltipDoaUoat 

$• 
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I'li'lili'iii Huh Miiiill , 111 ' lilt' Imiui'iKii'' 1)1 I'li'irs exceedinif iJ, 3, nr I tirach 
llii' iiii'.iii Mini. Ill) III).' Mi|Jiin.silii)ii nt the typical law ol erniiai' 
tyii|i|"iii ,1 To liiiil the values ol the deliniio intoKralH 

S \ » l/Jt 

jfe~ i\ • I dx. 

Aii'ivur' — 0 and Ht, 1-3,5,.. (2i--1) ii’'+Vl!n' 

^ Ml Nearly ri'luted lo the typical or exponential law nf errors in Tunctional I'nmi 
.ire Dll' hiiiiiiiii.il liiiiiliiiiis, whiih are known rruni Iho coeriirioiita ol the terms ol' the s'* 
liiiwei of n hiiininml, regarded as a I'uinlioii el tlin number a ol' the term. 


X 



(1 

1 

2 

3 

•n 

1 





1 

1 



* 

1 

2 

1 


3 

1 

3 

8 

1 

4 

I 

4 

6 

4 

S 

1 

S 

10 

10 

6 

1 

fi 

15 

20 

7 

1 

7 

21 

35 

8 

1 

8 

28 

66 

9 

1 

0 

3d 

81 

10 

1 

10 

45 

1211 

U 

1 

11 

65 

Ills 

10 

1 

I'i 

66 

220 

13 

1 

13 

78 

286 

14 

1 

14 

91 

364 


1 


5 

1 



16 

6 

1 


36 

21 

7 

1 

70 

66 

28 

H 

126 

126 

84 

36 

210 

252 

210 

120 

IIIO 

462 

462 

330 

196 

792 

924 

792 

715 

1287 

1716 

1716 

lUll 

21X12 

3003 

8432 


For iiile^iul yalues el the urgunieni the biuuniial ruiiction can he rnnipuled directly 
by the formula 

^ i.s!.}.r®Tir2.3; («-a) 

1 ) 

■ ' ’ 

When the hinomial ouinbem for h are known, those for a + 1 are easily found 
by the formula 

+ ^.( 01 - 1 ). ( 10 ) 

by substitution .according to (9) we easily demonstrate the proposition that, for 
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IBJ integral values of », r, and l 

( 11 , 

which neani that, when the tnnomisl (a + h + c)* is d^velopod, It ie indiiferenl whether 
we consider it to bo ((a+i)+c)" or (fl + (i + c))«. 

For fractional values of the irguaent x, the binomial function /?■(!) can be tahen 
in an iplinity of dillerent ways, for instance by 


This formula results from a direct application of Lagrange's method of interpolation, and 
leads by (10) to the more general formula 


a . , _sinir# 

‘ * "" (1 —*)(2—*)..,(»'-») IT* 


( 12 ) 


This apecies qi binomial function may bo considered the simpleet possible, and has 
some importance in pure mathematics; but as an etpreeaion of frequencise of observed 
values, or as a law of errors, it ia ioadmisaibls because, for s > n or x negative, it gives 
negative valuee alternating with poeitive values periodically. 

'fhie, however, nay be remedied. As (j;) has no other values than 0 and 1, 
when X is integral, we can put for instance 


by (10) then 



(13) 


Here the values of the binoniiul function are oonatantly positive or 0. But this 
form 18 .cumbersome, and although for the function and its principal coefilcleDts 
are w 0, this property is loet hor^ when we multiply by Integra] algebralo or by etpeoen> 
iial functions. 

These unfavourable circumstancee detract greatly from the merits of the binomial 
fudctione ns erpressions for continuous laws of errors. 

When, on the contrary, the observations correspond oply to integral values of the 
ergnuont, the original binomial fhnctipna are most valuable means for treating them. That 
M*) *• 0, if z>« or negative, is then of great imfiortanca, But this case must be referred 
to special ittveetigaUoiu. 

8 20. To ropreient noD'typioal laws of errors in functional form we have now 
the ohoice between av least' three different pline; 



1) t1i« rornula (1) or 

8) tha produota of Inlegnl algabraic ruiictioDa b,Y a tjpbal function or (A) 

y «-+ »( *), 

3) a aum of aanral typical fnnctiona 

y - • O'*) 

'nia actoont of tha mote proniDent among the functional focnia, wliirli wo have at our 
diapoaal for the reproianlatloo of lawu of arroiu, nay ptovo that wa certainly poaaiMa good 
lutrumenta, by maua of which wo can aion in more than one form hnd general aeriaa 
adapted for the repraaentation of laws of brrora. We do not want forma for the ueriea, 
required in thecretical apeculationa upon lawn of ottora; nor it tbo exact repreeenlation of 
the aetnal frequenoioa mora than leaaonably difSeuIt. If anything, we have toe many forma 
and loo few meani of eatieoating thair nlue correctly. 

Aa to the important traniition from lawa of actual errore to those of preauniptlve 
arrore, the functional form of the law laavea na qnlte uncorWn. The convargancy of the 
aeriaa la too Irtogolar, and cannot in the leaet bo foroaaon. 

We aak in vain for a fixed tula, by which we can adact the moat impertanl and 
trnetwoithy forma with limited numbere of conathnte, to be need in predictiona. And even 
If we ihould have decided to nee only the typical form by the laws of preeumplive errera, 
ie aim lack a method by which we can compute ite conatanta. The uiawer, that tha 
*ad|jBatmaor Uf the law of errore muat bo made by tbs "method of leaet aquaree", may 
not be given till wai have attained a aatfafaciory proof of that Uiatbod; and the attempta 
that hare been made to deduce it by apeculationa on the iunotional lawa of .errore muat, 
1 think, all be r^ded ag fkUnree; 

VI. LAWS OF ERRORS 

EXPRESSED BT STUUETBICAL EUNGTION3. 

I 

J 21. All oeuetante in a functional law of errors, every general properly of a 
carve Of amn'er, generally, of a law of numarical airon, nnvt be eyinmetrlcal.funelioni 
Of thb lovanl^ renlta of the repetitlo&B, .t.'O. hnetiona which are not alt^ by inter- 
rhuging two or more of the rendti. Per, ai lU the raliaa foud by Um t«pe^tiolu 
'-rraopond to the aame anential drcumaiancea, no interchanging' whatever can have any 
hioBH OB the law of ettura. Converadj, uy lymmeWeal iUiiet|oD ef the Talnaa of the 
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obsurvations will repreaeiik some property or other of the law of more, And w« must b« 
able to expiees the whole law of errors itself by eyery such collection of ayumetrlca) 
functions, by which every propeiiy of tlie law of errors can be expressed as unambiguously 
as by the very values found by the repetitions. 

yfe have such a collection in the coefhcients of that equation of the n'* degree, 
whose roots are the n observed valuee. For if we know these coefScients, and solve the 
equation, we get ah unambiguous determination of all the values resulting from the repe¬ 
titions, i.e. the law of errors But other collections also fullil the same cequirementsi the 
essential thing is that the n symmetrical functions are rational and integral, and that one 
of them has each of the degrees 1,2 ... u, and that none of them can be deduced from 
the others. 

The collection of this sort that is easiest to compute, is ih» turn of the poweri. 
With the observed values 


we have 


“’ll ‘•si Oi 

*« - oH «; + • • + a! - « 

s, — 0, 4 - 0, . -f o« 

*. "• o!+o;+--+«; 

>r 0^ -f «! + •. 4' oI 


(16) 


and the fractions ^ may also be employed as as eipression for the law of errors; it is 
only important to reduce the observations to a suitable sero which must be an average 
value of 0 , ... 0 ,; for if the diSerenoea between the observations are amall, as compared 
with their differences from the average, then 




may become practically identical, and therefore unable to eipreas more than one property 
of the law of errors, 

From a veil known theorem of the theory of symmetrical functions, the equations 


1 -1- 0,111 |- 0,01* • *“ (I — 0|l») (1 — OjUl) ... (1 — 0,I1>) 

which an identical with regard to evny value of m, we learn that the sum of the powers 
•r can be computed without ambigility, if we know the coefAcienla iv of lbs equation, 
vhtte rooti ire the « ohsorvatlou; and vice rcrsA, by differentiating the laet oquaUei} 



with ?e)^rd a, itnd e(|UAtin|; the cotnicieii^tf we Keb 

0 - a, +4) 

0 «- aa,+ a,«, +1, 


0 "" tWt-f-"I- ..a I Hi-i 4" 4« 


frum wliii'h the eoelAcienta n, Are untiplilfpioml; ihd nty mWy compuUd. when the i. 


ere ilireiitly caleuleUd 

§ aa. Hub Irani the'iuins of |iawert we cm euily compute algo mother aerrice- 
able collection of eymmebricBl functione, wliich for brevity we nhill cal) thr hdf-mmmnfn. 
KUrbing from the lumi of powefli e,, theu can be deftned m /<,, /i,, /i,, by the 


e<|uatiqn 






(17) 


whieh we euppoie Identical with legwd to t. 
ki It » tbia can be written 

eoeI^ + ?’'+f^ + --e'*-» + e*''+....“'\ (18) 

'By developing the Arab term of (17) an Shr, and equating the eoeffluienta of eaoh 


power of r. we get eaeh ~ ejpreieed m a fhnctlon of .. ./iri 

•a 


«, *- I,It, 

*1 “ *» (/*! ')■ (*ll 

*.(/<! 

•. - •• {fit + +8/*! +/'!) 


(l») 


Taking the logarithme of (17) we get 

■ .'•«i'+r:t+?i+i;?+-i 


md hence 

ft, — e,:e, 

ft, » (*,e, — 4|)!i,| 

M, ”i + 

ft, - («,«;-**,«,«;-'a«:*!+tJe,i;a„-fti|):«; 


(* 0 ) 


(31) 


The. general law of tpe relation between the |u and e le more euily nnderataod 
through the equotlonB 
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»l “ f'l'g 

*, ■" /4i*g +2/^j<i +;<i*o 

1( “ /<(*! 4'2/iaA| 


vbwe the numerical coefficiente are thoee of the binomial theorem. Theae equationn can 
be demomitrated by difTerentiation of (17) with regard tothe resulting equation 

*' Jr + + (33) 

being oaliaAed Hr all raluee of r by (33), 

These halMnyarianle potoeea several remaikuhle propertien.’ From (18) we get 


e.el! ^ 


(«i-/‘il'', , K-rtilr 

t + .. + « 


( 24 ) 


cotieequentl; any traneformation o' » o 4- e, &)ty obange of the aero of all obuorvationa 
(i,...o,, aflecta only m the game manner, but leavea fi„ /ig,... unaltered; any 
ehange of the unit of all obaervationa ran be companaated by the reciprocal change of the 
unit of r, and becomee therefore indilTerent to ^,r', fitt'i > • > 

Not only the ratioa 


ii 

^0 








but alio the halMnvnrianta have the properly which u no important in a law of orroro, 
of remaining umhanged when the whple aeri» of repetitlona ia repeated unchanged. 

We have aeon that the typical character of a law of errore reveale itaelf in tba 
eirgant functional form 

JI’rsY 

j(l(»!) m> «” t / , 

Now we ahall see that It ia Ihlly aa aday to rocognito the typical lawa of errors by moans 
of their half-invarianta. Here the critorion is that /ir—0 if r^S, while /i, — m and 
)i, ■» nV This remarkable propoaition has originally led me to prefer the half-invariants 
lo every other system of symmetrical functiona; it la caMly demonatiated by meana of (b), 
If wo take lu for the zero of the obaervationa. 

We begin by forming the auma of powera Sr ol that law of errora where the fro- 

I » 

quenoy of an observed > ia proportional to f {«) — e~ >\ • /; aa this law la continuoui 
wo get 

f+» 

Ir la'pfSiydA 

i 



Fflf every differentnl oeefflciont j 5 "p(*) tre have 



dir™ /)*^*^(aD)~ 


0 , 


emquenti; we leuo fyom (fi) ihat «|,^i «> 0, but 

e, 1 ■n‘fi, 

n, — 

>1 ™ I'SiS.u'e^ 


(ooinpue problem 3 , ^ 18 ). Now the half-luTorionto oan be found by ( 32 ) or by ( 17 ). If 
wt uw ( 22 ) we remuk that »„ - «*( 2 r-l)i,r-ii then writing for ( 82 ) 


•i ■" •“ 0 

*1 - /r«»o ~ ™ 0 

*a ~2y(,e, -t yi,*, .f j) 

— Sfifif im ^ S^iO, + f»,t„ ™ 0 

— /!,», 4 . flyi,e, + 4yi,e, + ™ Q 


e, —.) 10 /r,e, -)- lO/r^e, f 4 . m, 0 

we see that the oolution 11 -n* and y*, „ 0 ^ 

By ( 17 ) we get 

nV 

- eT, 

Egnating the ooeHaolenti of x' we get here alao yi, w- 0... », ™ ™ 0 

If r >g. 

If we wlih to domonatrate thii important propoaition witlwnt ehange of tbe woo, 
and without the uae of the oquationa ( 3 ) whoao gononl denonaintfon ia wmowhat dUB. 
cult, wo can oomnooce by the lemma that, for each Integral and poailtro mine of r, and 
alao for r ™ 0 , we bare for the typical law of emit 

krti -i mfr + ra'n^i, 

The fonoldon )>(*) f> n'dril-r) ia oqaal to aero both for f ■>» and for c - ™ «; 
If wo now hetweeu/ theae limita intograle iia difarential oquatfon 

«|l«t 
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If ve now from (22) subtract, term by term, the equations 

0, »«o 

s, - ms, + 

lf^ — ws, -(- 2»’»i 

8, — m8| -f 3»*s, 

it IS obvious that /i,—m-iiO, /i, =»«•, ;ig»/44 

Ry computation of /i, and vre find consequently, in the simplest way, the 
oon.<itiiDta of a typical law of errors. 

If the law of errors deviatee only a little from the typical form, etc., will 
also, all of them, be relatively email numbers; and each of them may be either positive 
or negative, 

On the whole, a law of errors can be determined without ambiguity by the values 
liv itv •’•/In r being the number of repetitions. From soy euch n't we can compute 
the sums of the powers e unambiguously, and (tom these again the ooefllciente of the 
equation whose roots are the observed values. 

But fur real laws of errors it is s necessary condition that no imsginary root 
can be admitted. If an infinite number of repetitions is considered, the equation cessws 
to bu algebraic, tuid then the convergeocy of the senes necessary for its solution is h 
farther condition. 

§ 2^. Tht mean value /ii ~ ^ is alwsys greater than the 

least, less than the greatest of the observed values o,,o„,.,o,; under typial cireum- 
stances we shall find almost the same number of greater and less values of the obsorvabons. 
The majority of them lie rather near to only few very distant from it. The mean 

value 18 the st'mjileet representative of what le common in a series of values found bjf 
repetition; its application as such is most likdy exceedingly old, and marks in the history 
ol science the first traco of a theory of obsstvations. 

The mean iepiatm, whose square is — /i,, measures the magnitude of the devia- > 
tiOM, the uncertainty of the repeated actual obsenationa. The squve of the mean deviation 
Is ths mean of the squares of the deviationi of the sereial obswvations from their meu 
value. By addition of 

i* 



\9t 


if0 i«fc 

Wul U (li ^ 
h 


i.(o-^fiX - D,/i;, 

;;-- —— - Mi 


(l?ft) 


The Qompuitlion of fi^ b]f thii fomulD )ffill Dl\en be euler LUt) hy tbe aquikliun 
(31)i because i| In the Utter must lyeqUBntly be (.ornputed Kllh moie tigurw There Is 
humever i middU cuuT^e, vhlob is often U be preferred tn either of tbw tnethode of com-' 
putetiao Ki iL in t/i< 2 ef\> of oAiemcr^iojMi Iniolvea the wne iiLcreue of ertfy 
/( mi of It wlU, ucordlnf to (24), have no inHuenoo at all «n yi,, We Hteot thcefbn 
aa xero a convenlenh round number, o, very near and by refenAce lo this lero Um 
obeerved valuw ore truierormpd to 


t) 


I 

I 


0| — c, 0,' 0, -^0, 


I 

Of ^ Ok “I" ti 


When H*, and s', IndfeaU the suimi of the Iranelormed observations, and yi' then 

vre have yi, c-|- 


Ml 




1 


A 




(36) 


I 


We hav( etlU tc mention a Ibeciem (^niprnlivg the mean defiation, rrhUh, though 
not useful for conpulalloii, lu uuaful for the coniptehenuiofl and fuitber development of the 
Idea The oquare of the mean deviation la equal to the lum of aquarea of Die dWeremi 
bslfeen each obaarveil value end uih of ti^s othera, divided by twice Uie aquare of khe 
nninber The said aquarea are, 

K - ^i)', 


(“i K - o.)\ 

develeplnii qaih of thwn by Ibn formula («»-OK)'-oi-S>M.H 0 i\ and lirat a^ldlnj; wfk 
tolamn mpamWj, vm llml iho auina 
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iN,0| - 

I 

«, 

Bnfl ihu ^iiui iir Itiwn 

- SJ(M,-«I)i 

wowjiienlly, 

-.SfJ/j, (a?) 

Tke mm devUlloii U ^rwiv ilinn the iMit, \m llt&a IM «r tlie devtftUunti «[ 
ihe vqIum of ropBillloitt Fnin iho mean number, and less than of kh« greateit devlaUou 
between Uo observed va)u« 

As to the hijiher lisIMtiYsrlBiitH It may here be enough to oUte Uut they Indfonlo 
virLoui aorta of devliUone (^om the Ivplcal form Skov curvei of eiron are iQdlcatod by 
the;i»4i Wng dUTerrml l>om leito, peaked or ItMtened (divided) foimi rMpocUvely by 
poalllve or nsgatire valaes of and Inversety bv 

For tlMe higbor halMnYanints we sLalt propose no epecial names Qnt we bavo 
already introduced doable naoea "relative fretiuency'' «ad "probability" Id order to iceeo- 
taale tiu diatinotloa beUeeu Um lave of actual arora awd thoee of preeumpbve errort, 
and the same m ought U do for the half-iuvarianti, lu what foUowe wo shall Indloalo 
the half Invjiianta in liwi of preaumpilra errors by the aigna L Inatead of //r which will 
be reserved for Ian of actual orrora, particulaily sheu ve shall treat of tbo tmuslUoa 
fretu Uwe of artual ecron to those of preautnptiva otiea For apsolal loaaoha, bo bo 

uplaliwd later on, the usma mean value can bo used without confuilon both for and 

i,, fpr Actal well no for provumptiva meaiisi but instead of "mean deviation'' we ny 
*nii^vn ivror", wlicii ti« sjiealt of bus of proeumpllvs errorv^ Thus, if n^s,, 

is irtilcii ilm S4]nurc of }ho nin\n error 

In S|inii1iijlui]S upon Ideal time oj errviSi when Dm laws are uipposod lo be con- 

iinuttiis or to rcliilo lo liilliiJte i|ii|iibeni of obeervatlons, (his djetjoctlon In of (oiirso 

jiislgiilllunf 

fiiamplM 

' I fVid'es'kir Jill 'ilKHUSeii foniiil lor liio coJUlant uf a cakrlneief, in evperinieola 
■llii pai^ wal/f, In seven ropi4l(lons, the tiilites 

IfiHO, JOd?. JtUd, m, \Hm, JHfii 

If WB take hero iItttO a« lera, wd read tbo obsenaliDni m 

— 1, ^ 6, 4 ih "I* K, ^ 1 



^ 7| snfi ***| *»* 7n I 

c()ny«i(iently 

/,! -Sf660-|-MI 

Ai - ?--(-!)* 

Th« Tn«An 4(viAUon \i con^miuoiiUy 

2 In an uHornutivo uKpcrlni^nt Ibn ronuU Jt nUFitr uhkh loiiply I, or 
"no", v^ltloli counki 0, Out of m + tv icpotiUonB Iho m hovis ((ivcn "yc^"* Dm h "uu", 
^hftk llttn |i tbo txprosiilcn for Uie hir of orrora in failNiovnrjuitap 

Answer fi^ - — ^ f-, - ^ 

Uobntninn the lein kf mors, in hnlMnVnrianU, of n doling In which fi velers 
liarc voted for h notion ('|-1), e oplnsi (- i)i vhl)« h have not voted |0), and oKanlne 
whftt vbluee fot n, A) and e give the neuut approtlrnnUon ta the typlool fbrn. 

^’-STAT^' -• 

((9 + 1 ) (n 4^11 4 .«) - 4 (n - c)*) (u-V H “) (Ufi - H ^ + 6 
---- 

Pigre^rdlog tbe cue when the vgte ie unonlnous, Hie douhlo condition 
—0 ie only jiaiisDed Yrhen one tilth of the volee 1 b for, tnothot itilh ngntnet, nbllo two 
tlilrdo do net giro their votes If Is to be>*0i without j tMlog 
—Bile Tnuit be>*Oi But then |i^ **» — S^, « Vfhlih dOM pot dlsoppur unlMU 

two of tho numbots bx obd c, end consequently ors — 0 

4 Blx repetitions give tbe quite'symmetries] mid almost typical law bf erron, 
*■ 0, lit 1, /4, -«/jh ^ 0, but /i, ^ 1. What me the observed valueul' 

Answer Oi 0, 0, 0, + ^ 

I 

VU. KflAHONS BBTWEEtr FDNOmONU UWS OP BKROKS 
m HALF-lNVAElAin.'S. 

^ ti4> The muUlpUcity of forms of the Uvs of errmt mokn it jmpoiaibto to writ* 
s Theory ObsntstloDS in a short naDasri For though these fertna urs of vefj dlFerent 
volbe, none of them can be coDsfdsreil os shsoktely superior to the oiliers The funuiionul 
form which bos been vmlvemllyaaploysd Uitherla, and by thi most promihMt wrtUn, htii 
In my opinion proved insufflcienl I shall bore stidesToiir to replace It by the haif-inrariMts. 



I»S 


But ir 1 should in this endeavour, 1 am sure tliot nol onl? the runitlonal 
jawii of ari^rSi hnl; even tho curvea of errors and (lie Ubles of rroquenov uro loo imjMrlanl 
and natural to be put completely osldo ^rithout detrltnenl 
' MoTWiWi In propowng n nevr plnn for this theory, i Un felt it my duly to esplatn 
as prorlsely am) completely aa ponaihle its rojation to tlio old end rommorly hnnnn metbnde, 
r Woro consider it s niBllor of great imporlanie tlial oien tho lii)lf-|nvsi|s|ila, In their 
very dellnitlon, present a natural tranelllon to the ftoquoneloe and to (ho fandlena! |av^ 
of errore 

If in thfl equslion (IHj 



acme of the n/a are eiactly repeated, it Is of course underetood that the term must 

be counted not ones but as often ns oi is ropsatod, Consoqnently, this defiriltion of l|i« 

bilMnvarlants may, srliliont any change nf sense, be written 

Mi, iJi.I, 

i'jefoi) e iT IT S (2ft) 

where tl(e frequencies pi(oi) nrf given in the form o[ tlin flinotlonal law of nrrore For 
eonlinuoua taws of enora the definition must he written 



m 


Thus, If we hnow tho functlonil law of errors Kid if wo can porform the Integrations, the 
half invuianU mov be found If, Inversely, wo know the Hi, then 11 may be ponlUi aim 
Id dctoimino Lim luiiutlonal law of errors f (o) 

Ktample 1 Lot hu a auni nf typical rnnctlnnal laws of errors, 


]p(u) Z/llF 

then jj f (fl) lifl |^2ir Xffih and 




and (toniwfiienlly 





1 


f 



Dy lid of ih« rorniDlA (19) Ui»l tiproi ^ u liuctlohv of ibe 4 |m ft] It Ji ul 
diftuli \a urtBpiU ih» priftPipM Tha Jfttaw ptftblin, t? ibi 

Wft ti,i< ADd h b; nmi of glrui hilMAfArUnti \t nrj dlfAuiijt, m 1L moIU In oqnn- 
Uou of a higb degTMt oien If oblf i niD df two IjplQi) (bnQiloi)il lAva of orfAn li 
In quasllai]|, 

^nnipU 9, Yfhai AribrUIMamrUiitf of i piiro blAomla) fnv of tfronP Tb« 
nbionilloh r bolng raponUd ^^[t\ tlmoot f« wtiln 

-/9.(0)+W«''+. .+W*K'-(l+t'r. 

qoqn^umiQ/ 

. -nlQUOM^^ 

Hin ibo rilbi hind lidi of tbo «(imtlan oin bo dortlopod Ibo nld of BernenUlAik 
numbart Into i urifli bonUlnlni; onlj kb« even powon of r, coBM^nentif 


fitrlkir 


/<! 


^ -■j' ind — 0, (OO) 


n B 

f<i- g-t 




Si 




Riunplo A Vfhit iro ibt hftlMnvvtnoU of n oompleU blnonlil Uv of oton 
jlba coaplelo tansi of (p-|'9)*)P Hon 

f^om ihli TO obtain by dUfmiiUitloa irlth regard to r 
by fbrtbAr dllhielitliUoD 


P'+i + ^r-f ' 


h 



h 


A 

( 7 +Vi* 


ftf 4 


WWfjH- 

iJTji 


pBtilbg f VO got 
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f'* 



EiisplB A A Uw ol presumptive errore la g^vei) by lie bilMimrisflta fonDlnn 
a gsDpiatncal pregrmloii, jlr - to* DeteroDiie the BsTeral obaervitioina ui their frequefiolis. 
Boe lha led tan4 elde ef Us equlbb (18) 1i 





bnl Uli ii ' \ mJ hii iln th< rom tl Ha tl|k( 

aide of (18) Thus the obaffved vilnea ve'O, d, 9iTi Sn, . ud the re^Uv* fireqneDoy of 
fd li — (((r) Thle lav of emn Ja nearly related to the blhoalal lav, whioh cu bo 
coneidend as a prodoot of tvo faotora of thta tind, 

6' d""* 1 

f Er" 

U ie perbipB eoperier te Ihe binomial lav m a represanlatiTa of loma akeir lavs 
of errori 

Eumple 5 A Iat of errors has the pecultirity that all half-InraHanta of add 
order ira — |0| Thl1< all eveo hiFMnvarlanU are equal to eaob other, <1^ ^ Sbair 

tbit all the obetfrallona mael be Integra) numbed, and that for the nlaUra freqoenoitt 

,(())-r^i+(|)’+(^)'+.) 

f(±r)-r‘(|j+-^+1^+ ). 

Etunple 0 Dotermlna the halMnrinanIa of the lav of pnanoptln emn for tt« 
Imtloniil raluea in the table of a fiinotloD, In vhoM oonpatailan frtoUona nndv j ban 
been r^aotoA and tboN over) rqrhuad by 1. 

4+1 ^0, J| ^ i'll — — ill, ^ |)|, 


K 2ft. Ai a moat gminl fonotlonat tarn of a wnlinDOiii lav of nrrftn vi barn 
, propoaad (0) 

vian 


I 
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Now 1^ is a very rimariablo Ihiag that wo can oiproag Ihe Jiair-Jtivariuta vlthont 
anj ambiguity bu funoUons pf Lbe cpoftlclehta /ti, ui vico veraa 
By (20) we gel 






whale ig" flJfetpl'Sw By maana of tho letnma 

riy-V(o) + + + 

whloh la eaelly deaonatrated fof a^y ^(^>) by dlffereflUating wifh ragwd to o onlyi wo 
luTfl Is thia putioular oaae, whew |s(e} and o?«y /)'p(o) la^O, If o — iofi, 

p'i/ o"l(?)d<5 - (- do - I- r)"» ^ 

CoDBaqpa&tlj, the retahon balwoen the lialf‘'itiTarjaiita on o&i aldo and the oeefflpjuila # 
of the general fanolloiiat law of arrora on the other, la 




(M) 


If we wrlU hare A'l - ^ - w and ii-h*, th# compuUUoa of hue aet of 
conatante by the olber oan, aeeordlrg to [I7)i bp uade by the ror/ttulio (10) Uid (31) Wo 
t acbfltttnte only in theoe the k for the a^i end I' or d for yi 

li wlU ba Been that the cohatante tn and Wi and the ipeolal typical Uw of errOn 
to whloh they belong, are generally enperduouai Thii luperflully in ^ our tranefortnalloR 
nij be uhAiI In apeoU) caioe Air reaaone of conrergenojt hut In general It nuit be oon- 
lidered a eonroe of ngneneea, and the oonetante muirt be flied arblLrarilj 
It la eealeet and moat Datorat to pnt 

W - d, and a» ^ 1, 

In thia oau we get h, ■« 0, —0, ig h, i, — kJt, and ferUtar 

t. 

J, - t.W,+BW,J,) 


The law el the poenioienta ti eipialnM by writing the right aide ef equation (90) 


I 
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Eipres^sd by htlr-lnvariDnls in Lhls nmnDer Lhe elplklt form of equallon { 6 ) la 

vni LAWS OF EKBOES OF FDNOTIONS OF OBSERVATIONS 

§26 Tbers u nothing Inconstfitont Fit)i our debnlttoni in ipenklDg of laws of orrori 
rolBlfng to uj group of quBDlilias ffhlob, though not Qbtninod by repoBted observillojiBi 
hare the like property, nomely, thiil; repeated eatuDitlone of b single thing give rise, owjng 
(0 errors of one kind or other, to multiple end slightly dlffenng reeulLs which vo prim 
ftfcu equally viUd The TBiiooe forms of lave of aotuel errorB ere Indeed only summ&ry 
eipiesslona for such mulUplIoity, and the transition to the law of presumptive erron 
teqnltea, besides this, only tbdfc the muItlplloUy la caused by fixed but uaknowD olroam- 
itanoee, and that the valuoa must ba muloally indepondent In that aenke tji4t none of the 
clTcumetaAQaa have oonuected borib npallUona to othere in a manner whloh cannot he 
cammoD to all Compare §24, Example 6 

It Ib, QoneeqnenUy, not dlffionll to define the law of ariOTs f« a fnneUon of m 
alngle obeervakioD, Pioridod only that tha funotlos is univooBl, wa can from Moh of the 
observed values Op o^ o» determino ihe corresponding vbJdb of the funotlos, and 

will then be the serlas of repetitions in the law of errors of the fqnotloD, and oaa be 
treated quite like observiitloiiB 

With respsol, however, to those forms of laws of errors which make use of the 
idea'of frequency (probability) we must make one little reservation Even (hough and 
Oi ore diffareat, we oan have f{Qi] ^ f(oi), and In this case the heqnenolea muit erldantly 
be added together Bere, however, we need only just mefitiOQ this, and remark that the 
laws of erToie whew axpresaed by hilMnvarianta or btW aymmatncal (hnetiona ate not 
lofiuencod by it 

Dtherwisa the frequenoy la the saine for ^(o^) aa For o^, and therefore also (he 
probihttlty The ordinates of the curves of tfron ire nek changed by ohaemUons with 
dlaconllngoni ralueii but the ehidisa Of Is replaced by fioi), and likewise the argument 
Id the fDDOtloiial law of enon, in codLIduous funoklens, on the Other hand, U li the 
iraia betwaan correa^ndlng oidlnatas which must remain nnohanged 


I 
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In (hd form of lymitiotricdl rinoiloDB liio of orron of faiiotlonii of obflfirrAUoni 
mf bo ooDiptiled, osd lot OD)y nhsn n knon i\\ tbo sotonl obnoivoA nlivea, tuA csn Ibere- 
fbM ojimpofo, for e&oh of tlioDii tho corroipaadlnii vtlua of fho funotlotii nod it lut iht 
^wtricAl rnnolbJii of tlio latk Id nuy and ImporUnt ciboi It la lufilctotit If ve 
kDOv the ijOiiDotrlul ftmoUpni of Uie obBottitlom, u wi ew comptiU the eynmeiriott 
fQDoUona of the fitiatloDO dltooily from thne. For inilJuice, if for than the 

nm of the pofTOM of the sqiisraa ore olao oujmo of the poerera »m of the obeervatlotiti 
If oalj coMtiatly m-2«i Vn »’i - ii 11 'l - S|, eto 

g 27 The prt&Dipal thlT)^ li hero i propoiilion u to \m of eriora of the iiiit*(rr 
/Mom h; Wf-iavorlAAlo 

It li Blmoet fdr-OTidont that If o* - oo + i 





"■ «*/J| 

A 

- oVi 


etc 


^ a> (i* > 1) i 


?Dr tbo Unttr fmotlDne oon ilmja be coDalderod u produood b; the change of 
both m ind unit; of the obteniUou (Coi&pin ( 24 )}» 

BowflTer apda] the linen runotion oo-f i mj be, ire elwiyi in pnetioa pjanage 
to |ii on ulih the lomnli (B3), That ^e eu oucowd In thli la oving to i happy 
olrounituM, the raty eime In nninvlul oalulioDi of the probtome of itoot mitliemallGa, 
hriigi 11 ihoit that ira no hnt rneffi in the nelgfiboQr)ii)o4 of equal rooU, compelled to 
aaptiy the fonnutte foi the uliUnn of other eqmlloii Ihib Ihoaa of the lint dagieo. 
Him ve are faronred bj the foot that ire may auppoae the erron In good obaervatioBa 
to be mill, u amiU — lo ipaaii more eiiolly that we may generally in repeUtioni 
fv ttoh aeriei of ebemritlou ep a„ , . o, ualgn i auiuber e, lo near them ill that 
Ibe aqoiTM and prodaota end higher powem of the diSereneea 

®l - 0| 0| - Oi * 0* ^ fl 

ffhiheBir any peroeptlble vror mij be left ont of coaolderatlon In computing the faDclIont 
III, ibaae differaaoei are treated like dlflerentiiLla The differenldal Daloalua giTH a dehnile 
afthod, in aoioli dronmabiuMi, for Uanihnnlng any function /'(o) Into a linear one 

rW M*)+ /“'(«) 

The h? of vroti then lwea« 

vym “ rM+rw(jiiW-^ - rijnW) 

II, m “ irw !!'[>) 






But d! 0O by quite elementary meoDB and emy artlfloea ne may eflen IroiiBrorin 
fuuctlona into othBia of Ijnaor form If Tor jnfitancd f{o) ■« i, then we wntn 

1 ^ 11, ^ 

0 5c) C* —~(0—0 ? ^ ’ 

and the law of errors is then 

/''(I) -7-^lfiW-') 

^■( 7 ) 



^ With respect to funMim of im or mn oburtud qaanliiUH m may 
In ease of repedlloos, apeak of laws of erroia, oiily we must dedae mors cloiely wkat wa 
tn to undereUad hy rapetlUonB For then another consideration cornea In, which waa out 
of the question In the simpler uae 11 la atilL necGawy lor the Idea of the law of errors 
of f{o, 0) that we should have, for each of the ohserred quantihas 0 and o\ a Beries of 
statements which severally may be looked upon as repstlliotui 

Op Op Om 

o'!, el 

But here thla la not sulholent Now it makes a differsnee if, among the ipeoial 
dreamstances by o and o\ there are or an not anah as are common to observatioiu of the 
dllTerent senes We want a teobnlcsi erpreeslon for this Here It Is not appropriate only 
to eiieak of observatlonB whioh its, respectlTely, dependent on one another or Independent^ 
we UQ led to mistake the partial dspaudence of ohsenatloDi for ths funotloual depeDdenea 
of aiBoi quantities 1 shall propose to duignate these putlnular ioterdapendenoea of 
rspellLloni of dilforenl obesrvaUonB hy the word ''bond", whioh preeunahly cannot cause 
any misimderstindlng 

Among the repetitions of a single observation, no other bonds mult be found than 
Noh as equally bind all the repatlUens together, and oonseqtontly belong to the pecalarlUea , 
t£ the method Bui while, for inetlsco, aoToral pleoea caai In the eaina mooli may be 
fair repetitions of one another, and likewise one dimsnelon moeanrsd ones on each plee^ 
two or more dlmooiloiiB measured on the same piece nasi generally be iQpponed to be 
bonsd together And Urns there may easily eilst bonds which, by community In a (df' 
eeuftanee, as b«n tha parllaularlliea tn the eereral oastinga, bind some or all the lep^ 
tltloBs of a nrlea eaoh to Its repetition of another obaervalloa, and if obaviatioiia thus 
eoBieoUd ire to mter Into thh aune oaloutatlou, we must generally take tbsae bonds Into 
iwwBt, This, M I rule, can only he done by proposing a tha07 01 hypothesis ns to the 



m 

dapendeiicd bdlveoti tli 8 obaeived objocU olid ihatf doinmon Glr<^miiitUi)cit 
ud ifhetliei' niiniber whlob eicpreaaiu Ibla li kpovn /rom oburv^llao or iiDknoiirjii 
ilio right Irootmant folie undar Ihooo motliodB of adjutltncnt ^hich will bo tooDiioitad 
Ihtor oD. 

U lo thob Id b fov bpoold cubs only Lhnt we can dctornilnB laws of errors for 
fubcilobB of tw 6 or tnoto obsoried (juBintittos, in ways inalogouB to wbat holde good of i 
slagio observation and its fnnotlong 

If the oburrai-loDB 0 | o\ c^’ • i which are to eplor into the ttalaulaUoD of 
/'(o* o'. o"i ,), are rejpMtsd In oooh a way that. In ganocal, oi, oj, Oh of tho 
rspellUoD arc oonneolod by a ootntDOti olrouTnaUncBi the lamo rdt^ each f. bqt otberwlu 
witliDut an; other bonds, ire can for oaoh i corapuU a ;alna of Ibo fonoikm ^ ^ 
f{<Hs Q(, Oh ), sad laws Of eriora can be detortalnod for this. In just the umo way u 
for 0 separately To do so ivo seed no knowledge at all of tie spaoial natare of the bonds. 

g 29 If. on tbe coDtrary. there is no bond at a]) between tbo repetllione of tb« 
obserraliona o, O', o", , ~ and this is the principal oue In which WO must try tn rBdneo 
Ibe otharB then we must, m order to repreeont all tbe equally valid ValuM of 
/'(o, o'. . .). herein ootnblne eret; observed value for o with every ope for o', for o". 

etc, and Bueh Tallies of y ttuii be treated analogoaely to the iltnple tepeimoni of one 
single observed qnanlilj, But vblle Jt nay here eastlf become loo great a tulr to oom* 
pole y for each of the nuOiproni corablnetlcns, we ebill in ibis quo be nble to eompiite 
y's law of errors by means of the laws of errors for 0,0,0",. 

Coninrnlng this a number 01 ^npoeltione might he laid downi but one of iheni 
lo of epeuial Ijsporianee apd w^ll pe almost eufAoienl for ni In what followi, iii„ ibit 
Wbloh teadbss us to dslermlne Ibe law of orrers for the sum 0 of the obiaired quauUUei 
0 and o', 

K Ihfl law of eirors H (jd^en In the foim of reUtiTs IVequenoien or probabllttUsi 
^(0) for 0 and ftfo*) for o', then Jt is obvious that the product ^(0)^(o') tuaet be Ibe fre- 
quenoy of ihs speolal sum o-f-o' 

In the calqulua of prohshllltles.vrs sball ocnelder this fcriu tnora clouely, and then 
some cases of bound observations will find their oeiiilloni here we shall copBoe ounelres 
in the treatmeal of (he said oaae wlih half-invuianta 

If 0 ooours with the observed values 

’0,10,, * 0* 

and o' with 

o'j( 0;, 

then by the ran repelHiona pf the Operation Ob p-|.o' we get 


/ 


i 



203 


* 4 

Om 4 " I fla 4 " *'| I *’<' "I' 

lu^ScftUng b; Hr ibe btlMhtun^nta of the 4 qq O** 0-4 o', gtl b; (IS) 
-wmt « |<*’i’‘-]■ < <*■*) 


where m uid m ve Ihe ouaiben of repelilioiu of 0 aod o’ CoDM;ueaU7, If repreeaut 
the hd/'rowlontfl of a, tnd /i' of $\ wo get 






tod AD0II7 


■*^1 ^ 

I 

jtfr - ^ +fi; 


( 84 ) 


fimploifDg the eqattioB ( 17 | l&itoad of ( 18 ) we ceo ilio obtain falrl; ilnple 
tipreiilorui for the loma of powen of (o-fo') uelogou to tho Unomlil (btaolt. Bat tlio 
nIraDe eimpiloltj of | 84 ) reodM the haif-ioTtriaDte quiiaUed u th« moat aiitable ajm- 
natrloal fuaeiloni ud (he z»oi( powvfa) loetraoieiit of the IheotT of obaemUou 

More giuieiwUy, for ereiy linear fhooClon of obeerntlonj not eonneolad bf an; bond, 

0 — tf 4 -bo-|-ro'-)- ido"', 


we obtain In the ume manner ud b; ( 83 ) 

M^(o) — a4-if^^ ^-y^ + +<^7 

i 

if,(o)- +<^/rr 

>■>1 


( 85 ) 


When the errors of obseirallon are atLlflolenllj unall, we ihajl also here gensnlt; 
be able (0 giro the meal dlffereiit Ihnotfons ■ linear form, la conisdiisiua of tbU, 
pTOpoilUoni (84) and (Bb) aoqnlre an aluoal nntrarsil ImporluM, and aford mkI; 
whole oeoettir; fonndaUon for the theory of tbs lawa of orron of finoidouL 

Euniple 1 Dotarmlne the aqaaro of the mean rrror for dUrareiioaa of tha a'*^ 
order of eqoldlilant tabular raluea, betwaan whioh thoro Is no bond, tho square of the 
moan mtot for oTsr; ralaa being — d| 


f f 



BC 4 






U e 10 14 4 h-3, 

T'T'T T 


SuiDph 2. By Ihe nbutfftUob of t, m^rldionil iT&nall v« obiaiva l^o 
tIi th tlioei /, irljAi) A vtar ii covered behind, n Ihread, end the dletance, f, (tom Die 
aeridlu at tbit i&itinl But u ii ni; be uanmMl Ihit the time isd ibe dleUnce ire 
Hot connooUd by a bond^ ind u ibe apeed of the aUr Id coneUnt and proportional to tiu 
bnovn valne ain p (p«-polar diilance). we elwiye aUte the obaervalion by the one qniii' 
Illy, Ibo time wben tbe vary tnuidUn la puaed, which we compute by the foranti o — 
{■^((saKp, 

The nun enor U , 

Example B A auale la conalruotad by niBking marka on it it regular intervali^ 
In inch I way that ibi a^nue of the mun erioi on each interval la «i,, 

To maaaure Ibe diiUnoe between two objeote. we determine the dIaUnce of eaeb 
object from the nearnt marki the aqure of the m^n error of IhIa obiervillon being * J'. 
How great u Lbo mean error In a meuutement, by which there are k Inlarvali between 
the markj we uie? 

Ji (length) - + 21, 

Evample 4 Two pointa are Buppoaod to bo determined by bond-fl'M and equally 
gud (J, >*1) neasoreiDenU of their Teotangolir co ordinatei The errore being imaii in 
propDflioh to the dleUnce^ bow great la the mean error In the dietanu Jf 

M - S 


Eiaopla fi. Cnder tho aama loppopUjoni, what id the mean error In the jncllna* 
Bon to jh» b»-uIi 7 

Eiimple 6 Having three polnli in a plane detormlned in the aame manner by 
their TOctugular co-ordinates |«|iPi)i (tf|ppi)i (^11^1)1 doB the mean error of the angla 
at the point 

1 in - 

dll J|i d| boiDg the ildei or the Lrlanglei Ji opposite to (>,iy|). 



^3 


hxBiAplM 7 and S Find Lhe meBTi errors in dstBroiinBlIoiis of llie arsis 0 / a 
Irlingle ud a plane quadrangle 

(Wangle) - ++ (quadranRle) - + 

^ ‘10 Noii-lineor runclioriB of moro Lhnn giie argiiment pieaonl ^ely great dilflciillK's 
Kven Ter Integral ralionol funcLlonn no general eipreeaion for the laiv ol errors mn be round 
NerertlielMs, even In (hla case it Is pnssilile lo indicate a method for oompuling the bnlf- 
lii^arlonM of the function b^ means of tlioee of the arguments 'lo do bo It seeniB Indi^- 
pofluble lo Iransfarin the larva ol errors into the form of aystoma of sums of poerers If 
0 — y(o, o', 0 ”) be Integral and rational, both it and its powers 0^ can be wrlUon os 
lumi of terms of the elandord form ilto" 0 '^ efi^, and for every such (trin the eiiin 
resulting /^om the combination of all repetitions is s* »P (including the coaes 
wliero d or A or (f may be » 0), af’ being the aum of all i:»> powers of the repetitions of 
dll thns t( &, indlcalea the sum of the 1 powers of the fiuialiou Cl, vre gel 

j8, ^ Ihi *4 * ifp 

or ceuree, this operation ii pnly practlabla in the very almploat caoee 
Kumple 1 Determine the moan value and mean deviation of Iho product ou'0 
of two observations without bands Here A, 1 - i,s^ and generally 5, — lonsequently 
the mean value if, and 

already token the cumberaome form 

(Vi+A?)4'/<i/'i (3/r,+ 

Kiompie 2 Kipreas evnclly by Ilia hnlMnvarlanla of the co-ordinates the mean 
lolue und the mean dmiuljoii of the sf|iiAro of Llie distance i* If 2 and y ore 

olhuw^rd williQUl bmidi Here 

s,(/*) - *-(r)Ho(jy) + 'o(a:)^,(y) 

'll'*) - »(l'‘)''a(^) |-2a,(rjajyj |-»o(/)s,(j) 
and 

f** <' *) ^ /'I (■'I + (r) \- 2(/jj (j))» -f 4/j,(j) (/ 4 ,(x))' f 

1-/14 (v) -H ^i»(y)/ii (f/) -H 2(/i|(jr))‘ -|- (y) (/r, W)** 

{[ 111 The mosl imporlant npplicalion of proposition (S5j 11 rortnmly the deler- 
mlniilion ef the Jaw of errors of the moan value iUalf The mean value 

/Ji - “(«i+'»,+ fl.) 

a 



Ii, wa linfrVi i llneir fanotion of khi o^iarved v&luw, atiA va niy tmt khi Utr«(artoti 
lor /i( oceordlDg to tha oild propoaltlon, not onl; ifhari ire look upon e,,. o. oa par- 
fMil]r oncoTtUKlKl, but alu ifbora no uaume thkt Lhay rniull from rtpolliloiB nodt 
ucordbg k Ibo biid» mathod Por, )uit ilko aucb lopolillonsi 0|i o. mvii not bva 
tBj olhar rirotiniluMi h oonmos u coonKllng lionda Ibtfi luch ti bind ihotn oil ind 
ehinoUriH Ibo inetl»yd 

kt Iho kw q( pT«aaidpU<e urort o( o, la juai tha uma u for a, nliti Iha 
kMwn hlMilTirlinta ilr m > wa gal wcordlDg to (AH) 


^ (^j -H ' + ^>1 “ ' 

ud k gaml 

\r 


( 97 ) 


Wblla, OoiiequanU;, tbo praauToplha nBU of o rnain laloa for M rapattilona li 
tba praaunpUn mm llulf, tba mm arror on Iba maao viloe ;j, la rcduoad ^ ^ ^7 
tha ntaii arror od Iba alngla obianatloii, ^faen the oambar la luge, the loinalion 
of AMii tbIoh ooMoqueoliy radaoei the i;nc«Uliily ponaldorablyt the taduoiiob, beirervi 
li propOTtloD^lj giaiUr nltb oniU tbu nllb lirge n^UDbero Wblla ilraidy i Tcpellilo&i 
briag donn tha u&cerUltit; lo hoU of iba original, 100 rapelklona ata necaatuj in otd« 
ia odd one algiiidouit Agora, and o million k add 9 Aguiaa to thou dne to tba alngla 
«biar ration. 

Tba bigliar hllMaruknta of era taduoed atlll mora If the I,, il^ ato., of 
tha alngla obiarTalliiD ua ao largo Uiat Lie law of errora oonnol bo ooDad lyploal^ no Tary 
great numban af w will be naceoiuy lo rsnllao the conditiopa -* Q * wllb 
ID ipproiirDilloD tbal li ufilolriii in pnclioe It ought to ba obeervad thet thii rednotlon 
la not only abaobte. bnt li boldi good alw In relation to tba corraapondlng power of tbe 
mm artM ki (il) gi^m 

wbiob, for Itiiinee when n -4, abowo that the deration of i, tlrom tba typmal form 
wbicb appean by meana of only 4 repelllioni, la baked, tbit of la divided by 4, tbil 
of J|| lo divided by 8, ate, Tbia ehowi clouly tba raaun why we oikuili grtat rMpoWawea 
io k< tppfaol fwn for ikolwif ntori and make arranguiienk la abide by it in pnctica. 
For It appeari now that tu jmium /n ke fomolkw of flMid Mfuu o moaM of moldiig 
ki kvo irrort iypkal, even whare they were j|qt lo oilglnally Thuaforo tbe atudud 
rale for all pnollcal obiarratloDi ii thla Take care not to nogieot any dpportanlUH ol 
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obflorvulianci nutl |iiirl» uf DbnoLViiIlonu, so (Imli you ran direiLly foriii tho ineuii 
valued wbah should he siibslituLed for Lliu obaonod loaulU, and Ihla is to ba dona espi* 
dally ]n Uio cauu of olisorvutlona of u noval diai'OcUti or pecullaflUos urlikh load us 
to doiibl whelkor tho Ibis or errors will bu typlcul 

This romarlrabla properly la pcculiur, liowovur, nol to Die raean only, but also, 
though wUh loss corlointy, to any linear Tuiiation 9 r savoral obijervallonB, provided only 
tho (.odUclenl of any singlo term Is nol so greal relallrely to the corresponding deslalion 
from tliB typical form lhal|it throws all llio olher lenns inlo Lho ibads from (^5) II ii 
seen tlml. If the lavra of erroiu of all tho observalions o, o', o(«l are typical, the law 
of errors for any of Iheir linear fiinclions will be Lypical loo And If the laws of errors 
are not typical, then that of the hnear ruacllon will deviate relatively leas than any of tbo 
observations o, o', Oq, 

'fo avoid unneceasiiry complitabipn we represent two torme ef Ibo linear function 
simply by o and o' 'Ihe deviation ftom the typical lero, which appears Id the bilf- 
iDTarianta (r > 2), measured by the correspoDdiQg power of the mean error, will b« leu 
for f)<»o-|'o' than for the most discrepant of the terms o and o' 

The iDGiiuillon ^ 

;; _ 4 ' 


saye only that, if tho laws of errors for o and o' devisU uneqaitly froia lho typical form, 
II Is the law of errors for s that deviates iiiaat But this lovolves 



( 


or more briefly 

' T' ^ R\ 

where f IS poaillve, i > *J 

When We Introduce ji positive iiijuJitily so that 

r ^ I/' > ii\ 


it is evident Ibul (l/-{ 1)^ S (A+ Ij’* and it is cosily doirioostrstad Ibot (T-f 1/ "i: 
((/+ 1 )S 

Hemeinberlng Ibul / f- ' > w, jI j;> 0, ue uniuriilal foiniuia 

Consoouaatly 




lot 

* J!. ilUy IM0))‘ 

bull llilg iu tliQ proposition wo lia\o mrtedi for the extenalon to any numbor or lerjna 
oailses no dimculty 

Dal If It that boconeii a general lev llml the lew of errora of linenr rurtlioDo 
muab more or leea approach Iba typical forint the snma muat hold i;oo<l also of all modO' 
rabely conipiox ohaervationa, such no those whose ortore arise from a considerable number 
of loiiTcoa The expression "source of erms'* is employed lo indicate ciroumotarieea which 
undeniably loiluencQ the result, but which we have been obliged to paes over ua unessentia] 

]f we jnioRiaed ihcse olrcmnstancea transferred to llie claae of essential Lircumiitancoa, and 
aubitanlialed by gubordlnale obaervatlonSt Ihol which le now counted en obaeivalion would 
occur as a funclloh, into which the Bubordmato obsorveliona enter aa independent varlablesi 
and u we may aaauuiQt in the cme ql good obaervatianst that the inOuonce of each einglo 
source of errora ja small, Ihia function may bo regarded as linear The approiimalioii to 
typleftl form which ila law of errors would thun ahow, if we knew the laws of errors ol 
the sources of error, cannot be lest, simply because we, by paseiog them over os unosson' 
tlal, must cQDBider lbs sources of error in tho coinpeund observation os unknown More- 
over, We may take it for granted that, in aysleaiatlciLlly arranged observations, every such 
Houroe of error os might dominate the rest will be the object of special inveeligation nnd, 
if necessary, will bo inoluded among the euBnllal circumsUnoes or removed by cottscUvo 
calaulattona The result then U that great deviations from tliQ typical form ot the law of 
arrore are rare In practLce 

^ 33 It is of Interest, of course, also to acquire knowledge of the Inwa of errors 
for (he dstormiiialions of /t, and the higher bnlf-invananls ns funcliops ol u given number 
of reputed observallone 

Hero the method Indicated in ^30 must be applied But though the synimotry 
of tbose functions and the identity af Ihe lawe of piesiimptlie eirors for o^, Oy, Om 
afford very easenlul simpiliiutionai still that malhod is too difdouU Not even for /j, have 
It diauiveied the j^ennal Uw oi errora In my ‘Mlmiiidelip idjylln^elseiliEve", Kobonhavn 
18HII, I have published toblaa up lo the eighth degreo of products of the sums of powers 
HfS, , expreased by sums of loritis of the form o<,oV, o''^, those urs hero directly appli- 
cablu In W bhodlor der neusreti ffiopifine uriil (tei it dfi 

fWmn", leipsfg 1863, labloii up to the 10‘^ degree will be found Their use is more 
diflli.u|l, becauN tlisy rei[Uire Uie prellminarjl traneforniatioii ol Die iff to the coellllcienls 
Uf of the rational ei|ua(loiia 31 There uro sucli lablss also in (he Alffttra by Ueyer 
Hliach, and (iiyley hia given oilien In the I'hilosophical Trausaotiona 1857 (Vol id7. 
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p iM')) I Iiave lumpiikil llitt taur [intici|>al huir-InviiriDfiU ui ;j, 

iiiiil/'r) “ ')^i 

— 1)U| + (<H ^ 1) 

“ (HI-++Jw(«-!)(«-2Hl f 

+ 8niMw-1)J; 

wUiO^j) - (w- I)^2i4 + + 

-f- H«J (ui 1) (4)W’ - Dim -1- B)/IJ + 14‘Iih'' (hi - l)’A|2|H 
+ (XJhi* (ih - l)(iJi - 2)2; -t -ISw' (hi --1) 2J 

Hero iM lb tha ouniber of rep«lilionB 

or /j„ and ooly tbe mean values ud llie pjesn errors bavo been lennA 
ih^^(I/^») " ("I - l)(iii-2)2,, 

w‘ii(/>.) “ («i-i)>(*"if)''ii+ 0 w(*'-i) 0 "- 3 )’(Mt+i!)+ I*"! 

+ 6i»'i(«-l)(w-212;, 

and 

- («-I)(in« - am+ (1)2, -8 u((hi-1)2; 

HlM,(/l,}-(Hi-l)* («<^fl«i + 0)*J, + 

f Hm (ih - I) - Om + 0) (2m' - l&M + lfi)2«2, + 

, JHhi(w-1)(hi-2)(h*-4)(hi*-6w+ 6)2J,+ j40) 

-I '2m (HI - 1) (17j(I • - 5l04rft' + M2«' -i mm + 828)21 + 

+ (iH-l)(BHp'-88iii* + lB0Hi-lSaM,J; + 

+ I44ih' (hi - 1)(m^2)(w-4)(w-6)2;2i + 

+ i-i(H'(iji-l)(Hf^-8Hi + 24)2; 

Plirtlivr 1 bow only Lhal 

(«i-lHiH-2){t«n^-l2w+li)i5,-110iia,i,), (41) 

w‘2i(/4|) •*■ (JH —I)(hi' '-flOw® ! I50iii'— 2(0111 + 120)2,— 

- aOHi(Hf-l)(7Hi’'-'WH) 1 ,411)2,2,- 

- (IOiM(fli- l)(ui' J)(Bhi-H)2;- 

- noiH-iHi (42) 

m'2i(/i,) *“ (<H—l)(iii —2 )(hi^ —bOw^-| 4i0in* — 720HJ+iU)0)J,- 

- lUO«i(Hi — 1) (w — 2) (hi’ —8Hf+H)2t2, — 

- ilOw(iH -1) (iH -2K1 hi »-4Bjm+ flOM, 2, - 

- IWIOW (III-1)(hi~-2) (hi - 10)2*J;, 


( 48 ) 



- M)w(irt'-l)(31irt‘^640j)**' f - 

- 108Oifl ();i — 1)(ih^2)(3ih' -‘40i'i'4' “ 

- 70m((H-l)(41)m*-’720«iM 31(lB«i'-&400*ji+8240),l|- 

- 84(Hfl'(rti-I)(7w' -160 wH6T6hj-B40)^,jI[- 

- 10080W* (ffl -1) (w- 0) ((«"- 10W + 40)^!^^ - 

- 840w*ON-l)(m'-30iii f00)ij (44) 


iionie jt,'s of produolii of tho ^nd present in (iDneril the same rbatac- 

Urlelka u ibe akve foimule Ibe meal pYOiulnsbl ot Ihasa eharAQUrliUce are 

1) IL It eaell]/ eipUlned that is only to be round in the equation ii](/i|)'w/lji 
indeed no ether halMnyarlnni ihim tbe neah value m depend on the zero of the obier- 
VhllonSi Id my compulolions this oharaeteriBtiQ property has adorded a eyBtom of mulUple 
cheolil ol Ibe conectneGS of tbe ftbove iwuIIb, 

2) All icean it|(;jr) ure funcLIons of Ibe OUi de^oe with lejj'ard to id, all sqiinree 
of metiii errote J|,(/ir),ate ot the (—1)^ degree, and S^tieially each te a funelioD 
of the (1—degree, In porfecl accordatice with the levy of large nurabera 

3) The [eclor appme unvvsTsally u e nocosiary factor el ili(/ir)i il only 
i'>l ir 1 u an odd number, even the factor ni- 2 appeara, and, likewise, jr r la an 
even Dumber, this lioioi is consloDtly found in every leim that is rnnUipIlod by one or 
more /I's with odd Indices iio obliquity of the law of errors can ocour udIobb it least three 
cepetltlenB under uonaideralloD 

4) Many partlcuIsTs Indicate these funcllons as compounda of faclenals 
2) Im—r) and peviera of m 

If, supposing the presumed 1 q^ qf errota to be typjool, wo put 4^ d| ■* ^0* 

(hen some fuitber induclione an ha made Id this caao tbe law of errore of may be 






(+■ 


m 


As to the squares of rnean errors of {tf we get under Ih. same supposition 

Indicating that geneially 




( 46 ) 
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Thu proposition to of very jnierest If to have a number m ol repsUtlons 
il our dlaposal for Lbo compatallon of a lavr of actual errors, then It Till be seen Llial 
tbs reUtlvs mean ottots of /jp /i,, /jj aie by no meant unlfonfi, but Incieiue Titb 
the Index) If *» le Urge enough U) give us /i, precisely and yu, fairly Toll llioii fj, and 
can he only approximately Indloated, and the hig^isT hi|IMtiva;laaU are only (o be 
gueeaed, if Ibe repollilona are not counted by thousanda or mllllonSi 

As all numerical coeflloleatB In «(]((ir) Incrwe Tllh /, almost Irt tiio samB dogroii 
ai lliQ (‘oefllloiente 1 , 2, (1, and 21 of , wa must preeume that the law of incroialng 
uncertainty of the hair'iuvarlantn has a general oharaoter, 

Wo have hitherto been Juatldad in spenhing of the prlnoipnl halr-inmiants an the 
oomplete collection of the /j/s or jl/a tIUi tlio lovreat indlcei, considering a eompleto aeries 
of the hrst m bslf-invarianti to be necoeanry to an unambigiioup determination of a law of 
errors for m repelitloni 

We noT accept that principle as a Bysiem of relative rank q( the halMnvarlaiiU 
with Increasing uncertainty and consequently with a deoreasing Importance of the hail- 
Iniarlants with higher Indices, 

Wo need ocarcely say that Lfiera aro some speclil eicepllons to this rule For 
Instance if — J|i as In alternallvo experlmeuls with equal oljauces for and against 
(pitch and loss), then (/j,) is reduced to — which is only of tlie order 

§ S3 Now WB can undorlake to solve the main problem of the theory of obser- 
ntions, the iransltlon from laws of aotpal errors to those of pieaumplive errors. Indeed 
this problem is not a mBlhomatioal ono, but it Is emlacnlly practical To reason f>oni tlie 
iflual stale of n finite number of observaltona to ibe law govcining InHiiiiaiy nnmeroui 
pyoitumed ropviuiuiis la an evident Iresposo, and it la a mere aUsmpt at prophecy b) 
predlci, by nteana of a law of presumptive erroia, the resulta of future obaervalioiu 

The struggle for Ilfs, however, compels iie to consult the oraclea, Hut the modern 
oruclea must be acSontlile, partloularly ^lien thev are asked about numbers and qiianlltlei, 
malliemallcal aclenco iloes not renounce its right of oTitklsm Wo claim that conflislon 
of Ideas and erory ambiguous use of words muat be oarofullV avoided| and Hie nocosaarv 
lot of will mual be roelraiiiod la Iho acceptation of lixod prlnclplH, wblcli muei ngree 
with the Ihw of large niimbpre 

lb la jiardly possible to propose more eallafecLory principles than the foDowIngi 
Th mtan oafus o/ all ncoi/cib/e js^efirmns enn It taktn diisolfy, rmfhoiiJ riniy 
rhawps, ol (iH approJmnnliOH lo the j>)renim|Uiv« meoH, 

If only one obiorvatlon without repetition la known, It milil Itself, coniaqttwtiy, 
he cenaldered an approvlmailon to the pr«Mmpl;vo mean volue 

The sollUn ulna of inv svmmclrlral am) luihoml fiiiiitloii of repejiitM nbssfnllans 



miiil In Iha sania (ray, vs iti iMldted obaarritfon, be cdoildered Uie pruumplire mean of 
th(i function, for msUiioe fir Jli(jUr) 

Thue, fiom tbe oqoailoiiB 41i vi Ret bj m repotllioos 
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U to li\ il|i tt Is preferiblB 1« nss the equations 42—44 thehieolves, putting only 

^il^il ”* /Jii - (*v Kih) /'i 

Inrereslji If the pre&umpllvs lav of errors Is jrnovfn in this way, or by adoptloo 
of iny theory or hypothesis, ve prsdtet ihi fftturs cibtmitimf, &} functms of obaerpohonti 
priHcijwl/y (j/ coriJfHtmy lAeir preflvmjpiios inenn odlurs These predictions hovovor, though 
nnlroul) ire never to be considered os eieol values, but only as ibe hrsb and most impor¬ 
tant tenni of )ayrB of errors 

If neoesieiy, ve complete our predictions vlth the mean errors end higher half- 
InrsTlanU, computed for the predicted Junctions of observetJens by Ihe pTesumod lev of 
errors, which Itself belongs to the single observations These supplemenlo may often be 
iisarul, nay nscessary, for the conect iDlerpteUlion of the predlcljoD The ancient oracles 
did not release the questioner ftom thinking and from responBibillty, nor do the modern 
ones I yet there la e dllTeiencfl In the menner, If the croBsIng of e desert is calculated (o 
last SO days, vlth e mean error of duo day, then you would be very unvise, to be sure, 
If you provided for eiectly 20 days, hy so doing yoa inour es great a proLebillty of dying 
u of living, Even vith provisions for 21 days the journoy Is evidently dangerous But 
if yoa can carry with you pTOTfeions for 23-25 days, the undertaking may bo reasonable 
Your life must he at stake to make you eel out vilh provisions for only 17 days or less. 

In addition to the uncertainty provided against by the proBumpllvo law of enor, 
the prediction may be vitiated by the uncerlainty of the daU of the preBumplive lav Itseir 
When this lav his resulted from purely Ihecreticel speculation, It is elwayB Imposelbls to 
calculate its uncertainty ft mey be quite euct, or partially or, absolutely false, vb are 
IbH to oheoBB between its admlsBlon and iU rejection, os long as no trial of the prediction 
by repoaied observatloriB haa given us a corresponding law of actual errors, by vrbloh it 
can be Improved on 



m 

l( the /sv of prosumpljtQ orron W bean computed bjr mwis of i lav of eoluat 
errori, we cm. acLording to (97), eirploj Ibe Ttlaea i,, and U]e numbei w of 
mLiliI obBfirvatioiiB for the dstormluaLion of ilr(/i|)i In Ihli oaaq Iho compleU bilT-iDVitU 
anLi of 0 predlcled einglo obiorvallon are glren antlogoualj lo the law of errore of the oiim 
of two bondim obforvofion; by 

^f/^i) 

+ ^r(;4|) 

Though we (.an m the eamo way rompuU Lhe unierlalntleB of i(,, il,, atid it 
la for more dlfhcult, or rOliier itnpoaelble, lo rneke uea of thane reflulls for the improreniant 
of getieral predictions 

Of the higher half-lnvarlante we can very Beldom, fF aver, get bd much ae a rough 
eetlmaU by the rnethod of laws of actual errors The same reaaciis that cause Ihla 
dilYlGiiltyi render it a mutter of less Iniporianco to obtain any precise deUrminadOD 
Therefore the genera) rule of the formation of good Jaws of presmoptive errors must he 
1, In delermining and ,1,, rely almost onluely upon the actual ohaerved values 
S Aa to Llio halMnyarlanis wiili high indicos, say from ,l| upwardi, rely aa 
exclusively upon Iheorcllcal considerations 

B Employ the Indlcallona oblalnabJe hy actual obBerved values for the Intermediate 
lia1f<iiivBTlanU sa far oa possible whe]| you havo (ho choice hetwoon ths theories In (2) 
Prom what la said above of the properties of Iht ippicnf Iojo of morst it w evident 
(list no otlioi ([itjory can fairly rival it in (he mullipliiity and itnporlanca of appUcAtmns* 
U IS not only lonsliintlv applied when ,1}, end are proved to ba very smalli but U 
IS used almost universally ne brig as the dosiaiious Sre not very conspicuous In theas 
uises iilsD great elTorlH will be made to reduce tlio observations to the typical form by 
modifying the methods or (ly substituting menna of ftiany observed values insUad of ths 
non-typical single oliscrsalloDa The prsfeienca for the typioal obsetralloDo is IntensiDed 
by the difUcully of esiabliuhlng an entiroly coireil method of adjuaiment (sea the following 
cfaopters) of observations which are not typical 

In ll|o<(C particular canoe where ji, or ;t, or cannot be regarded u small, the 
Iheoretiial considerations (proposition 2 above) na to A, and Iho higher half-lnvarianta ought 
not lo result In putting Die latter *>*0 Ai shown In “ynimkahinti Sdtkohi Ovsreigfer", 
Itfthl, p 140, such Uwa of errors correspond lo divergent aeries or imply the eilstwce of 

imaginary obswratlnns The rooflidoftla ibr of Ihe fuEolIcnal law of errors fequalion (0)1 

7 
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ign tbia loerit in pidfarehce U the hilMurwlaTita, that no Urm jtnpliu the «iatene« 
«r Any other 
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Hhne (the direct eipreeBlon (31) ib found p,35), \i IhereTwe leeoniTneidwl 

u perhapa the best j^enwal upruBloD for wn-lyplcal laws of errora The fiitiolloiial form 
of the lav of errora has here, DQd In every prediotlo]] of future reaultfl, the advantage of 
ehowiDg directly the probabllitiee of the different poeelble vaiuee, 

The ikew and other ooH'typloal Iowa of errors Foem to have aoipe very Interedllog 
appUcationa to blplogloDl obaervatlona, eapecUHy to the vaiutlona of apecloa The acleatliic 
Imlnient of such virlatlobe eooma allogeiher to require a methodical uyo of the notion of 
lava of errora Ur K Peniaon given n aerlea of ahillful computalloDe of blologloai and 
other ibilat lavra of errora to the JtffifA Theory of Kvolutm, PAff, IVtim 

V 18ffi p 345), flere he nakea very inUreeling efforte to develop the refractory binomial 
funatloDa into a baili for the treatment of ekevr laws of erroia Qut there are evidently 
no natural linki betvreen theae fanotloDa and the biologioal problemit and the above formulfe 
(31) vrlll prove to be eaaler and more porrerful inilrumeuta la casee of vary ibnorpal 
or dlfoonlinuoua lawe of errorii more roffned methodi of utJnetnient are required 

Siimpii 1 From the bOO eiperlmanta given In § 14 are to be cajculsled the 
preeniaptive halT-Invarlanta up to and by (31) the freqiienolee of the epecial ovenlaonl 
of a juunbei of nev lepotltlone. You vrlll Dnd di —11’33, d, ■^4'lS47i * 

4'70di *8 69A, and-30'O46, A comparison of the coippated OoqqeQoles vritb 
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Rnmple 9 Delonnlnfl tbo liw of errors bf OKperlmanlt witK aUerniitlye results, 
either "yes” observed m times end every time Indicated by 1, or “iio" obsorved h limes 
pnd indketed by 0 Whal k the square of the mean error foi Ihe slngk evperlnentF 

for llie proboblllLy delermlned bj the vrbole series F 

imh 

^1 ih) - „j,:_-ij' 

and for the frequenoy of "Jta" iB the m •f- rv eipenoienti? 


§ 84 If observalioni are made and repeited, although their preaunptlvo moan 
value Is prevlouily knoffn, exactly or very accurately, the law of presumptive errors of 
Ihe half-invarlenta ^i, must he computed by reducing the lero of the ebierTillop 
to the known i, Fulling tfaua S| - 0 and ^ 0 iq the equations {10) and (21) we 

obtain in analogy to (38)—(41) the foltofflng modlfled equallona, ihe number of lepe^tloH 


being n w, 

^(/'i) " h - 

“ /'i " 

i|(^i) - 

“ /I* - 
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(48) 


From Ibe flrat of Ihue equations we deduce the very mportanl principle, that 
(Very mean «f the sqaares of differencci between reprated bcnd'free oluernlloni and (Mr 
pTMunptIve mean nine li approalmately eqipl to the square ef the mean erntr 



Corscquctilh, for bdt observed vnluo wo muBt; cvpacl tliat 
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^ D& In the rollowlnj! [.hnpters and In nlmoal nil practical applicatione, we shall 
work only wiLli the typical law of errors as our constant auppovillon This guea Binplicily 
and oloarness, and thus 0 ^ 1 ) may he leroinmended oa a ehort HUtomoiifc of tha law nf 
errori, o ^ d| indicallns a result of an olisorvatlon round directly or indirectly by compU' 
lalion mill obsorvaiionsi and uipreasing the mom error of Iha eamo result 

By the %n;/Ms*' ol obaorvations wo understand nutnbors Inverady proportional to 
the snuues of the moan eitore^ lonsoqueiilly e = !' The idea presents lUeU when we 
speik of Ih means of vniious numLors of observed raluos which ha\n boon oLlamed by 
the same molhodi as tlio Inltor numbers horo, aciorillng to (37)» represent Ilia weights 
When Or 1^ the noighl of the parhal mean value iiir, the total mean value ui muflt be 
computed according to the rormiila 




lft,Ol + ui,yj-I- 


(51) 


nhlflh IS analogous to the formula for the abscissa of the contra of graiity, if lUr is tha 
abscissa of any alngla body, Vr Wa spaak also of the wulghla of single obsar- 

vatlapB according to tha above deHnltion, and parlieularly In casos whan we can only 
eHtiiTiale the talallve goodness of several observaLioris m comparison to tho IruHtworthinoss 
of the means of various numberu ef equally good obsorvalions 

The phraseyjroiaile riioi, which we still And frequently employed by nuthors and 
obssTTOia, la for aoTeral Teaaons objeotlonablo It can be used only with typical or at any 
rate symmatrical laws of onors, and Indicates then the magniludo of errors for which the 
probabilities of smaller and larger errera are hath equal to | The slnuiUanrouH uae of 
the ideas "mean error" and "probable error' lausca corfqBion, and It la evidently the lalUr 
that muet be abandoned, as it la less commonly appliLablo, and as It can only be computod 
in the cuss of the typical law of errors by the pioviouely computod mean error as 
OUTdSVJ,, while on tlio other hand the oomputalion of the mean error is quilo 
Independent of llmt of the probable error. As errors which are larger than the probable 
CDS, still fiequehtly occur, this idea Is not so well adapted as the maen error to serve as 
a limit between the frequent "siDBir' errors and the rarer "largo' dusb The use of the 
probable error tempts us cpDstantly to overvalue the degree of aciuraiy we have attained 
Jdore dangerous still ib another confusion which now and then ociuvs, when tbs 
very eipreaskm mean error is used in the aeoBB of the average error of the observed values 
according to their nunenoil vnlaes without regard to the signs This gives no some, 
eiispl whsn w« are certain of a law of typical errors, and with such a one this „msaii 
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flrTor’ Is V** Jj reaspn uliifli mtiy be ad^aaced in dclcnca of the use of this 

Idei ia that we nra spared Bome llillo eomputalinTiSi vi^ eomB siiuannga and the evlradion 
of a square root, iihuli, lioi^cirr no roroly need work out with more than Llirco <<igiu- 
Hrnnt llgurea 


IX, FREE FUNCTIONS, 

^ 30 Tho foregoing propoeitions conconiing llio kwa of errors of funrlions 
especially of linear functiona — forni Iho bnaie of the theory of compulAtion wilh observed 
laluea, a theory wliicli In several iinporlant things diffors from cj^oet mathematics The 
result, parttcnUrly, is pot an eract quantity, hut ahavs Q law of errors which can bo 
represented h) Its menu value and iLa moan error, Just like tho single ahservntlon More^ 
01 er^ the compiilallon must be founded on a correct approhcnaion of what observntiona 
we rnay consider mitunily unbound, nnolhcr IhiDg which la quite foroign to evscl matbo- 
mitlcs For it Is only upon the Hupposllion that the result ^ r„D« « [to] 

— obiorvo tho abbreviated notation — is a linear funcLIan of unbound abaorialicne only, 
0 i, ,o„ that we have demonslratod the rulos of compnlalion (95) 

difii} - rid,(o,) 1- , +r,^,[‘>.] = [r;,(o)] (&3) 

' d,(J?) - r;J,(o,) + + - [r'J,(o)] (63) 

While the reeulta of computation^ with observod quantities, Lnkeh singly, have laws 
of errora in tho samu way as tho obaervatlona, they also reaomlilo Iho obaervationa In tho 
cirrumataneea that Ihera can be bonds botwuen thorn, and, unfoTtunnlely, there can bo 
botiih hoLivaoii wesultn, evoti though they oro derived fTom unbound obaervationa, If 
only some obaervationi have been omployed m the computation of both if' [r'o] and 
if" ■=• |i'"o], these resiiUs will generally be hound to each nlhar Thlo, however, does not 
prinenl ua from computing a law of errors, for Jnstanco for We can, at any 

rate, repreaont tjie function of tho results directly aa a function of tho unbound observaliona, 

riir-l-ftif" - (fai' + fci-'V] (54) 

Th|e possibility ih oI some importance for tho treatment of thoss raaoa In which 
the single obeoiiuticins are bound They must be treated then just like roaults, and we 
Bluet try to represent I hem os functiona of the circumetancas which they have m common, 
and which muit he given Instead of them as original obeervallans This may be diffltuU 
to do, but as a principle it ^muat be poaelbla and funotions of bound ohaervalloiis must 
Iherefoie nlusyi have Inws of errors ns well os others | only, In general, it la not possible 
U) rompnle tliw laws of Arrora cnrrerlly simply bv means of the Uws of errors ol the 
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flbB^rvftL taly. Jut as ne cannot, in ganoral, oompulo tha law of atroia for 
bj moana of tha Uwa of errOis for It and JI" 

In Bjample b, g SO, we found Ibo moan error In the deUrminallon of a diieotion £ 
between two poinla, which wore ^von bj bond-Jliee and equally good (Jlt(x) «j|,(y) ^ 1) 
meaeurementa of Ihelr recUngular co-ordlnatoe, tIz , and then, In eiample 6, 

we detarmlned the angle K in a triangle whose points were determined In ihe aome way 
It sflome an obvIouB concluelon then tlial, as P'B' — JJ", we must haTe jl,(K) 

-71+^ Is not correct, IhefloluHoDia /I,( 7 ) - I’r 

where j, /, and J" are the sides of the triangle The cauee of this U, of course, that 
the co>ordlnateB of the angular point enter Into both directions and bind K and £" together 
Bat it le remarhablo then that, when 7 Is a right angle, tho solullone are Identical 
With equally good unbound obaervaLione, 0,, 0|, and 0,, we get 

^,(o,-l?e,-|-Oe) = 6 ^,(d) 

Ja(oi—2o^+o,) - 6J,(o), 
but 

^(o,-ao,^- 3 o^-OJ) - 20^,(0), 

although 0,_3p,-|-3o,^o,, » (0|—Soi-l-o,) —(0,—Soj-f ^9)1 according to which we 
ihoald expect to find > 

^i(o,^3ei'f’8oi—Ofl) ■■ 20]+o,)-t'd|(o,—Soj-f-Op) ■= lS^|(o), 

But if, on the other hand, we combine the two funclione 

ff n Op-|-6o,— 4 o, and if' — So,-*1-80, —Op, 

where dilA') <-< Bdipto) and and from thia compute for any function 

oif'-f then, cunouely enough, we get ae the correct reeult *" 

Gauas's general prohibition against regarding nsaulla of Gomputatlona--eepeolallj 
Ihoee of mean errora — fyom the eante obeervallone as analogcuo to unbound obaerrailoni, 
baa long hampered the doyelopmenl of the theory of obeervatlODi 

To OppermaaD and, somewhat later, to Holmert Is due the bononr of having 
dlecOTered that the prohibition le not absolute, but that wide aicepliona anabie tu l« 
eimplify om calcnlatlone, We muet therefore study thoioughly the conditiona on which 
actually existing bonds may be harmlBss 

Let 0,, ^ o„ be mutually unbound obeerratloiie with known lawa of errora, it,(<v), 
jl,(o,), of typical form Lei two general, linear functlona of ihetn be 

• -^PnOn 

[fvoj ^ a,£p, + , -|- 



Pol [hoiie then vo know llie lnws of triors 

For u goncrol fiinUlon of lhasa, j'>'a[/ia] 4 -Hv"]k correct computallon or (ho law of 
mioiii bj mm of /’ «■ ^(up4mol will furlhor give 

^F) - (pjf|+Ai/|}N,(o,)'f- + (fV, + m'^iN “ 

/1,|F) = 0 Ion >2 

II sppraro then, faolh that Iho mean voluoi can bo computed uncoudltlonallyt u 
if IjmJ and I'/o] w«ra unbound ohaervatione, and tbftl the law of otrora remaina typical, 
Only in tbe square of the mean error thoie la a dlObrenco, an the toim conUlning the 
(aelor 2ii6 In j|, {F) ought not to be found in Ihe ferniQlA, if [^] and [90) wore not 
liound to ono anollier 1 

When conaaquontly 

Ipgl,(D)l - Pi9,A,(oi)+ +Ji.5J,(o.) - 0 l&l) 

the furcllone fjioj and [^0] can indeed bo treated in all reapocts like unbound obserfalloui, 
for the law of errors for every linear function of them Is found cctrecUy delenntnad also 
upon tbiB BuppoHltion We call such funoKons mutually "f^ee functlona", and for auih, 
coiiaequBptly, tlio formula for the mean error 

a j- [jo] b) - L(o)] + [j* l,{o)] (68) 

liolde good 

If Ihla foimulQ bolde good for ona aet of (IdIIo viluea of a and 6, It bolds good 

for nil 

If two functioiiii nre tuuliially free, each of them U said to be “free of the other", 
and Inversely 

Kainple 1 The sqm iiiid difTefonra of two equally good, unbound obiervatloni 
lire mutually free, 

Kianiple > When the co-ordinatea of a point are observed with equal accuracy 
and wilhoiil nny bonds, any Iransforined rectangular co-ordinalei! for the same will be 
ntalually free 

Kiample .’l The euro or the mean value of equally good, untwaad obiervathina 
li free of every ditliTeiico beheen two of Iheoe, and gonerally also free of every (linear) 
fanetloii ol smu difleroiuei 


(65) 

IW) 
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hiAtnple 4 ThQ difTerfinces botffMn one obaervallon and Lwo other arbilrnry, un¬ 
bound obsorvationa cannot be mutually free 

Jiiiample 6 Llnaat hinctioDB of unbound obBorvatione, ffhlch ero ell diiTorent, are 
afrraya free 

Examplo 6. Functione with a conatant propottion ennnet bo mulually free 

§ 37 In accordance with what wo havo now aoon of free functional corroapondiitj; 
propositiona muat hold good aleo of ohaorvatlona which ore influanccd by Iho aamo clrcum- 
atancea it la not rtoceaBUry to reapeot all connecting bonds, It le poasible that actually 
bound obserYBtlona may ha regaided ae free The conditions on which tlna may be lh& 
case, must be Bought, as m (bT]i by meana of the moan errore caused by each oircumstanco 
and the coorAoleDla by which the olrcuniilance iDhuoncsB the eevoral obaervatldna — Note 
parti cularly 

If (wo observations are supposed to be connected by one eingla circuniatanGe wbibb 
they bare In common, such a bond must not be left out of consideration, but Is to be 
respected LIkowise, If there are several bonds, encli of which induoners both obBOTVations 
IQ the Bumo direction * 

If, on Iho oLhor hand, some comraoti circuinBlancoB Indiienco the observations in the 
aamo dlreetloii, others in opposite directions, and if, moreover, ono class muBt bo suppoaed 
to work as forcibly na the other, the obaervations may possibly bo froo, and the danger of 
IteatiDg them bb unbound is at any rats less than >n the other caaea 

§ 88, AaBUmiDg that tho functions of which we shall apeak In the folloving bib 

linear, or at any rate may be regarded as linear when etpandsd by Taylor'a formula, 
beCBOBe the errors are so ania]] that wo may rojent squares and products of the dovlations 

of the obBervallons from Axed values, and aasuming that the obserrallona o,, o., on 

which all the flinctlona depend, are unbound, and that the values of ,l,(o,) ^y(o.) are 

given, we can now damonatrats a senea of imporlant propositions 
Out of tbe total syetem of all functions 

of the given n observations we can nrbllrarily select partial syatoms of functions, each 
paillal syetem containing all tboee, which can be repraaontod as runolions of a number of 
m < n mutually independent functions, repreBenUhve of tha syetem, 

[oo] — 0,0, + 

[do]-d,o,-j- 1- 

of which no one can be expressed na a funotmn of tha othore We can then demonstrate 
the existence of other fanctiona which are free of every foinotlan belonging to the partial 


1 



gjilm repre8«nUi] U Ih sulfirient lo prove that such a Function 

jjo] — g^Oy + f/ifif Is 1^60 0F ['/lil I |,^/«»| In Cfinaequeni-B of the equallona 
|v<F(lji="0 Nr If ao. \tji,\ miivl )ic frco ol ovcrv funtlion ot the parlml 

evHtenii 

[(fMJ- ?d)ol j-[ow] 2[f/o], 

lietauRO 


Any fuTullon of Die lolal svitem ||w| (jiri nou In ono ‘iingle wny he lawlved 
into a "^UTn nl Uo fvincUons of tN aamu obaiir>alioTi'^, one of wlmh ih free of tiie pnrliai 
aysLem iipieHentctl by [hoJ [r/oj, ^ihila tlio oilier helonga to Ihis siuleiri 
II ufl tali tlic free addendum llila proposition may bo nntlon 

[/;oJ[;j'o] + lxH-L -L^m] (59) 

Dv meniia of the conditiona of freedom* «= [p'dhi] ~ 0, all that 

concornfl Lho unknown function [jj'o] can bo eliminated Wa find 


[pn^,] - z[(mijJ + +3[(ifi*lj] 

[pdJ,] ” i[nrfJ!i]+ +?[(f(Fi|J, 


P) 


fion ivlilch lie deternijne Ibe ooefflclonU x z imamblBuoualy Tho number in of IIibso 
aquations m equal to the number of the iinknoirn quantities, and limy muat be sufllclcnt 
for ihe delermlnallon of the latter, beiniiao, according to a vvell knourn propoaillon from 
tlm Iboery oF dnlerminante, the determinant of the coeflicienla 


_ 2 

[d(i^]l lrf„ 





la positive, Hng n iiim of aqaarea* and larinot be => 0, unless at least one of the funt- 
llous [aoj l.(fo] could, coiitrary to our auppeeitlon ^ be Teproaeitted u a function of 
the othsra 

From the values of x z Lhiia found, we find hkaviae 

[p'o] - -*[*] (01) 


If [po] belongs to the partial Bystem reilreBented by [so] [r2o], the da^ 
torainalloD of z 9 eipresaea iLo coerilclenU in that syatem only, and then vo get 
Idenllcnlly (j/oJ — 0 


I 
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Bui If ffe lAh [po] out of the p&rliAl Byalem, Iheu (61) ^vea ua [p'o] u difTeranl 
frptD Hid tui free of that puilal fiyelopi II [po]"[go] tieloogB to the partial lyitem of 
[u] [io], [go] must produce in this maiiDer the very umo free ruDotlon u [po], 


Let [po] [ro] be fUDotlouSt Independent of one mother and of the in 
funotloni [ao] [<fo], If we then And [p'o] out of [po] and [r^o] out of [lo] oe Lbe free 
funoUonal parti In respeot to [ao] [do], the n runctloni [ao] [do] and [p'o] [r'o] 

may bo the repreaentatlye functiona of the total ayatom of the fuDollona of o, o*, becaiiie 
no relation a[p'o] + . -|-d[r'o] —0 la posaible, for by (61) It might reault In a relalion 
4 [p{i] -|. ^ ,)[ro] -|- ir [oti]-!- 4' 9* — 0 In contradiction to the presumed repreeen* 

tatire character of [po] [ro] and [ao] . [do] 

If ire employ [p'o] [r'o] or other w mutually Independent funotlona 

[go], .[fco], 

all free of the partial set [ao] [do], as leprOsenlatlye fuDctlons of another partial syatem 
of Oi 0,1 then erery funoilon of tbla ayatem rnual be free of erery fotiotlon of the partial 
lystem [ao] . [do] (Compare the Introduction to Ihia g) hlo other function of o, 
can be Itee of [ao], [do] than those belonging to the ayatem [po] [l;o], otherwise we 

ahodd haye more than n iDdepandent functlone of Ihd n rariablee o, a, 

I 

Thua aeleotlng arbitrarily a partial ayatem of funcllona of the ohseivatlona Oi , Oj 
we can ^ with refarence to giyen squares of mean errors 1,(0,) 1,(0,) — dialrlhule 

the Uneai homogeneoue IhDatlons of these cbeerrailons Into three divisional 

1) the glyen partial lyalem [oo] ,[do], 

2) the partial ayalem of funotlona [^o] [l»i], which are free of the foimer, and 

8) all the rest, of which It la proved Lhut every such function la alvaya In only one way 
compounded hy addition of one function of the Brat partial Byalein to one of the second 


The freedom of funotlona la a reciprocal property If the aecond partial ayatem 
[po] [jto] were selected arbitrarily Instead of the Brat [aoj [do], then only thia latter 
would he fouud u the free funcUona In 2), the compoaltion of every funotlon In 8) wodd 
ramain the aame. 

Eiample, Determine the parla of c, [-Oii 0| f o,, which 

ere free ora,-(' 0 , and o,-foi* un the auppoalllon that all 4 observatlona are oqudly 
uacl and unbound 

Answer 1 ’(o, fOi —Oj -o,), eli. 
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1)30 UkB bI] olhd rundliinu f>l Ihi' olis^rulirjriH 4, Oj, d IIipiq observad 
far WBlanta (](, Ih llw sum <if U<i (|iianlilia's, tme <i,' UlruiRln^ Ihe uystam o[ 
fao] Ltie othar o, lo ihe pirllal snliiii nr \ijn\ |U|, uhl(L w of (hi» Uul 

from ft — »t + o\ followB, (janarallj, IM i;"j| l/'o'li »iid (/jo"] evidenlly belodga 

to the syataiT) of [<»] (t/o], I*) ^1^*' ^^h|[h i'^freaofIhia Accordhi/ly Liiera muil 

bdiwaen thn f* funilionH in raUlInri I'lo'j *1 t(V] — 0, ItkeuiM H'^hi 

[flUllons “ 0, hBlttPpn o\ nl 

^ 40 That Ihfl runrtinni of nbbcrulion^ lan be split up, In an annlogoui vrajr, 
Into three or nioTB free j/uanllliPs, is of no (on^ej]nance for Ihe fnlloning, urc/jf ii/jcn ire 
lAia ojieMilioji to be mnterl Ihimjh fu the nlm«l It h eiuy enouirh to m, 
botfBver, Ih^t also the partial sislems nf runilions ran be split up, We rniiH, for Inslanre, 
emong the repreeoTiUlives (jyo] [j/o] nf one partial Mslem eelEil n smallPT nombeT 

[iwlif IHi nciordinp to in'!), upataU ihe hinol^ana 

(c'o] (<f'o] ''hlfh nere free of ((ii)] ffca] je'o] [fTo] ^ould then represenl the «uli. 

eyatorq of functions, free of [no] f6o], itllliln the parlial syalem |ein] i[r/o], and In 

Una way wi may conilnue till all repiesentnll^e funrlloiia are mutually free, every aliigle 
one of oil the reel Surh a (ollecUon df reprasmUlive funcLipn^ w« coll n empieU sel 
tif fm fvHcims Their number le Bufllcleni to enable i|e lo express oil the obserrallona, 
and all fuDcUops of thaae obB«r^atlo^B, ae fonctiojis of Ihem. and their mutual freedom 
hu the elfeot that thev can be treated, by all rotnputalloni of Ians of erroia, i^ulle like 
unbound obeurvalloni, and Ihtia wholly replace the original observahoni, 

§41 The mathematical Iheori of the transformaLlons of obiervaliona Inle free Fiine-' 
Ilona ii anatojinus lo I lie Lheorv of the Lroniformallon of rectangular lo-ordinolM (lonp 
^311, example 3), and ia treoled In leserai lexl>bonka ef the higher algebra and determinanta 
under the name of Ibe Uwoiy of Die oithogonal lubaUbUonB I iholl here enter InU 
Ihoue proposillops only, which n« are lo uie in uhal follows 

When we have Iranarormed the imbovnd obierntione 0 | lOt into the complete 
set of free functioiiH [no], [f*'oJ fjf'ojt It li often Important b be able lo undertake the 
opposite IramrormitioD bark to the obFerviliona This |i very eaally done, for we have 

which IB demonetrsted by subsLltutlon In the equalloni for the direct transformallon 

l<l0]-Oj0*+ 

|/o] —^10,+ H-iflow, 
becauiMi - 0 


8 * 



K« the originBl obeenratloDe^ conslderod bb functlcini of the Ireneformod observations 
[no] 1 [(^“ 0)1 D^ust be biutiially free, Just ee well u the latter are free runctlons of the 
former) ve Qnd h; conputlDg the equated of the mean errors jli (oi) aud the equation that 
eipreuH the formal condition that 0 | le freo of two of Iho moil romarkablo proporllea 
of the orthogonal substitutions' 


and 


^ I 





(03) 

(64) 


If all observations and functions arc staled with their respective mean error as 
unity, or are divided by their mean error, a rcduclloti which gives also a more slegsat 
form to all Iho preceding equatjona, the sum of the equarea of the thus reducod obBerraliODs 
is not changed by any (orthogonal) IraDBronDstion into a complete set of free runcllons 
We have 


^boV ' 


(05) 


which, pursuant to the equations (63) and (64], is eaelly domonstnlod by working out tho 
sums of lbs squares In the numerators on the left side of the equation As this equation 
is Identical, the same proposition holds good also, for Inslance, of tho differences between 
e, , 0 , and n arbitrarily seleoted varlahlee corresponding to them p, v,, and of the 
correepondlng dHTorenuee between the values of the runcllons Also hers Is 


(H-[w])* 


[0(5-0)]', 

(Ol-Pi)' I ,(Op-tt.)' 


g 43 For the practical ccmpnUlion of a complste set of free funolions it will he 
tho easiest way to bring forward the funolions of such a set one by one In this case we 
mail select a anfdciant number of funclioni and 61 ; the order In which these are to be 
taken Into pcDBidorahon For a moment wo can imagine Ible order to be arbitrary 

The lunction [no],^ which is the firat In Ibis list, le now, unohangod, taken into the 
tianifoimed set By multiplying Ihe selected fancllon by suitable conslanta of the form 
L^ji|,and enblraotlng the produote from the rsmalnlDg functions in the Hal, we can, 

iccoTmng to § B 8 , lyom each of these separate tho addendum which Is free of the selected 
function Of these then the one which la founded on function Nr 3 on the list is taken 
Into the transformed eel, This function is multiplied In the same way and subtracted from 
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2 ?; 

Iba jkUl remalniiig funrLbnyi no Ihal Ihey givt up Ihe addenda nhifh ara free of both Die 
laleoUd funclionai anti sio on The folloving achedula ahoiT£ lha conrao of Ihe operation 
for the (BIB 

CMfflcUnb Bum of the Fn»diirU Ritl« «l CoioMitallnii 

[ (lo] a, a, u, a, [aciil] [ ud}] \ ao\ Is lelecy 

[ ftfl] d, fi, 4, 4, [4ai] [4til [ 6c,l] [ hd),] [ t I N 

[ Cd] 0, C, C, 0, jcfl/l] [ei;] [ fCy|] [ fif/l] f Co]'-[rto] [ WliJ f fW/ll ■=» [ C'o| 

[ do] (f, d, d, d, [(14.1] [ifc4] [ (frfi] [ do]-[no] [ do.!] [ aaji\ ^ f d'o] 

[ K *>'. [4'c'i] [ 4'rf'^] [ 4'o] la eelBctod, la free of foo] 

[«■»] fil i f*; c', K4'^J[cV^][c'd'i] [f'o]-[4'o] [c'i'jl] 

[Jo] < tr, (f, d; [d'471 [dVi] [d'd'il] [d'o]^[4o] [i'ftV] - [d^ol 

[^<f] ^ [e''o]lBiiBl«WJifTMof[4folftndKol 

[d-o] < tf; d: d'! [dV'J] [dV'^1 [d''o]-[c"o] [dV.1] [Ml - [(f'o| 

[tf^d] < d7 (C < [d'n] K"fil l« ftM of [cH [4'ol, and [wol 

Tba computallonti of the lumi of the produola ()n which for the lahe of broTlty 
wo hi?< written .1 for (o)) could lie Toado all through by meana of the eingle coef- 
flclenU In the Uahifoiuiad funcUoni, u tl muat bo In Uie begtnnicg by awii 
of the coeflit irnla In the original functiona it is much easier, bowenr, fperlipiitarly if 
far some reuon oT other ne might olherwlao do without Ibe compulation of the coefll- 
elenla of the ImefoTnied funt^lons), to maVe use, for this purpose, of ihe following reiDuk- 
ible property of these buiub of the proilucla We hpra, for InsUnce, 



Consequently, the sane general rule of compuUtlon ae, according to the schedule, boUa 
good of the functuna and their coefflclsnls, holdi good also of the lumi of the pnducli 
and of the iquarei The ichedule gale the following appendit 



[cJj|]-[ui/l] [«il]-[fit^l.[W/l] [aa;]-ic'«UJ, [ckAJ [mM]- [e'lfi) 

[do/l] [dff/t]-[aCfl] [dal] [ofl;]-[i<'o'Jl, [rfcJj]-[(jd^].[rfa^J 

[c'o'4]^[iv;] [m] [m]-KV'^]. [o-i'fl m]~[m] 

[d'fc'A] I [i'fi'J] - [d'V'-l], [ivn]-[l.'rf';].[d'6'Jl [A'tuj - [W'Jl 


Ab ffill be Been, tbef* 1b * fbeeV by nieulB of double coDputatlon for eBob of 
the BumB of Ibe products properly so cslledi The buidb of lb# aquiree are of epecl&l 
jmporUnc# u they ore the 8(]nir« of the moiin flrroro of the troniformed fuoctioui 
^,[ao]"M. l,Wo]~[li'b% ^,Lc''o]-[r'V'^l, BPd ^,[d'''oJ-[cf"TM] 

Exatuplt PiTB oquolly ^oudi unbound obBervoUoiiB 0 |, Oii Oji O 4 ,oud o, reptewnl 
viluw of t table with eqnidisUnt Wfumonla The runcllcn kohulaUd le knono to be an 
Integra] olgebralo one, not eiceeding the 3^ degree The tronoforrafilton Into free fuDolloiu 
is h) b( carried out. m such a way that Ihe higher dHTerenoes are salwtod before the lower 
onea ^Because j*, certainly, J* elo, possibly, reproaent iquatlone of condition) With symbols 
for the dlffeiencss, and with il|(oi) — t, wo have then, 
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The cortplate of obierfoUont otid tba iquBru of Ihalr noftn errors 
ire tbuB 

(0)— «)ii+^'os+i^S ^ ^i{0) i 

(1) « KJOji—1 + J'Oj) — |'(f(’'25i —0| + 0j-j-20(v) I ^,(1) ™ 

[i) - ^t(2) - I 

( 3 ) - J ,< B )-.4 

(4) — J‘o, — f>i-4o,+eo,-4fl4+04, J,(4) — ID 

Through thie end the preceding chapter we have got n huu which will genenlly 
he enfflolent for ceraputatlone with obaervatlonB ud, in a wider Begee, for conpuUtioni 
with nunerloal rtluea which are not given In eiut fornii but only by their Uwe of errore 
We ciD, In the flrat place, compute Ihe law of errore for a giren, linear funotion of recU 
procally fred obeervatione whoee laws of presomptlve ertois we know Qy thie we can 
BoWe all problems In which there le not given a greater Dumber of obiervationa, and other 
more or leas exact data, Uibd of the reciprocally independent unknowD vakee of the 
probleiD, When we, k tnoh caaea, by the meana of the exact mathematica, have exprtaaed 
eaoh of the unknown numbera as a function of the given obiarvatioiiB, and when we havi 
euflceeded la bringing these fonctlona into a linear form, then we can, by (35), compnte 
the lawn of «ron for each of the unknown nnnbera 

Suoh a BolutloD of a problem may be looked upon as a Innaformition, by wblob 
It obaerred or In other waja given Takuei are traniformed into a knetioni, each eorro' 
ipondibg to Ite particular valne among the Independent, unknown valnee of the piohlen 
It Ilea often near thiu to look upon the solution cf a problon ai a traniformaUon, when 
Ike solution of the problem le not the end but only the meaqi of determining other nn- 
known quantitloe, perhapa many other, whiob kre all oiplloll knoUoni of U^e indepeodent 
unknowns of the problem, Thu, for Ibstance, we compute the 6 elements of the orbit of 
a planet by the rectiaceneloni ud deoUnaidoni correapondkg to 8 tiiooe, not preotaaly ai 
our sod, but in order thereby to be able to compnte ephemerldei of the htare placea of 
Uh planet But while the validity of Ihii view le ibeokte in exiot nathemltlci. It 
la only llmlUd when we want to determine the pieanmptlve lawa of enon of aonght 
knctioga by ihe given laws of eirora for the obaervatlona Only the mean valnea, aeught 
IS well u given, can be treated Juat aa exact quantities, and with thw the genmal linear 
Innaformition of^w given into w nought numbers, with altogethar w} arbitrary oonalanU, 
lemma valid, as also the anpkjment of the found mean nnmban aa indepeaieDt iiciaUaa 
in Ike mean valne of the explicit functions, 

If we want also oorreclly to determine the mean erron, we nay employ po other 
traoifoimation than that Into Ikee fnnctioiu And If, to lome eilent, we may ehaeio the 
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unicnownH of Ibe problom u wo ploaaot we mj oIUd luccoed in curylng 
Ihrougfa the UeaLnient of a problem by IranBforinallon IdIo free funoLlonB, for an anlnowo 
flmpber may be cbeaen <]Qll6 arbilrarlly in all lie n coelAclentg, and each of Ihe following 
uDknowbB loosMi u, a fuDoiion of the obierratlone, only an arbitrary coefbolent In com¬ 
parison to the preceding one, eran the unknown can atill gel an arbitrary factor 
itliogether are ifl(n+l) of the n' coefflolentB of Ibeee tranaformatlonB arbitrary 

But If ihs problem does not admit of any solnlion through a transformation Into 
iree (nnctlona, the mean errors for the aaveiat unbnowne, no matter how many there 
may be, can be romputed only in Buoh a way that each of the sought nnmberfl are directly 
eipieaaed as a linear function of the obserTatione The laine holda good ilao when thp 
laws 61 arrora of the obeeivatlonB are not typical, and we are to eiBmlue how It la with 
i, and the higher hBlf-lnvailante In the laws of errore of the Bought functions 

SiiU greater imporlance, nay a privileged poeilloti as the only legHimale proceeding, 
gele ihe traniformatlon into a complete aet of free fnnotione In the OTer-deternined probleme, 
which are rebooted as eelf-nmntiadloLory In eiaot matbeoialios When we have a collection 
of obBfirYBlIiniS whose numbar la greater than the number of the independent unknowns 
of the problem, then the question will be tc determine laws of actual errore from the 
atandpoint of the observalionBr We muel mediate between the obaervatlcna that oontradlol 
one mother, In order to deUrmine their mem numberB, ud the dlsorepanolos themt 9 lT«a 
mint be employed to detormlne their mean derlatlons, etc But u we have not to do with 
repetitions, the dlscrepanolu unceal themeBlree behind the ohangea of the oiroumitancn 
and require trSoBformatloDa for their detootion All the fanctlons gf the obsenatloni 
which, aa the problem is over-determined, bare theoretically necessary ralueii aa, for 
instance, the sun of the angles of a plane triangle, mnst be aeleoted for special uee 
Besides, those of the unknownB of the problem, to the delennination of which the theory 
does not contribute, must come forth by the Innsform^on by whloh the problem is to 
be solved 

As we shall see In the fallowing ohapten on Adjustment, it becomes of assential 
moment here that we transform Into a ayatom of free fanatlons the Iraniiormstlon b^ini 
with mutually free observaliona, end must not Itself Introduce any bond, because the trans¬ 
formed fuuetiona m varloue ways must come forth ae obBeiratlons which determine Uws 
of actual errors. 


X. ADJUSTMENT. 


48. Pursuing the plan Indicated h § & we noW proceed to treat the deUrmina- 
iien ef laws of enon In some of the cases of observations made under varying or dilTsreat 
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efluoliBl clrcumsUDCBa But hora re tpuat k content vilb very irsall reeulte The 
genetal problem wiU hardly over be Bolved The necossary equalioita muat ba taken from 
tho totality of the hypotheaea or theories irhioti eipreaa all the torns of each law of error 
- aay Uielr balf-lnvarianta — as funcliona of the varying or wholly different oitcumatancea 
of the obserrationa Without great regret, however, the multiplicity of theee 
a^alions can be reduced coneldciablyi if we auppoae all the Uwa of erroia to be eicluiively 
of the typioai form, 

For each observation we Deed thon only two theoretical equatione, one repr^sutlng 
ila praaumptWo mean value l,(oi), the other tho square of lie mean error /l,(adi aa func- 
tlona of the essential clrcumalances But tho theoretical oquationa will generally contain 
other unknown quautltlea, the arbitrary conatanta of the theory, and Iheae muat be elimi¬ 
nated or detorinlnad together with the laws of errors, The compleiity la atiU great enough 
to require a further reduction 

Wo muat, prellnlDarily at all events, auppoae tho mean eriora to ba given directly 
by theory, or at least their mutual ratios, tho weights If not, tha problems requite a 
Bolutlon by the Indirect proceeding Hypothetical asaumplionB concerning the 1 ^( 01 } are 

M j 

used in the drat approiimation and checked and corrected by special operationa which, as 
far u possible, wo shall try to expoee beside the several solutions, using for brevity the 
word "cilllcism" for those and other operationa connected with thorn 

But even if we confino our theoretical equations to the presumptive meana 
and the arbitrary unknown quantities of the theory, the aolutloiiB' will only be possible If 
we further suppose the theorntlcal equallojia to be linear or reducible to this form 
Moreover, it will generally bo necessary to regard aa exactly given many quentltias really 
found by ohsei lUtion, on the auppoalUon only that Ihn corTeaponding Lmean erroia will ha 
small enough k render such irregularity inoffensive 

In the Bolulion of auch probleme we must rely on the fpund propoiitlona about 
funcUona of obeorvationa with exactly given coafScieDta In tbs theoretical equations of 
each problem aela of siioh funotlons wfll present themsalves, some ibnctlons appearing aa 
given, othera no required The observatlone, as independent vatlablea of these funcliona, 
an, qow the given observed values Of, now the presumptive meana 1 ,( 0 /)! the latter ore, « 
for IneUneo, among the unknown quantities required for the eiact satisfactloD of the 
theorellea) equattona 

Whit u said here provialonolly about tha probleme that will bo treated in the 
following, can be lUuatnled by the almpleel case (dlsouased above) of n repelltioni of the 
eame obaervatioD, reinlling m the obaerved values 0|, ■ 0| If we here wnU the tbeo- 
relloal equations without inlrodueing any unneoeaiiry unknown quintltltt, they will show 
the forme 0 lifod — ^,(ei) or, ganamlly, 0—1, [a( 0 |- 0 |)] But these equiliona are 

e 
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ividenllj nut ailfllucnt for lh« liitunlnaLlo'' of wy A|(q/)| \»hlch they only p7« If iBoVhfii 
in round boMiond. The Mvglil oonunon mean caunoi be formed by the Introduc* 
tien of the obaorred Tolueg into any function [n(o<—oj)]. thaio oTToneoDS Taluei of the 
runotlons beiog ueeful only to check (o/] by our OTllloliin, But vo must romembeT ukai 
we know about free fanotloiii that the whole ayetom of Ihoao functlona io{o(-'' 0 ))] ii oifly i 
i putial ayetem, with n-'l diferences as repreaenUtwoe, The only fnoctlou 
which can be free of thia partial ayaten], muet evidently bp proportional to tha aum 
and by thia we Bnd the Bought determination by 

^l(Ol) "+ +®li)) 

I , 

the preeumplivo moan being equal to the actual mean of Iho obaerved valuea 

If we IhuB coBBider a general ifflleo of unbound CbaarTailona) , Ott U la of 
the psataat Importance to notice drat that two aorta of apaalal caseo may occur, la which 
our problom may be aolved ImniediBlely It may bo that the Itaooretloil equationa concain^ 
lilg the obeorvabiena leava aonie of tha obaerTatloDBi for Inatanua Oj, quite uniouchedi tt 
may be aleo that the theory fully determines cerlala olbera of the obiervatlona, for 
Inalance o. 

In the ffirmoT caee, that la when none of all the Ihoorlaa In any way concern tho 
obaervation o,) It la ovldont that the obaerved value o, muat bo approved unconditionally 
Even though thia obaervation doea not repreaent any neao value found by repetitlonai but 
etandi quite iaolatad, It muat be accepted oa the moan d,(o,) in Jla law of preaumpllve 
errori, and the ccrrespondlng aquaie of tha mean error J,( 0 |) meat then i be takeUi 
uDohiDged, from the aaauped (nveatigatloDe of the method of obaervation 

If) In the latter case, la an obsorvatlon wblc|i direotly ^nnoerna a qaaqilty that 
can be Jelermlned theorallcally (for Inatanoa the aum of tho angi *j of a reotllmaar triangle), 
then It la, as aucbi quite auperduoua aa long as Iba theory U maintained, and then It 
moal In all further compulalioDa he replaced by the theoiellcally given value | and In 
tha lame way «l,( 0 i) muat be replaced by zerOrOe the aquare of tho mean error on the 
errorlott tburatioal value 

The only poaalble meaning of such auperfliiouB obeervatloni muil bo to test tha 
ootreclnoaa of the toeory for approbation or rejection (n third roaull la Impoaalble when 
we uo dealing nth any real theory or hypolhaaiu), or to be uied in the crltleiam 

In inch a test lb muit be aaaumed that the theoTollcil value correapoadlug to 
ihicli we will call Ha, la Idenileal with tha mean value In the jaw of pniunptive >rrura 
far Oa, coiiBequeiiUy, that Ua^ili(Oa), and the condition of an afOrniativa rvull muat he 
«Mi|iai fnia th« iqukra tf the devtatloD, (op’-u.)* In ooiqpariien with 1,(0,), The 

I 
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aqUttliiJtt K-ii,]* — AitOii) naeil not lio oxaitly ^AliaHed^ hul IKo ftfiprovlniiillon muni- 
at any rale bq so clo'ie that m may enpeol; tq (Ind cominj; out aa tlie mean of 
numeroua observed valuoa ol (o. — Compam ^34 

§ 44 If then all the obaervationq o, o, Aill under one or tbe other of Ibeae ttvo 

caeaq, the natter is aimpio enough, But generally the obaervalieps ct will be coanecUd 
by theoretical aquetlona of condition whleh^ eepataUly, me inanfilclent for Uio deUimlnallon 
dI Ills elngle ones Then the ijiieetion is wbetber we can traneforni tbe eerlee ol obsarvatlons 
In Buoh a way that a clonr separation belwoen the Uo opposite rolalions to the theory 
can be niaie, so that sono of the Irarsroriiiad funrtione of the obBOrvallona, which must 
bo mutually free In order to bo Iroiitqd us unbound obserlBlIons, become quite Indopendent 
of the theory* while the rest are enliroly dopondenl on It This can he done, »nd the 

computalian with observations In oonesquonLo of Lhess prmciplos, le what vn moan by 

the word "adjiietmenl' 

For as every theory lan bo fully exprossed by a certain number) h —m, of IheoTelical 
equations which give the exact valiios of the same number of mutually independent linear 
fnsoiiona, and u wo arc able, as we have boob, from every Dhservallon or linear fnnclloti 
nf Ihe observatione, in one ninglo way, to separato o funcllon which is free and independenl 
of these just nftmad Ihoorotlcally glion rancblons, and which must Ulus enter inta nnnlhor 
system, represented by m funcllone, this Byslom must imlude nil those functions of the ob' 
eervstlons which are liidepondent of the theory and cannot be determined by it hat lx of the 
IhiiB rmilnally separated sysioms lan be imagined to be represenUd) iho theoTelloal ayslem by 
ii-m, the noii-l]iooreli(a1 or omplrlcnl BysUni by i/i TniiLiially free riinLllonSi which together 
represent all ehservotlona and all linear functloiie of the sumo, and which miy be looM 
npoii ju a comp[i,le, transformed syetem of free functions) consequently ns unbound obser¬ 
vations Tho two eyelems cun bo separilted In u slnglo way only, elthoiigli the mpreson- 
bilion ol uach partial eystein, by free ruiirllons, ran ocoiir In many ways 

It le Iht ideii uf the udjmtmui^ by meians of Ihie LranaformatlDn, to give the 
Dieohy its duo and the oliservalioiis tbelrs, iii such a way that every function of the theo* 
relual system, pud purlliulnrly the n-riu free reprosenlatlvce of the same, are exchanged) 
eocli with iU lliBorolually given valiiu, uliiili) piirsuint to the theory, ii free of error On 
the other hand, every fiinctioii of the empiric system and, particularly, its i/j free repre'ieTiU- 
livoa remain iimbangod us the obseivationa determine them Every general function of 
the N observaLona [t/o] and, particularly, the observitloni themselves are during the ud)uet- 
iiiunl split Into two univocally determined addenda Die theoreDcal function [d'ol. which 
should have n fixod value and the non-lheqrollcal one [if'o] The former fd'o) I* hy 
the adjustment changed into ii' iind made errorlMs, the latter li not changed at all The 

result ol the adjustment, i)’’|-[d'' 0 j, le called fbe pdluiled tiIui of the flinctlon, and may 

u 
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be Indjcaied ns [duj, the adjiiBled u\m of Iho obeervationii themsolYBA being wtitlen 
U| ,ii| 'The rerniB of Iho funcliona are not brolten, the dietribtitive pnnclplo 
. /’(;E)-^^(y) hotdj good of ererj homegetioouB Urdu fuRclIon 

The doUrmiRatlon of the adjusted values Is analogoue to the forrnalion of the 
mesA vaiuea of lava of eriora by rapelillonB For thooretioally deLeriuiDed funolioiiB the 
adjuited valua is the mean value on tha very lav of proaumplive errors i for the funcllona 
that are free of Ihe vholo theoryi ve have the extreme opposite limiting case, mean values 
represeay by an Isolated, Binglu obBorvation In general the adlueted values [du] are Bna< 
logouB to actual mean values by a more or lees numotcus eorles of repetlllona For while 

•» i)[d"o]i coiiBequcnlly 

iRialler than [do] The ratio Ib analogouB [o the number of tha repelttlone or 
the weight of the mean valne, 

§ 45. fiy we mean the trial of the — hypothetical or theoretical ~ 

supposiiione, whieb have been made In the sdjuilipent^ with reapool to the mean errors of 
tha obicrvatlona, new determinailoiiB of the mean errars, analogous to the determinations 
by the square pf the mean deirlalione, /j|, vill, eYentuAlly also fall under this The baela of 


f 


the ontioism mint be taken i^om a comparison of the observed and the adiusled valnes, 
for inelance the diffierencei [do]—[dii] According to the principle of gdd we muBt cipect 
the square of such a dilTarence, on an average, to agree with the square of ihe correspon¬ 
ding mean error, A ([‘f®!' [‘^'*11 1 but as “ [d'o] —Xt'i and — 






(0d) 


which, by way of parenthesis, Bhowa that the observed and lbs adjualed ralues of the same 
fanc^oB or obcetvatlon cannot In general bo mutually free. We ought thin to have 

I (flD) 

IB the average) and for a sum ofiterms of this form we must expect the mean to approach 
the lumber of the lermii nota bene, If there are no bonds batween the functions [(fo]-[<fu]| 
hut in general aueh bonds will be pemt, produced by ihe adjuatment or by the seie&> 
lion of the fnnotipne* 

It Ib no help If we leleot tbe original and unbound obaerralLona tbemselvasi and 
conaequetiUy thtm aums suolv as 




for after thi adlulment and its change of the mean errorsi u, lii are not genenlly 
(bee fuDctloDB auoh as 0 | Only one single choice la Immadlaielj safe, vlj, to lUok 

U the eyitem of the mutually free funelioni which, Id the idjustmont, have tbamielvea 


V 
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roprospnN Ihfl oharvalion!) the n-i»i Iheorpluiillh given runclions and Lhe w ivlnch 
l|]e Adjualmenl determines by the obaervetlcms Only of these we hngw Ihnt they are free 
both Wore and nn»r tbe adjustmenl And na the difTerennea of the liaUmenlloiiod 
riincliona Identically Ynniehi the critlciam must be baaed upon the >i —/n Urtna correapondivfi 
to the IheDTeUnilly freo lunciiene [no] »• ^1, [b'v]» B* o( the aenea 

the ailin of which mual be expected to bewii —m 

Of eourae we muat Mi expect thia equation to be atnotty utlafted, ucoTdtnf; to 
Ibe iKxond equation (dH) the aquare of the mean error on 1, Ba4be expected Yolu^ of each 
Utm of the aeiies, ought to be put down— 2, for the wbold eeriee, conaequently, we can 
pul down tho expected value oa m) 

Dili now we can make uao of the propoaltlon (U6} concerning the free fuDotletiB 
It Dherti UB the advantage that we can baae Iho critlciam on tlis deviations of the aevaral 
ohsorvationa from their adjueted uluea, the latter, we know, being auoh a apeola] eel of 
ulufle lu may be compared to the obaervatlons like o, .Ot loo clt , U|. iia are only 
dialiiiguiahed from u, v, by giving (he fubctiona which are ibee of the theory (he same 
valuoti as flio obserrallona We have conaequetitly 

■[««<;] + + wjTr“[iTisrl ’ 

If wo compare tho sum on the right aide in tbie axprejuion with the above men> 
lu'iied . f’ , which we dwe not opproNe on account of the bonde pToduMd by 

Hill adJuaiiTisnl, Ihen ihoro ia no decided coniradictlon betneon putting down 


ut llio bmalloi value h—w only, while 


(0-L)» 


-, by the dinlnudon of Ibe denomU 


..'- 

(inldXB, ran get the value ii, only ne ten get no cerUinly for it 

tlio ratios butwoon tbo lorreapondlng ternia in tbeie two suma of aquarea, conaO' 

iiiienlly 1 - i 're call "acalea*. vh arafea for meaeutlitg the influence 

(,(«) ^ 4 ( 0 ) 

of till! aifjiiBlmonl on tlic single obaerratlon More generally wa call 

I — the scale for the function [c/o] t72| 

If the scale for a funclloD or obanrvatioD baa Ita greatest poasible value, vli I, 
t|,[i|u]bO The theory baa then entirely decided the result of the adjustment Bat If 
the scale ainhi to ita lowest limit ^0, we gel Just the reverae fiu} il|[(fo]» I a« the 
Iheoty has had no Influence at all; the whole determination le baaed on the uoldental 



vdufi of tlie for In Ihm oaat «« ael t-t^—^^ ^ 

Evan though the bc^Iq haa a Anile, kl very oinall value it will be inadrtilBoihle to de¬ 
pend on the value of euoh a turn becotnitig *» i Wo undenUnd now, thorofore, l|ie 


luperlarity of the sum of the eijiiarM 
(e-u|* 




^.(0) 


«> ii — m to Iho Birm of the iiquiiru 


j “ f* “ ft of the fluiniDary crtHoleni 

Wo may also very well, on pnnclple, elifirpen Iho domund for udjustmeiit on Ihe 


put of t|io orUiolBOi, BO that not only tho whole eum of the equarsa 


(o-w)» 


inlmL 


approaoh the value n — in , but alao parlial aume, oitructod froni the Bawig, or even lie 
several terme, muat approeoh certain yalimo OnTyi they are not to be added up u 
nurabera of unlUi but muet be butdb of the Beales of the corresponding terms So much 

(o - 

iusljflcd 


we niay trust to tho sum of the iiquarcs 
cloilBly applied, may be coneldored as fully 
The Bum of the squares 


that this prlnclplo, when judU 


(<i-f(l' 


^.(0) 


posseBsee an Intoroating property which all 


other anlhera have wed as the baalti of tho adjuelment, under the name of '*|he mrlkd o/* 
tAe ifctsl i<]Uarei" The above sum of tho squares gola by the aii|lustmeiit the least possible 


value that 


(o - e)’ 


di(ol 


oan gat for values p, ,i o, which sallafy the conditions of the theory, 


The proposition (0Bj concofoing the ftos functions shows that the cohditlon of this tulnlmum 
la that [(^'o] — [e^u], =. [d"'Hl for all the freo fiincllona which are dsloimlnod by 

the observations, consequontly Just by putting for eaoh v the correspondipg udjusled 
value u 


g 48 The carrying out of odJustmeDU depends of course to a high degree on the 
form in which tho theory Is given The theoretical equations will generally include some 
observatioue and, beside these, some unknown qusnUtles, eleraenls, in imaller numkr than 
those of the equallonsj which we Just want to determine through the idjustmeDt This 
gontiral form, however, Is unpractical, apd may alao easily lie tranifarmed through the 
usual mathematical proceaaes of elimination We always go back to one or^lha other of 
two eilreme forms which It is easy to handle sirAfr, we aasuma that all tho elomeats 
are ollmlnated, so that the theory U given as above asaunied by w—ns linear equalloae 
of condition with thooretjcally given coofholeiils and values, adjutlimi by wrMu, or, 
we manage to get an equation for eaoh ubeervitlDD, coDsequenlly no equations of condJlknj 
between several cheervatlo ns This la easily attained hy making the nnmbai of tlu eUnenta 
as largo (— m) as may be necsosary we may for Instance giro urns values of observitloDi 
the name of olameDts This sort of adlustinsiit Is cslled ai(/tutnrsnt hy <fsMois<s We 
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ihill ilisuis Iheso Toima in tlie foiWInff c^iaiitara \l and XH, firak thn adJuaUnenk bv 
carralat;as wlioao ruins it la iSaalint to dodiicij In pmctico nii profor adjuatirent by carrelAlM 
whan M IS noarly os ndjimlmonl by uIomonlH nrlion »i Is amnll 


XL ADJUSTMENT BY COJUiELATES, 


H 47 Wo euppoad ire have oacertalneil that tlio nliole Ihury le eiprossod in t|ie 
QijualiOM irhwb tbo odjaateil toIum u el Uie » obeorvulKinN 

are the only unlino^n quantUlefi, no profor in doubtful ca*fes tn hovo loo many oijuationa 
ratlier than too fon, Dint occDBlon^Hy a suporniimernry ai|uaYon to iligcV the compiiliilloii 
The Unit thing tho o^Juslmept by rorrelatea (hen I'aijulren lo that the fiiDLlioiis Ino],, [to]^ 
oorreeponding to these equntlons, are made free of one nnothcr by fho echodulo in i 49 
Lei [ool, bi:"a] Indicate the u—ui muliially free fiinillons vhicli wo have got 
bj thia oporallon, and lei uB) beside tlioso, inia/pno (ho Bystem of free functlone completed 
hy til othor athttmily aeladed fimcllona, « [u'oj, represcntalivos of llio empiric 
funotlonst the BdjUBlmeiil la then principally modo bv inlroduiing the IheorctlcDl rnluoii 
Into Una ipim of fiM ftmillonB. U Ib niuUy aicompitalied by Itansforinii'iiB bnik frum 
the frM moditled functloiia to tlio aidJiiBted observations t'or this Inverse trinefoirmUlon, 
according to (69), the n oquationB oro 



As (ho ndjustriieiil Inlliioiiclia onlv the n^m tirst iorniB of each of llioao cifuatlons, 
no limn, bei>aiiNn lr<w| - yj, |»"if| =»r", and “ d,(c"«| “ 0, 




ConfteqvAvlIy 


BBl) 


Oi—Ui *1* ^(o,) 






hd 


[M^] ( 







(^7) 

m 


Thai for tbs coniputiUon of til the dlfTenncei biLTreeu the obserTed >tid o^l^ited values 
of the taveral ohuTvstlaiii and the p(]iitTei of their meth eriora, and thereby Indirectly for 
the nhele odjuitiunii, ne teed but me the vtltea and the mean erron of the sefvertl 
oliMrYtUetBi the coenotente in the theoretically given functions, and the two valuea of 
each of Iheae, Dinuly, the theoretical value, and the value which the obeervaliona would 
give them 

The faclon in the eipreulon for o^-wi, 


K. 


[o^-^A 

wri' ’ 


K,n 


fi>"o]~C" 

IW,] ’ 


which lie common to al] the oburvaMons, are called carrelnltt, and have pven the method 
Ita name The i4)uilfid, iihproved vnltn of the obiervatioui are computed In the eaeieit 
ny hj the fotanla 

m 0^ _ -|- , (19) 


By writing the aqua^on (76) 


(HO) 


and mmmltg up for all valaea of \ from 1 lo n, we demonetrate the propoeitlon concerning 
fha enn, of the icilia dlMneaed in the preceding chaptw, via 


!.(•) 


_ [“j,!, I m,] _ , „ 

+i??i7r" ” 


(81) 


§ 48. It deaeryea to ba noticed that all theee equatloni ue homogeneoui with 
rspeat to the lymboj J|, Therafora It makea no obange at all In the reeulta of the 
idlmtoeat ar the oompotalloii of the ualeB, If our aunnied bnowledge of the mean errors 
In the Nveral obaamllou hia lUlad by a wrong ealtmaU of the unity of the mean mrmw 
If only the pnparUanallty ii praaanadt we can ndjust rorreotly If wa know only I •' 
w^ghU ef (he oheanaltau. The honogenuainwa (a not till we raach the 
•quUaoa of the crlUdfin > 
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\w\ I 

- f 

“ m 


f[Aj-cr 

KV'i,| " 

[{(iKn -f -I- c''Ac )* ^(O)] - H - fll ± ZS) 


( 62 ) 


it iollcwg that crillcisin in this form, ihe "anmmiTy cnllciBit*', m only ba used lo hy 
Ihe correctness ol the hypot)ieLical unity of ihe mean errors, or to dslermlne this if it 
haa originally beon quite uniinowii The epeojal oilLicianii an the other bard, can, where 
the ijarUa of obsorvationa is divided into groups, give fuller infarmalion through the aurne 
of equaru 



talren for each group We may. for matarce, test or delormlne Ihe unlllea af the mean 
errors for one group by tueana of obaervallona of angles, for another by measuramenla of 
diaUnces, etc 

The crltlciam baa olao other means at ita dlaposal Thus the dlgerencea (o u) 
ought to be email, patUouIarly those whoso mean errors have been small, and they ought 
lo ohbTige IhelT signs in euch a way that appiuiimate^y 


for natural or acoidenlally eeleoied groupe, espBoially for suoh serlea of obsonaLions as lie 
nearly repetllions, the essential clroumstances having varied vary litile 

U, Lllimntflly, the observations oan be arranged systeinBiioally, either aocordtng to 
e&sentlal olraumstenaes or to such as are considered ipeasentia!, we must npecl freqQenl 
and irregular changes of the eigns of o -» If not, we are lo suspect the abserratlons of 
lyslematicBl errors, the theory proving to be InsufQoienl 

§ 40 . It will not be superfluous to pioeent In the form of a sobadnle of the ' 
adjoitmenl hy cortelaiee what haa boen eald hetOi also as io the working out of the free 
functions We suppose thon that, among 4 unbound observations o,, o,, o,, and o,, wllh 
tbs squares oD tbelr mean errors *1,(0,], I,(o,), ii|(0|), and ^1(04)* there eilst relatione 
which can he eipresaod by the three theoretical equations 

[au] - - A 

[64] - hiU,+ - B 

[ru] — f| H, -|-e|U, +C|ii4 — 0 > 

The sohedule Is then aa fellowe 

ID 
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T%« iriTts 

A D 

0, 4,(0,) II, e, 

0, Woi) «i \ «. 

0. 4,{o,) 0, h, 0, 

", ^,(‘>,) a, ^ "i 

[Ofl] [fio] [m] 

[ooJ] [oAfl [otfi] 

L&oil] [^64] m 
[ofl4] [fW] [eefl 

OnAk. 

The free foaotiou ue oompated b; idbsdi of 

O' * d-^A 0" - O'^r'fi' 

if ^ Cir-f'bi 

M-N-rM [rf'o] - 

I'l III 

- Hl-rN] Ki^’fl - 

Bj the prepdlj ee celled we conpdte 

o<—ft "■ -['<5'jr,f)4(("() 

■ (taT+ 

Ji(ft) ^ ^(0i)-4i(0i-ft), 
end for the lanbivy vltleln)] 

nN.i+Ji'[WM+«'lw,] - [i^j - 8±if 

la eider to |at i eheeh we (ngbt tPrtliei te oompate [a«] -p i, [bn] »• S, pad 
[<*!]»0, vMk the Tiloei we here fonad for w,, Kii W|, and w,i Uoreoier it Is uiolhi to 
•dd ft npwrfliiouB tluonUeil eqaadoD, for luUaoe tbroagh the 


B'... B-^A 
bJ * 

[^0] ..k [bo]^^[<tt} 

0 ) II 


Fife Inncreei 


Adjiuled TUTiH 


N 


tf;; 0,-M, H, i,(o,-M,) 4,(iO 1-4,(w,) i,(b,) 

o'; o,-«, li, 4^(0,-«,) 4.(u,) 1-4,(u,) 1 ,( 0 ,] 

0,-M, i+, 4 ,{o,-m,) 4,(m,) 1-4,(h,) 4,(o,) 

(/; fl.-M, I*, 4,(u,) 1-4 ,(m,) 4 ,(0,) 

[i"o] I 9 as proof 


m] [ 6 V 4 ] 
[c’i'4) [o’l^aj 




CilttdiDi 

{“.-w,)' 4.(0.) 
4.(0.) 
4,(o,) 
4,(0,) 


rihifi 4i,< — -f'J.fTA- and aarantuTy oritlplsm 



oompuUlkn of tha frea funclioDii, which is c^nuL onlv if such t Bup«fflii|ty i(iQ4» to 
Identical resoSls 

§ 50 It IS a deflclenoj in ths adjustment correlates that It cannot well b« 
employedi as an intenoediale link in a computation that goes beyond It The method lo 
good aa fai as the deUimlnation of tha adjusted ^aluesi of the aevnal Dhsavationn and 
the criUclBm on the samOh but no further MTs are olUn in want of the adluitoil valuei 
with determinationB of tho mean errors of lorlnm funclloDS of Ibe obBorvatlousi in order 
to noire suoh problems tbe adjuatmeni by correlates must be made in a modified rorm 
The iimplest oourse isi 1 think) Immadiately after drawing up Iho thooretiial equntlona of 
condition to nnnei the whole lerlea of the funclIonE that are to be airammed, for instonce 
[da],, [«o1i and Include thoiu In the compiitotlot] of the free fiinctione In doing eo we 
must take care not to mn up tho IhsoroticBlIy and tho empirically detorminod rnnationB, 
10 that tho order of tho uperaltow muat unconditionally give tho preccdenco to the 
theoretical flinclionsr Ibe others are not made free till lbs trealment of theao la quite 
Unished The functlona [iTfl], [ctoj, wliich arc aoparotod from these ^ It 1b scarcely 
Deoessary to rDontlon it — remain unchanged by tho odluBlment both in value and in 
mean error And at last the ndjiiBLed functions [du], [m], by retrograde Ironifoimalion, 

are deteimlned as linear functions of C") , [e^o] 

Eiample 1 In a plans triangle osch Angle baa been measured several tlDioe, all 
Dieasursmento being made according to Ihe same mslbodi bondfice and with tho same 
(unknown] mean orior 

for angle A has been found 70" O' 6" as the moan number of 6 moasuramenU 

i , ii . . < 50°(y5" I • I • ilO 

• • 6' . I QO^O'd" 111 ■ »J5 • 

The adjusted values for the unglce are then 70”, 60°, and 60", the mean wier for single 
measurement » ^ 17"0i the Boalen 05, 09, and 

Biunple 2. (Uonp eiampls g d2) Fire equjdletsnt tabular values, 12,10, 29, 
66 , have been obtained by toking approximate round values rr 9 m an exact table, fioiD 
which reason tholr niun errors ora all - |/X, The adjustment is porforuied under the 
lucooBBivo hypotheses that the table belongs to a funcilon of tho 3’^, 2 *^ and 1 ^ degree, 
and the hypolhcsis of the second degree la vailed by the epecisl bypotbeaJs that the 
dliferepce Is uaotly •» 2i In the following aohedule marked (or) The uns eebeduls nuy 
be used fei all four modillcallons of the problem, 90 that In the sums to tbs right In Uu 
schedule, the first torn oOireipouds to the first modlftoalloa out;, lud the luin of lbs 
two first lemii to the eecond modlflcailoa * 

j 


10* 



^k) 


0 

^.(0) 


Kl» 


(Rf»r (^'y-(d')''| 


fl-M 





0 

0 

0(cr2) 

0 

0(or2) 





12 

I 

II 

1 

0 

0 

-4 


tV{ 

H 7-|-lliO(oi +30)), 

il,( 1+ Hai 

10 

J, 

II 

-4 

-1 

I 

1 


M- 
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For the eiinunery cntlcleni 





1 

[~i^\ "51 + 36 + 

7680 [or 120) 

35' 


Tht h^polhtiis of thf ihird degrftt ^liere tha valuej of 7 Qi/( Iheir 

(lllfflrfiticeii |ifa 

83D 1954 20^4 2H74 8B4B 

m 600 850 076 
105 160 126 

-95 -06. 

Bgcw too w«ll with tliD obiervDtionoi nod muet bo empoctod pf boitig underadjusted, for 
the im of tho jquvoe of the outniDBiy orlticiom lo only 
^1 where we might eipect 

Th hjipoththt of Iht iteojud itj/rie^ d‘“0, ■“ 0, gi^ea for 70«/ and 

differenceo 

682 1348 3024 26^ da6b 

616 670 836 000 
IGO ino 160 

I 

The tdjuetnent Is here good, Ihe siim of I he !,qiinrp!i 19 

end we might eKpeet 2 ^pi 

Tit* hiipotktm of thtfrii U^-^Q, j' »0| gives for tho 4(ljUHUd 

Tlluu iDd their dllTeronces 

90 204 312 420 538 

108 106 108 10 e. 



The diTlalloni sr« avldniilly l» large {o-u la +24, -U, -H, -H, +22) 
te be due to tbe uee of round numbers, Ibe aiim of the Squares Ii alao 

220 8 iDBlud 

coituquenlly, no doubt, an D^or-ii^uatiQBnt 

Tha iptcta} of {ho stcoml degru, d* —•0, 1^* 0, and J' ■■ 2, gliea 

for U( and lU dilfHeDceai 

lie 19 4 20 2 410 MB 
78 0 0 11 8 138 

T)i« devmilone o - u — .04, -M, -0 2^ 0 0, +0*2 


DOffbere reach f and may cooHequendy be due to Iba use of round numbara, the sum of 

bIjo agrees very veil, Indeed, a ooneliint subtrulioi] of 0 04 froin w< voutd lead to 
(S4)^ (4 4)*, (b4}V (6 4)', and (7 4)', from which llie example la laheo 


Example 2 Dotveen 4 points on a straight line the 0 disLancea 

®|(l ®I4 

“ii 

are measured vith equal exaotneas vithout bonds By adjustment we Bnd for instance 

“ii - i“ii + il“ii-“ii) + i(“i4-“n)i 

we notice that every scale ^ | ]t Is recominended actually to work the example by a 
Dilllltneter sceln, which is displaced aBer Ihe measurement of epoh distance In order to 
avoid bonde 


XU. ADJUSTMENT BY ElEMENTS. 

§ 51 Though every problem' in a(|)ustinent may be solved in both ways, by 
correlates as well as by eloioents, the difficulty in so doing is often very different The 
most frequent cases, where the number of equations of condition is large, are best suited 
for B^jnslnent by elements, and this is therefore employed far oftener than a4|uihneat 
by oorrelatfli 

Tbe adjustment by elements requiree the theory In each a form that eodt oAsstm- 
tion u rtpremtod by one aqwim which eipressee the mean value (o) eipIldUlj as 
Ultaar funolions of unknown values, the '^elencwfs'' «, y, j. 



m 


\ 

jj|*+giy+ 

nhw Ihe fig, r art IhAortUcBlIy given All obeerviillonB'i’jcie ;u^ppsed Ia be 

unboiindi 

The problATD Is Ihen Hret tA deUrmine llie adjuuud ^liiiici of these elemcnU 
«i y, «i Rblch eiteh of lliese aguallane (Bft], which WQ call “egunllojta foi 
obt^fvaimi", gives the adjusted value it of the cboervatlon 

Constantly asiumlDg the! A|(o) Is hnowo for each observation, we can from the 
systoiD (6b) deduce tbe following nonaoi eguoimns 



the rule of formation being appireiit frcia the loft hand terms Of Lheu normal equations 
VO can prove, Qrit that they, tn In number, are lultod for the dolerminatjan of the lu 
elemenij, so far ai these, on the whole, can be determloed by the equations (80), and 
than that the ^motions of the obeorvatlonei wldoh roim their led hand terms are free of 
all the theoretical coDdllions of the problem, so that, as indicated by the last sign of 
equality in the normal equations, they can and must be detormlned by the directly 
observed valoea o, 

For If we ssaume, as to tbs Urat proposition, Lbal any of the normal equations 
can be deduced Irom the others, so that all the elements cannot determined by these 
equations, then there must be m coerdolents A, A, I, eo that 



i 



?A3 


av«)wiiK« \iKi for but ir mulUply thau ugajn ropaallTaly by ( lad 
^d, m get 

[(A;» + fcl+ +J'J*1 


tbit Ib 


- 1 - 0 , 


BO Hill not only Ibo norniil equatloni, but thi lery «]untloiii for tb obiorvakioni cm, 
conwquenlly, all be wrltton i 'h —1 or a rniallor number of aloinenta 

Ditt furthor, the ByiUm of futiolloiiB reproBentod by the normal oquBllouB v free 
of every one of the condition! of the theory The latter we can get by ellmnmllng the 
elen^ente c, t IVom the equBtlons of the obserritlons (85) But ellmlaBtion of nn 
/jment, say for Instance *, leads to the funotlona p^rl|(o>)and among the 
llpau funotlone of those muek bo Found tho functions from which not only x but all the 
oLber olementfl are eliminated, and, conaeciiienUy Iho conditional equationa of the ilieory 
But it IB easily seen that the fimctlona 

piii(Qi|-paa'»t) •'id 


are motually fioe The latter li the left hand side of the normal equation which ii parti- 
eularly aimed at the element s, it li formed by multiplying the oquailoni ( 85 ) by Hie 

coefAoiont of t Id eaohi and hiu the mm of (he iqaaioa |^| as the ooefflolent of Ihli 

element; it hiu thus been proyed to be (hee of all the condltioiii of the theory, and mint 
IberefoTe In the adluilmeDt be computed by the directly obaarved values, for vbloh reason 


we haya been Hblo In the eqvatloni (86) bo rewrite the fuQcUon as 



In the same 


vay we prove that all the other normul equatlohi are free of the theory, eacii Uirongli 
the ejimlnalloa Urom |B5) of Its particularly prominent element While, in lha luipmlnienl 
by lorrelatea, we exiliulvely made ime of the eiiualions and funi lions of Lho tlioory, wo 
pal all these aside m the ndjualmonl bv clemenls, In order to work only with the empiri¬ 
cally determined fpnctlona whlnh Ihe normal oqiiBtloni represent 

The coefBcients of the elements )n the normal equations are, m It will be seen, 
arranged In a remarkably syEnmeltlcal manner, and each of them has a algnlllcance for 
the problem which it is eaay to state 

The coeffleieuts In the diagonal line, whieh are respectively multiplied by the 
oleifiont to wbioh the equation particularly refers, ore as Bums of Hi|iiBres sll posilive, and 
esch of IbeRi la the square of the mean error for that funriicn of the ohservatlone In 


whose equation it occurs, We hare for instance 



P P 

Ji 1 
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£44 


Tbe oiiUiAt ibft dl^onM Uikt m lAb&Uc&l In puT«, tbn cnafAcienk of 


¥ in y> putkular oquatloiii Ib lii« oitnB aa thB coarAoiont of j/, 

* j r*iA' ^ ' 

eqoalijon Tbap ibov iiiiinadlat«l)f IF uiqp of the l\idotlana 
to be maUallj free, 1/ for Inatiace tc'i Amotion 
ft nut bate j>|’ j^] " ® 


PS 

1 


J** I'a pirticnlar 
ibonld happen 


la to be free of y'a function 


U M. If now the alemonU b&vc bwn lele^'Ud in ancli a convenient way that all 
these sunia of the products vanish) and the noTinal aquations consoqnentl; appear m the 
apoela] form • 
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?i' 



B 

i 

JO 
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t) 


(B7) 


then they elTor ui directly the aolutlon of the problem of a^usttnont The adjoated valuee 
for the elanenta are 


and tbi equBzee of the mean errora 

Ai(») ^ f ' di(y) - 




( 08 ) 

( 8 ») 


and from theee we can then compute both the adjuited value and its ;!, for every linear 
fDiiBtlon of the oleimata, beciue these ere mutuallj free funollons in partloiilir from 
the eqnationa (85)) 

“,-P(it + Siy+ 


we oen coOpate the a4}uited valneo of the obsorvatione, then froni (85) the aquaree of 
the nun enon jl|(<(,)i and also the law ot errera for every furiotian of observations and 
alementa. 


§ b8. In ordinary cues a tranafonnation of ths ayiteii oF elemetits is required 
la required for the Mlntlon of the normal equations In order to hud the values of tbs 
eLssneniai but we muat rstnembeT that we hue here a double probUoi) u It Is also our 
ol|]«t to free the Innaforned elements so that they may be used for determinations of 
the mean errorii The trensfortnatloD therefore cannot be aeleotod so arbitrarily as In 
loaloffODB problems of pure mathematlosi yet there li a multlptloity of posalhilitlei, and 



XAS 


m ipsnal cftsta wluil chftiiflCB tah Itad lo \ei^ bcaulifnl sft1\il,ioiis (sen §09) the 
llrtl thing, however le to aeiure a nielkd whicl) may b; ahays npplii'd, and tluj must 
be letdcbd In lucli n way tliui tlie alemenia aru eliininaled nnc by {iiiC| so Uinl tli« later 
Gomputntlon af Uiem' la prepared, and irmicover, conntantK, in auch 4 wav lliol freedom 
la atLained 

This can, If we cotnnience for inalance by eliminating the element 3 , be attained 
Jn the folloning way The Dormal equation which particularly refers to t, 
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y+ + 


f 


m 


ind which will be put aside Co be aaed later on for the computation of 1 , is ntttUiplled 


by euch factora, lii p ^ ^ ' 


fH 


E? 

i 


, thnt X voniehes when tlie 


produote are respecliveii eubtracted from the other normal equations, but it must be 
remembered that we are not allowed to multiply the latter by any raotor The equation 
for f’can then be written 
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hi 
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1911 


where ]t|(f) 



- 1 ^ 
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The fpQctlone in the other equationa 




>0 


'pol [(r-wjilol 

|t| 1 

1 

A 

<lh 

' 1 ^ 


hetorae, by Ibiy means, not only Independent of s but alio flee of 


or of f» for 


^ ^ ^ ^ ^ 0, clfl 


The equations which In a double senie have bean freed from get exactly the 
lame oharicteriitlc funotional form no the normal equations had If we write 

ao that the equaliona for the obaervatlons become 

J’rf+9ly+ 

we Wfit only get, u we wt nl once, 
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II 



but ilao 


Heitcu «e proceed eiaotly In Iho Bane way froin this nrgt of the tranaforniatloh of 
tbs Dormal cqunlloiu 
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[-t) 




UBln^i for InaUnce, the first of ihBin for the ollminBlloti of the elernonl y If 

•-l?ll¥l' 


y is tspUcod by 


ifblcb is free of the elontent f, >nd for which we hare 


_,+ [tf, 


(07) 

By nsiiii of u' sod oormpondmg coefAclenLa we have, analogously to (93) and (94)) 



Vol , 

Wo 

i-'V' 


f*'! ((''I'l 

1 r 


It)' 

; 

"" 



whioli an IpdapendeDt of any spaelal ccmputatloti of the coerficlenLs r" 

Continuing in this way, till w« have obtained a sol consisting only of fyee fiinc< 
lloni, wo find) consequently, just a syitem of elements, f, i^, Ck winch possesj the abore- 
oenlloned deeired property, its ncrntal equations being of the Mine forinias (67), vii 


uJ h. 


1 



^VUh tbe^B c^fitncnls t^o oqualiane for llie adJuRUi vftlues «r llie Baveml obstrratloDi 
b«conne 


ind for the aquatea of Ihoir mean arrora 
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If MO itaiil lo eompiile adjusted vnluoa and roean errora for the original eloirifrls or funr- 
tions of Die same, the mcaiia of so doing la giien by l|jo aquatiom of tranaroroiatlov 

y+ 

' ( 101 ) 

2-C 

or by (90), the lirat equation |05] and the lest of (98), being idanlical with (101) For not 
only tha original olemenla x, j/, x aro eaaily comiiuled by these, but also the umf* 
flclenU in the Inverse iTansformatlon 

+K 

y- 7+ +dC 

f- f 

Now, Jf F la a given linear funetloii of x, y, 
operations i?a gel an eipression for it, 

and for the square of its iman eror we got 

, 1-1 


(iM) 

then by ohvioui numorlnl 
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Jl 


+ + 
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If for iperlal crlllclani ne nant the LomputatLoQ of itj(Uf) for many obiwfadoni, 
we may Uke advantage of transrorining the equaltona of observationi, computing tbetr 
(oefbclente by (ii2)i or 

but we rcmcmtier that j', r" w qutU auperhumia for the umfUclants of {95) 

S 64 In the theory ol the adjualmont by eleniBDie we niiel not ovsfloolt the 
pro|msiMon lonmnlng tho rompalBllQn of the mlnimuni aum of squiea for the bonefll of 
(lie miinniiin (Titliisin oi well aa for checking our eompqUtioD We are able id nitipaU 


ItiK SIIUI 

only tim 


d 


I which Is to opproacli the tbIdo h-’IK, u mmd bo wo hano fund 

rlsiucnis, without betog obliged to know the a4|vaUd ralaei for the aspiitM 

U' 



obaervfiUaUf And thia cDriimtslioit can bo pnrrorniGd, noL only for fho lo^rifiinBtfi adjuat- 
meni, bul for anj va]uca ivImLovor of Iho elcmonts It is oasicHt to shoir this for trans¬ 
formed olomanta, fi, 9 , i fi Tho values for tho observationi corrospondirg to theaa 
mmt Ifl tompiiled by (DO) 


Froni lliiB Ko got 
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(103) 


ir we here subBtitue for 


■£0l 
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1^1 

k 
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thoir values in lormB of tho elemonls 


of tho logitimate adjustment, vyo rind, from tho eiiuations (DO) 


( 0 - 0 )' 


'-1+la 






iV 


((C-O’-C’l (104) 


It ifl evident from this that the condition of mininmni ib fj ■= f, i?i “iji f Tho 
inlDinium sum of squaros Is Iberefore oblainod only by tho doteririinnlion of the functions 
(hi|t are iVse of the theory, by oibohb of Ihoir directly observed values And for this 
Tnmlnmtn * 
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1^0 
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(105) 

( 106 ) 

m) 


It deserves to bo noticed that the middle one of those expressions holds good, in unchanged 
form, aUo of the original, not LTansforined elemenls and coeflldetitB We have 


(o-w)‘ 

4,(0) 




!f- 


ro 

jU. 


(108) 


vrhtoh li easily proved by substituting In (106) the values obtained (^om (lOl) Tha 
atjvitloD is parUcidetly valuable as a abeoh on the acouraoy of our coraputation 

§ 55 b going through tho theory of adjustment by elomenta here developed, it 

irlU he Bsen that a very essential part of the vrorh, vii the conputatioR of the tnni- 



foTmod Vftlue? of kho CDsincifinh] in eqUBtlona Tot Iho aovaral cbeerTaklcinB) may neatly 

always ba dispeneed with The Buma of the equerea, ^ , and the eutae of the productBi 

must lio Iransfoimed; but they are in tliotnaelvea aefflclsnl foi the dalermlnetion of 

the tranaroTnalioDB, and by their help we Dnd values and Tnean errors for the elemental 
Arat the Iransrormed onoa, but indirocLIy also the original onee The B^ueted Tfliuee 
u, fiji of the obserfationa can, conaequently, aleo be computed without any knowledge^ 
of rj Only for Iho compuUlion of ^(m,) >|,(wp), conaequenlly for a 

special criliolem, we cannot escape the often conaidorahle work which Is neoaaiary fer 
the purpose 


For the aummary crillciam by 
we \\m seen, dlepcnae with the after 




ii — w J.F8(n-w), we can even, as 


computation of the aeveial obeervatlDns by means 
of the olaments We ought, however, to roslricL the work of adjuatnient ao far only, when 
the case la either very difllciiU or of alight Importance, for thia tnlnlmuai mm of equvea 
Is generally computed much more eharply, end elwaya w|th much greater eertamly, direolly 
by Of, 1 //, and y|,(o), than by the fermuln [lOh], (106), and (107) 

Add to thia, that the special orlticlam does not eioluelrely rest on d|(Mi) and the 

Bcslea J — , but thet the very deviatloDs m - Ui, when they are arranged aecojdlDg 

to the more or less eaaanlial circumalancos of the oheervatlons, are even B mam point in 
the criticism fiyatematlcal errors, especially inaccuraojes or defecto in hypolheaea and 
theories, will betray themselvea In the surest and euiest way by tho progression of the 
errors) regular vanation in o — ii as a function of some circumstance, or mere ibsenoe of 
rrequent ctiaugoe of eigne, Will dIacloBe eiiote which might remain hidden by the check 

according to progiasBion In the errors may, we 

know, even bo used lo mdlcolo how we ought to try to Improve the defeotive theory 


g &6 By series of adjnslment (compere Dr J P Gram, Udjevnlngsreekker, Kiohen' 
havn lltT9, and Crella'a JoninnV vol 94), I e whore the theory givee the ohaenaiiona In 
the form of a series with nn Indeterminate (in&nite} number of tercia, each term holtig 
multiplied by an unknown farlor^ an element, and where coDsequenlly adjustment by 
elements musH be employed, the criticism gets the speoial task of Indicating how many 
(or which) Urma of Ihe series we are to include in the adldslmeat. FomulB (107) fur- 
nlehea ua with Ihe means of doing this 
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00 

h'l (0) ] 
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For Lha tn terms m the series, ^Inch iS lioro indicsLed by 2*, corraapond, eacb of thein^ ts 
n. element, consoquenlly to ono or Iho totme of the series of adluelmonl For eapb lerni 
we Uko Into tbu, the right side of ths equation of cnllciani is dimlniehei by about i 
unity, the result of the criticism, conssqiienllyk becoitics more favourable ^f wo leave out 

^ ' If no reloin any terms which easentlally fsll 


all the terms for which 
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iV 
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< \ 


under this tuIbi lha adjustmerit bocomoa an under-adjiistm^nt, If, on the other hand, we 


leave out terms for which 
ttdjustniant 


r''d 


I . 
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> 1, Vio make oursehes RulUy of an over* 


Example \ The Hvs-place logarithms in a table are looked upon m mtitually 
unbound observations for which the mean error m cOnBlanlly 1^^ of tho fifth decimal 
place The uobBervalisns’', log 705, log 790, lug 797, leg 706, log 790, log SOHi lug 601, 
log 602, log 603, log 604, and log 605, are to be adjuatad as an Integral function of thi 
second degree 

log (Boo+i) ^ + 


In order to reckon with suiall integral numbers, we subtract before the adjustmant 
29OfiQ9-i-O0QOM<, both from thu abaervaltona and from the (urmulffl Taking OOOOQI aa 
Our unity, we have then the equationB for tho obsirvalions 


—2 — -f 262 
-2 « (U — 4 y 4 .y6a 
*” a^ 9 y-|- Oa 

^ 1 -- aj_2y-[- 42 

0 — m —ly-l- la 
O'-® 

0 - « + iy+ Is 
0 ®-|- 3 y-f 4 a 

I - !r + 8y+ 9a 
I — ®-f 4y-|. 16a 
1 — 


From tblg we get 



—166, and the normal equations 


- 3fl - l32ar-(- Oy+ IdMa 
420 <— 0®-|. 1320^4' O'* 

-.540^)920*+ Oy 4 23496 a 


The' element y le consequently immediately |>ee of x and a, but the latter must he made 


I 



?st 

free of one another, which is done by multiplying the fiTit aquuLian by jO and Biihiraolmg 
11 from tho third Tho tranBrormBlion into froo fiincLians then only roqoirea z-|-lOe 
Buballtnlod for z, und wo have 

- 3fi ^ I39f, 

420 «= 1320!^, 

-180 ™ 10290 z. 

conaequantly, 

f -= -0 2727 . 1, (0 - 1 132 - 390 - 61480 ~ 007670 

If — 0 8182, li(y) - 1 1320 ■= 39 614BO - 00076B 

i -QQ17B, (a) I tQ20fl ^ 6 61480 -- 000091 

The mean error of y la consequently 0 0276, and that of z 0 0099 The clemant ® 

1 R found by a: — ■= —00977, to which corraapouda -I,(z) ™ + lOOdJs) 

* 00173 - (<M815)' For log 800 we Und thus 39030890 ^ 00000013, and tha 
correapondlng dHTarence of the table ia 64 318^0 028 

For the earn at tho aquaroa af the doviatiens wa have, uscardlng U (IQ6|—{107), 

^ 166 - 9 39 - 133 64-316 030. 

*1 ( 0 ) 

which shows that tho term of the aecond degree contrlbulea Bomewhat to (he gaodnasB 

the adjuslment Thie auin of equaroa ought, according to the numher of the obaervatlona 

and the elements, lo bo 11 — B ■» 3, with a mean uncertainty of ^ 4 

Tho boat foimula for computing tho adJualed values of tho soreral observadops 

and their mean errors U Vi — f-Hyi+z(('-10), which gives 


u 

o—u 





4il») 

Scale 

log 795 - 2 9003688 

+ 12 

0144 

390 + 39 26 + 6 226 - 

2490 

04B4 

410 

log 196 - 230Q9136 

- 36 

xm 

890 + 39 16+5 

36 - 

1104 

0232 

722 

log 797 - 2 9014580 

+ 20 

0400 

390 + 30 9 + 6 

1 - 

746 

0145 

826 

log 798 - 2 9020019 

- 19 

0361 

890 + 39 4 + 6 

36 - 

720 

0141 

331 

log 199 - 2 9025457 

+ 43 

1849 

390 + 30 • 1 + 6 

m - 

834 

0162 

806 

log 800 - 3 90S0890 

+ 10 

0100 

300 + 39 0 f 6 

100 - 

890 

0173 

792 

log 801 - 2 9036321 

- 21 

0441 

890 + 39 1 + 6 

81 - 

834 

0162 

806 

log 802 - 29041747 

- 47 

2209 

300 + 39 4 + 6 

36 - 

726 

0141 

-831 

log 803 - 2 9047170 

+ 30 

0900 

390 + 39 9 + 6 

1 = 

746 

0145 

•620 

log 804 - 2 9052590 

+ 10 

0100 

390 + 30-16 + 6 

36 - 

1104 

0232 

723 

log 806 - 2 9058006 

-•06 

0036 

390 + 39 - 26 + 6 

226 - 

2490 

-0484 

410 




S 

12870 


8-000 



Do{;)i the clieckB Agree the aiim of aquaros ib 12 x 078d0 » 940, and the eum 
of thfi Bcalee la 11—3 

It ought to be nollcod that the adjustment givoa very occurake results llirougliout 
the greater part of the interval, with kho exeeption of the beginning and tho end The 
eiaclnesB, hewoTer, is not gieatoat In the middle, but near tlio 1‘‘ and tho 3*^ quarter 
Example 2 k Unite, peTiodlo funellDn of one single eaRentml ciTcuTnsience, an angle V, 
ii Buppoeed to be the object of obfiervatlon Tbe theory, conaequeiitly, has tlie form 
0,» Cj'fciCOBl^-l-Si8jiih'-l'fliCa82r+R,8in2r-|- 
,We aai^iinie that there are unbound, equally ouot eb&ervntions for a socles of values of f', 
whose difffironce la constant and for inalance for I' —fl,C0M2fl“, 180^240^ 300“ 
Show that the normal eqiialioiis are here onginallv free, nnd that tbev admit ot an oM^ecdlnglv 
ilmple computaLion of each laololed teim of the |iariadlc scries 

Bumple 3 Dolermino kite absciesoi for 4 pointH on a alraiglit [me uhoic miitual 
> dliUncen are measured equally exadlv, and are unbound ((Jmp Adjiistniunl hi larrolalea, 
Biample 3, and g 60) 

Example 4 Thr^o unbound observalions must aicoidlng tu tlioor), deponil on two 
elements, so that 

O, " li(0|) 1 

0, - “ i 


Tho theory, Uiereforo, does not give ue aquations of the linear form This may be produced 
In Mveral ways, most simply by the common molliod of presuppoaiug approximate values 
of both eloHienlo, the Icnoun a for x and h lor y, end ronelderlng tlio corroitlono ^ and'i; 
to bo the elements of the adjustment Wo llicroforo put <» n-i-f, and ^ — 6 -f 9 , 
Rejecting terms of the ^ degree, we get the cqualions of the ohservutlons 

0,— o' ™ 2nf 
Oj —ai ■" fcf + fl;y 
0 ,-i> -r 3 J|J, 


whSTB the middle equation has still double vi eight The normal equations are 
2 q(oj —a') + 2A(o,‘—flt) ^ (4fl'-|-2b*)^ f 2ff6)y • 

2fl(o, —fti) + 26(o,—J') ”t 2ffti f+(46*'f2ii')i^, 


f If eontoqiie&tly not free of ly, but we dod 

2«-«, + »■-V +i* ) ’ ' * 

Ikir . 1 I* + 


«‘-|-2i' 

4(<x'+iT 

2aH^' 

4(a*+^^'‘ 
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For tbA *^1 mitldle obs«rv3lio)i bavo 

(a»+iV‘J| - fl 4 *o, -f (fl* + 6 ‘)(j, + fl'‘io,, i,(«,) i- 1 (JT^ 
ir vre bad LranBrormed Ihe olemenia (comp § 62) by pulling 

f lo* af — 6 o 

1} — K+fl"! 

f-ad+O-Aw 
y_ Ml + O + au. 

we ihoutd bare obtained (Vee noriDal equations 

2 (a'<i, + 2dAfl,+A'fl,)-2{a'+b')’ - 4(tt‘+bYC 
2(—fl6oi + (fl’-6>)a, + o4oj) — 2(a’ + 6’)'u 

If ne had placed abaolnle confldence in Iho adjusting priDciple of the buhi of 
ujuam aa a mlnlmuni, a aolullon might havo been founded on 

|o, "n*)'-(- 2 fO|-fi 6 )H (oj-b’)* “ 

The dondltloDB of miDimum ore 


- (a, —aft)a + {04-iV " 0 


The aolnlion irlth reapaot to a and b le not wry dlfhcult We bm for luetance 
inniedlabelji llial 

(Oi^fl*)(Oj-6') - (0,-flb)* 

or 

OiO, —oj — b*Oi — 3(iio, + d'0| 

Still belter la It lo introduco i* ^ a*-\-b\ by uhlob th« oquaUona become 


cone^aontly, 


(o^_a*)a + 0|6 — 0 

0,0-f (()(—**) b ■■ Oi 

,*-jl(O,-|-5|) + 0iO.-O;-0 


If tbo errori in Op 0|i and 0 , bto not large, 0|0|—o| must ba smellt ona of the 
two rilDtt of I* must then bo bidbU, Ihe othor nearly equal to fl,+o,. ohly IhelalUr can 

be iMd 


It 



Furthir, we get 


iS* 


a 0 , tfi-i* 
T — 



Id tble way we aroid gDeaslag at approilmate values (for which otherwise wa 
shaald perhaps have takeD a'>«o, aid The values which we have here found 

for 0* and A', and to which may be added 



Bre really aiaoti and If wo subatituU Lhem la the above norpial equationoi we get f — 0 

ttd ;]-0 

Even when, as m this cose, the theory lo not linear, It la not unniuil for Ihe 
nm of the oqnirea to bo a iplDjmum Caution, howevor, la necessary | pirljoularly, it 
Bay happen that the sum of the squaru becomes a mailmun] for tho found elements, or 
for some of them 

We may also Ip enother way make the equations of this exampte linear, namely, 
by considering the logarlthtaa o^, 0 | aa the observed quantltios, and Bnding the 
logarithms of the elements IVom the equations which will then be linear 

logOi *» 2 log 7 
logoi - toga + logy 
logoj 2logy 

ll thli way we throw the difllcultj over upon the squares of the mean errors As 

log(a-j-£fz) - log^ + ^ , 

we may approilmslely take 

If 4 and A also hero indicate approximate values of x pnd y the weights of the 
8 eqaationi, reapectlvely, bsoolne proportional to 2o*h', and i* Thua we And the 
normat equations 

2<»* log 0 , 2fl*A* log 0 , — (4<i* -f 2a*i') log i + 2ii*4' log y 

2fl*4* log0| -f 26^ log 0 , » log* + Iqgy, 


I 



2JJ 


ffhlob gjva lha oimple ruulla 
Slog* - logo.- 

9i«g»-i»go,- (jlpj’iogi;* 


i.llOgx) 


a'+ 2 i* 


Jl \ 2q*+i’ 


This ululloQ Bgroat only approilmaloly with iho precadlng one It Tniyhl e^cm 
foi I momeal that, Id this way, wo might do without the BUppoolllon of opproKliuato values 
for the elemanta, but this ta fv ft’orn beiog the com For the sake of the weigbto we 
muat, with the earns oaie, demand that a and a, as also A and y, agree, and we must 
lepeet the adjuatmeot till the aquatsa of (he meaQ errors get the IAeorstK»% correct 
Tiluea And theu It Is only a neoeeaary, but not a BufQclent condition, that x^o and 
y —b are email UdIobs the eiaotorsa of the ebeerTBljons le also so great lhal the mean 
errors of ot are email In proportion to og iteelf, the laws of errors of the logarithms cannot 
be coDsIdsred typical at tbs earns time as those of the observatlone themselves 

EiampU & The oo-ordinalea ol four polnle In a circle are observed with equal 
mean errors and without bonds x^ —20, y, —10, a;, —16* yi —IBt ^i^B, yi»i7i 
and —2, yg —4 In the a^uelment for tbs co ordinates a and b of the cenlie and 
the radius r, we asDOot use the common form of the equations 

beciQBe it embraces more than owe observed quantity besides the elemonts In order to 
obtain lbs sepintlon of Uje observationB necessary for sdlustment by elsmeals, we must 
add a lupplemsDliry element, or paiamela, for eaoh point, writing for inslsnce 
*( — q + reoeKi, yg-6 +rein Kg 

As 11)0 equationa are not linear we must work by successive ccrreoliona Ad,' 
Ar, A Kg of the elsEnents, of wbich the fltel approximate sysloni can be obUlced by 
ordluary computation from 3 points For the theoretical corrections Azg and Ajfg of the 
co-ordinates we get by dlffsientlstiun of tbs above equations 


AiU)“Afl-|-Ar cosKg-AKg rsinVg 
Ayg — Ai-|-Ar‘'BinKi-|-AFg rcQsFg 
These eqnatloni for the observatloDs lead us to a system of seven normal aquations 
By the "method of psrtlsl ellmlnsiion" 61) these are not difflcuit to solve, but here the 
limpllolty of the problem makee It possible for us immedlslely U discover the urtlhos 
Ws knew that evory traniformation of equally well observed Tootacplsi co*oidinaUs resolls 
in free fbnotions Tbs radial and the Ungential correcltoni 


and 


AavcpsFg-l-AygilnFg — Am 
A^rslnFg—AygOosKg - Afg 

IK 



^JO 

w, DonBequenlly, here be taken direolly for the mean Yulues of coiTMliona of observed 
^nanllliee, and m only the four eciuatlona 

A(j - A<i8lnPi-’A/>oo8Ki-i AKi 

contain the four oorreolloni A Vi of the paraneterB. they con be leptiraotely reserved for 
the luccesalre correolions of the elements In this way 

A»f ■-« AacneFf-t- Ai0mFf+ Af 

ffilh equal mean errors, il,(n) - M - -tit#). the “equollora for the observations" 
of this sdlielnenl, and pve the throe normal equations 

[Afl COB r] - Ao[cob' 7 ] + A 6 [cob ysin 7 ] 4 - A r[MB 7 ] 

[A n flln 7] “ A n[2oa 7sin V] + A fc [sin* 7] + A rfsin V] 

[Attl , - Aa[co87] +Ai[«a71 +Ar4. 

In the epeoial cans under coneideralloni rre easily see that the Drat, eecond, and 
fourth point Ue the circle with r -10, vrhoae centre hae the M-ordinolea a - lO and 
b - lOi the parameters are coDseqnenlly 

r,-0“(y0. 7,-53-rB, 7,-IM'iyO, ana 7.-216"B9'iJ 

For lha third point the computed co-ordinates ora c,-2 0200 and y,-17-0710, 
«,M«ineolly, A«r»»+00710 and Ay,--00710. A<,-0, and An,"-0 1005i 
all other dlfferenoea Am-0 and Ayi-0 The ’'equations for the obeervatlons'’ are 

lOOOOAfl + OOOOOAH lOOOOAr- OoOOO 

OeOOOAa + OSOOOAb+lOOOOAr - OOOOO 

- 0707 lA£i + 0707lAd + 10000Ar - —01005 
-OSOOOA^-OOOOOaH^ WOOAr-- OOOOO 
Tha normal equaUens are 

2 50 flOAn + 0dfl00Ad+0O929Ar - + 00710 
0 480 QAa + iMOOA6 + OW7lAr - -0 0710 
Jg « 00Bl!OAfl + 09O71 Ad + 40000Ar — -0 1006 

Bj elimination of A r le get 

24978Atf }-04fl90A6 - +0 0759 

5 • 0 4990 A <1 + 12948 A i — - 0 0482, 

and by elimuialiag A h 

^ -(-29490AO -+0 0896 

From /f, B and A ¥o compute 

AO-+003BI, At -00601, and Ar--0'0J466 

The 4 liMkl are fonnd by suballtuUon of these in the several equations The 4 equatloni 




W7 

for lh« «l>Mff«tlani giro Uie rolloving iiyuil«d ulueg of ^ Hi 

+0*0334, Zirt| - -0*03101 Afl*- -00?70, end A«,>- -OOlBli 

a» ttxa ol iqiiwiB |berfl ^ {8—I* conBequently 

J 

- {0*0234)* + (0 0319)1 + (0 om)> + (OOlOl)* (>00935 

For tkii, by the equoLlon (108), ve get 

oololo - 0*00271 - o-ooase ^ 0-00147 - 000236 

II the jiDil ebech of the i^jutiDeiit 

The 4 eqaelloQi for A give in 

AF, - +17'a, AK, - +2O'0, AK, - -3'9, ud AV^ -ai'B 

Thu, by eddltlon of the found correotlone to the approilmiU vdiies, 

*'- 0 98535, 0- 100381, b - 9 9490. 

F, - irn'F, V, - B3'’98'6, K, - 1S4“67'1, ui6 V^ - ai6"8tf8, 

we here the ffhole lyiten of elemeota for the neit ipproiltsiUoD, If they ire not the 
deAiiUve Tiluee. In both ouea we mint compote by them the e^luited Tdoee of the eo- 
erdlutei, atotrditiy io Ute wd fomtda, the reaultlog differencee, oba<—comp, ire 

PoIbI Aw Ay Aft A ( 

1 -O02B2 +00002.-0*0233 +0*0002 

3 +00101 +00367 +00820 0*0000 

3 +00166 -0*0166 -00934 -OOOOl 

4 -00123 - 00090 + 00162 0-0000 

Tbe mm of the B^airee, f(AB)*+(Ay)*]-000336, ngreee with the ihoie nine, 
which Indloitee thit the ippnxlmitlon of thli 6ret hypotheeii may hire hem infBoiml 
Indeed, the itodente who will try the next gpproxlDition by meuii of our Anil dlffarencei, 
will, in thif cue, Atad only email correctioni. 

From the oqaatlone A, and if, which eipresa the hee elenenli by tha original 
bound elemcnta, An, A6, A'‘i ve cully compute the equatloni for the InTcne lyua- 
formition 

A a — 0*4967 A 

A6 - -0*1444 ^ + 07726 B 

Ar*- 00298 i-0l752.5+0 36<i2 

By these, any funotlon of the elemenli for a giren pirimater can be eipreued u a Unoar 
faneUep of the free runcUoni A, B, and and by fl|{j4j — 2 8490J|, 9943i|. 


\ 



BitA f||(i?)*4,(„ Ibe meflu error |i euily found Thus the aquoroo of Ibe ipe&n errora of 
Lhe co-ordinates a and y are 

J,(®)-{2!M00 ( 04257 + 00228co6V}*+1 2041 (-01752COBV}' 'h4(0 26cflsK)')j, 

«l,(y] - (234BO(-0'1444+0 022 BbId Vy 12043( 0 7720-01752BlnK)H4(0 25sinK)*)^, 

Only the value rl| — 0 00230, found by tho ouDimary iriiicism, la jbeio very 
unceiUin , 


XIII SPECIAL AUXILim METHODS 

g 57 We havD Dflen ociaalou to uao tlia inothod of loaat. squareif fiarllcularly 
adjualment by elemettlA, and this somellttios requires ho mULh ivork that wo must try to 
Hborun It no much aa poanible, even by meano which arc not qiiilo lawful Several temp¬ 
tations llo near enough to tempt tho many wbo arc eoon tired by a aomowhat lengthened 
conpulBlIoQ, but not so much by looking for aublleliea and abort cute And os, moreover, 
the mothod was forinerly conalderad the boat solution — among other more or loos good - 
not tho only one that woo Juelifled under the given eupposltlon, It Is no wonder that It 
has Come to be used In many modiflcatlona which must be regarded ae unaafo or wrong 

After what we have seen of the difference faetwoen free and bound fiinctions, It will be 

undoratood Ihat tbe conaequenesa of IrnnagrasajoDs againat the molbod of least aquarei 
stand oul much more clearly In lha mean errora of Lha roaulta than in their QdjuHted 
vsluoa And as — to some eitentjuatly - more ImporUnco Is atiachod to gelling tolerably 
coTreot values computed for the elements, than to getting a correct idoa of the uncertainty, 
Ihe lai (Dorala with reapect to adjilatmonls have taken the form of on assertion to the 
effeot that we can, within thia domain, do almoat as vo like, without any great harm, 
eapeolBlIy if we take oaro that a sum of squarea, either tbe correct one or another, hocomes a 

minimum This, of course, is wrong In a teit^book we should do more harm than good 

by alatlng all the artincea Which bven oipe lenced computors hare allowed themRelvoa to 
employ, under opeclsl oireumslancoa and in face of psTbicnlarly groat difflculllsa Only 
a few auiiliery methods will bo mentioned here, which ore olllier quiLo lonecl or nearly 
so, when simple caution is observed 

g 58 When methodlo adjustment waa first omployod, large jiumberH of figures 
WfliB used In the compulatloua (loganthma with 7 decimal places), and people often com* 
plained of the great labour this caused, but it was regarded aa an unavoidable evil, when 
the elomenta were to be determined with loiorablo exactness We can vvy often manage, 
however, to get on by means of a much sioiploT apparatus, if we do not seek somelhlig 



vMeh cannoli ba determined During the idjustmenl properly u called, we ought to be 
eble to work with three llgiiree But thie Ideal preenppoeea that two conditloni ate ealU* 
lied the eleneirte we seek must be email and ilee of one another, er nearly eoi and In 
both reapeote it can be dlfftoult enough to protect oneself in lime by appropriate tram* 
formation Often it la only Ibrough the adjuaiment llaelf that we learn to know the 
arllficee whleh would haro made the work eeay Thu appllea particularly to the mutual 
freedoni of the elements The condition of their amallneea li qatJefiedi If we everywhere use 
(he eame preparatory computation aa la neceeeary when the theory is not of linear form 
By uioh means as are used In the eiact malhemaKd, or by a proviilonali more 
or less allowable B4]uttnient, we gel, corresponding lo the several obeerTatlona o, 0 |, 
a set of valuee e, whioh are compuled by irieans of the values Sg ig of the 
eevvil elementa c z, and whieh, while they satisfy all the cotiditioiiB of the theory with 
perfect or at any rate considerable exactnessi nowhere shew any great deviation from the 
cerraapondlng observed value It Is then these deviatlans and which are 

made the objeot of the adjustment, instead of the obiervatlone and elementa Ihemaelvea 
with which, we know, they have mean error In common 'When In a non-llnaar theory 
the equations between the adjusted observation and the clemeala ate of Ibe general form 

Ui - F{x, a), 

they are changed into 

bv means of the lerme of the Brat degree in Taylor'e ecrlee, or bv seme other method of 
approilmatiuji, If the eouatlons are linear 

11^—y)ia-l- +Jre, 

wc have, without any change, for the devlalione 

«i - P( jj|(® - Jb) + + r((* -a.) (110) 

t I 

Ko special luck la necessary to And seta of valuea, vi, Zg, whoia devia¬ 

tions O/ — 0 I show only two slgniflcant Agures, and then compulation by B figures la, aa 
far as that goes, aufflcieni for the needa of the adJustmenL 

The method certainly requires a considerable eitra-work In the preparatory eom- 
putalloD, and It must not be overlooked that computalloni with an eiictdaia of many 
declmil places will often be necaasary in tbu parti eapeolally pi ought to be computed with 
the utmoal care aa a function of Zg, loot any uncertainly m this compatation ibeuld 
inoraaea the mean errere, eo that we dare not put Jl,(o-o) — l|(o) 

Thia additional work, however, la not quite wasted, even when the thMry Is linear 
The lilt of the deviations o/ - p/ will, by easy eallmilei, graphic coDsUucUoii, oy directly 



by lb« eye, mth toleieble certainly lead to the dlecoyery of KroBS arrore in the lerlea of 
otwfTatloDB, ellpa of the pout etc, vbloh nast col bo allqired to get (nto Ihe a^oat- 
Dont Tlia preiltninary rejection of each obaerratioDB may aare a whole atyualment, the 
nUlmata i^OotloD, however, fhlle under the erltlolsm after the a^aelmentL 

In computing the adjueted valuee, particularly V(, after the Bolullon of the normal 
efiiationa, we ought not to rely too conAdently on the traneJbriiiation of the eguatlcna Into 
linear forin or into equallona of deviatlona for Where It la poiftble, the actual 
eqaationa iw — F(in, a) ought to be employed, and with the same degree of accuracy 
aa In the compalallcn of In thia way only can wc eee whether the epproilmale eyatem 
of elenenta and values hu been so near to the dual reault as to Jasllfy the r^ection of 
the higher lerma in Taylor's series If not, the a^juatment may only be r^ded aa 
pravlilonal, and must be ispealed unlU the valuea of got by direct computalioD, 
agree with the values through ur - Or in the linear equatlona of B^yustment 

On Ibe whole the adluslment ought to be repeated fieqaently till we get a sofBclont 
approilmaliOD, This, for InsUnca, la the rale where the observatloiii represent probabllitlea, 
for which il|(o,) is generally known only as functions of the nnhnewn quanbttea which 
the adjustment Itself is to give us, 

g 5B The form of the theory, and In particular the selection of ila syatam of 
elements, le as i rule determined by purely tnathematloal coniiderBliona us to the 
ategance of the formula, and only eiceptlonally by that freedom between the Yemenis 
which 1 b wanted for Ihe adJuatment On the other hand It will generally be impoesible 
la arrange the adjuetmeDt In auoh a way that the free elements with which it ends, can 
all be of direct, theoretical interest, A middle conrae, however, b always desirable, for the 
raasoni mentioned In the foregoing paragraph, and very frequently it b also poislble, If 
only the theory pays so mnoh respect to the adjuetmenla that It avoids setting up, In the 
same system, elemeuU between whioh we may expect beforehand that strong bonds will 
oIbI Thue, In syatsme of elements of tbe orbib of planeb, the length of the nodes and 
the distanca of the perihelion from the node ought not both to be Introduood as elemenb; 
for B positive change In the former will, la ooDseqnence of the frequent, small angise of 
InolinatlDn, nearly always entail an almost equally large negative change in the latter If 
B theory says that the observation la a linear fanolion of a single parameter, i, the formula 
ought not to be written ui^iji-l'Tfi posltlvei, and others 

negative, hut u>-r-|-q(f-tg), where f, la an average of the puametere corresponding to 
tbs ohservallouB If we succeed, in Lhie way, In avoiding ail strongly operating bonds, 
and thb can be known by the coefAoieDb of all the normal equations outside the dlagcnsl 
line becoming numerloally imall In comparison with the mean proportional between the 
two corresponding ooeftlolents In the diagonal line, then we have at any rale attained so 
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mucb Ihst ve need n^L use In Ibe cftIcuIitioDB for the n^uttment man; ante dtoimil 
pUcw Iban about the 8, irblch will always ba aufAdent whan the elamenU ue ongfUBlIj 
mulually l>ee, and not during the a^uetment are Arat to be tranBformed into Treedom 
Willi painful acouraoy In the tranerormation oporellonB 

If, by CBcofal aelaetion of the aleinenUi we aven get bo far that no buid of th« 
pToducU [pg]') in nuniDrlcal veloe otceede about ^ of the mean proportional between the 
corroiponding buitib of aquaros or in many coaea only ^ of theae amounte, 

then we may conelder the bonda betwoon the elementa InalgniAcant The norinal equationa 
Ibamadro# may then be used to dotermrne the taw of error for the eiomonta, we compute 
proTiBionully a flret approiimation ty putting all the amall euma of producta >» 0, and In 
the Mcond approiimaDon wo correct the [pojV by aubstJtutlDg the aume of the produota 
and the values of the elemento as round in the flnil approiimation For inaUnce' 
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Ab tbfl errcra In theao deleimlnationa are of the second order^ It will not, [f the 00 
thernBelvee ore sraall devlatlone from a proTlalonal computation, be noceBaary to make any 
further apprailmationa, 

Even If the bonds between the elemenle, which are slAlad In teriUB of the buds 
of the products, are atrocgor, we can aometlinoe get thorn antlod without any JraMforiDa-* 
tlon If we can get new obBervationB, which are Just inch fbnctioni of the elementa that 
the enma of the prodoota wj)) vanlah jf they are eleo token into conalderallon, we will of 
course put off iha adloatment until, by Introducing them iato It, we cannol only faoiUtate 
the compnlitlon but alio Increase the theoretical value ud olevneea of the result And 
If we con attain (Veedom of the elementa by rejecting from a long aeries of ohsariatloni 
Bome single onn, we do not healtaln to use this means 1 eepeolilly ai auch unused obsetia- 
tlons may very well be employed In the crlUoiem Ify for insUnce, an arctio eipeditlon 
has made meteorological obiervatlona at some died atatlon for a little more than a com¬ 
plete year, we iball not hesitaU in the a^ualmenl, by means of periodical funoUoDi, to 
leave out the overlapping ohiorvallons, or to mpko ubo of lie meani of the double valnVi 
giving them the weight of single obierfatioDfl 

') In vhu tolkwi VI vrito, for Ibv uii nt burtry, (wJ ftr [^| 

la 
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g 60 Tbough of coufBD Ibo rnbTicilioD of obaervallona is, in general, llie grealeal 
bId whlofa an applied iclsnca can contnlt, Ihers ejiits, naverlheloas, a rather immeroua and 
Important dau of casoa, In which wo both can nnd ought to uao a mslbod which just 
doponds on the fabncalion of auch obaarralloDs aa might bring about the freedom of the 
Iheerflllca] elements As a warning, however, agalnat rnleuao I give it a harsh name the 
melllod of fohfiealtd oiiftTOhoiM 

U| for loetance, we conaider the prohlom which has aerved ua as an oiample in the 
Bdjuatment, both by correlates and by elements, viz the dotorminalion of tbe abaclaaae for 
4 points whose 6 matnel dlatances have been measutsd by equally good, bondfreo obaerva- 
lioDB, we can acarcely after the now given indloatlona look at the normal equations, 

“||■^'‘’lB + ®l( “ Sail —1®| —llj —lai, 

-«ia + “ii + S|, - -1 (Ei+3s,-1«,-1c4 
— o,i —o,^-|-On — '-Iff, —1®,+dxj —1^4 

without Immediately feeling the want of a furlber obaeivatlon 

whloh. If we li^agide it to have the same weight « I as eaob of the measuremenLa of 
diatance <- will give by addition [a the olhors, but without spooirymg the 

value of 0, 

^ *^11 "1“ »"I" “’l I “* 

+ <>ll H"®!! “* d*| 

O^Oii^o,, + a,, ^ 4n, 

0 — Un~0i4 ^Bi ^ dajj, 

and coDBeqnently determine all 4 abaciBEae aa mutually free and with fourfold weight 

Wbal in thla and other casea entitlu us to fabrloate obaemtlone le ittdeier 
mnalmtn In the original problem of adjoebient _ hare, the Imposeiblllty of determining 
uy of the abaolasae by means of the dlaiincea between the points, When we treat 
inoh problems in eiaot mathematics we get simpler, more aymmetrlcal, and easier eolu- 
Uons by Introducing valdea which osn only be determined arbitrarily, "nd so it la also In 
the theorv of obaervation, But the arbltrarlneaa gets here a greater eiteht, because not 
only mean values, but alao mean erron must be introduced for greater convenience And 
while we can always make uaa of a fabrioated obaervation In indetermlndte problema^ for 
tfie complete or partial liberation of the elements, we mupt here carefhllv detooneirale, 
by criticlam in each cue, that the fabricstion we have uied has not changed anylhing 
which WS3 really determined witliont it 
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In fhs abo^fl Biampli, lliis L hodh \\\ \h tjral plwe 0 
[he iiljustod ^nkios for ihn dlstniicei »r — 1 ^, md then by 0’« ofd adJ^W 
delernuned 4s the aum «,-[*»)+ai-fur,, bnd badin;; only to the Idsutlty O^-O The 
i((|ii!iinienl nlll Lonac[jij 0 iilly nellbr determine 0 nor Isl It get wy •■tt***'®* 

[tiller detertalnaf'ons. The moan errora ehew the aaitie and, moreover, in ^ 

lb# crlUrioD becoinee independent of whether 0 hu been brought into th« co>nptit*tl« 
a9 an Indfitertninote number or with an mbilrary value, for, ifter the Bdliiit®*nl u wall 
ea Lelore, wb have for 0( »» J The scale for 0 u cwtequatH }/" ^ ** 

alto generally a aufflcient proof of our right to ute the method of lahrl®**^ obaerritloDo, 

§ 61 2^ tnethod af jwrtmf ifimuioJfme, When the BUBjllo^ of *^***|* ^ 

luge, It becomee a very ooneiderablo laak to Uaoiforip the Mnnil equatlont ood bo 
the aleroenls The dlJflcolty le niwly proportional to the nquare of tli*^ niunfi* 
before the elemenU would beoome eo nnnerout that uyualmeol bj torreWe* 

Indicated, a collect adJuaUnont by elemenla no becoma practically inT* 

(riilcltin le ijalle out of the qneetlon, Ihe einDmarj criticism can warc^ly 1^® ® 

the very ellmlnalloB muet be made easier at any price If It than hnpp®"' 

the elementi enter Into the oipreeilons for some of the obiervallDne onlyi 

the others, then then ou be m doubt that the expedient which ought Uni ^ ^ J. 

Is the pmtiil ellmlniHcn [before wq form the normal equationi) of each elem^ ^ 
obaarvatione ooncornlng them These obaenatlojie will by thle meane be i^P***^ ^ 

hinelione of two observatlona or more, vhich loill ^enerafly he ^ 

to in a higher ud more dangerous degree the fewer elements we hav* 

Ihls procMdlnn w* may, coiiBequenlly, Impbrll the whole eaeulng nUuitm®''' * 
of which, wo bnow, li Mnhowwf or fm obeeryatioDe as funcLioni of It* 

If now It must be granted that tha dlf&cnlliea can bBcom»» | 

Insist on an ohiolw/c prohihi/foH upuinHi tlle^maU eliminfiliwi, we u h ftee 

hand empliftlloslly warn against every elimination which la not perffl''f™*^ "n^hlob 
runctloDS, and much the more ec, aa IL ia quite poaalble. In a great funcUoni 

abuM have taken place, t« remain within the rtiictly legitimate limits **** ^ ’ 

by the use of "lAe method of ptiHuA eiiwiN^ilwiif" . iiulMBi 

Thle la conneiled with the cases, in which eome of tlu ehaerv**'^*^ ^ 

0, oai according to the Ihaory, depend on certain elemenla, for ^ 

do nol ooflor In the theoretical eipreailtn f« sny slher of tl» oboer™^®"^ " ^ 

then, by the foratallou of the normal equattona te aeparaLe o^ 
obiervalloni We begin by forslDg the paiila) nprust eqiitiiodi ftr ^ 
dlitely perform the eHminitioD of j, g hem them, without ® aUmati, 
whether thsae e(|UBlloni alone vonld be sufUolent fot a deUnnlnitlon ^ 





(ii Boon at y m olitninaloi), tlifl process dI olimjnation is auBpondod The Irmg. 
forned equalions oonkJdnmg Iheeo o^emonb (irhioh lepiessni TunctlosB tbek aro Tree ol 
1^11 ohBflrvaUona, nnd ranolloofl which dcpcnil only on the remninmg alomenli n), are 
put uflidfi ml we come buclt to Ibe deteTminetlon of jt y, Tho other pubeUy trineforined 
j]orDi&) equallonS) origlnatmg In the group 0| 0., aro on tho other hand to be added, 
term by torn, to the normal oqualionQ for tho olemonte 3, u, formed ont of tho remain¬ 

ing obaarvallone, befoTo tho procoeo of olimlnaticn id continued for thaao elemonlo 

That Ihia proceeding la qulta Isgrtlmate becomee oTldont If we imagine the 
elemonto i y Iransformed into the olameuta x/ y, which are froo of 3 m, and then 

imagine ^ y* Inearted instead of i 1/ «\ the otigiuai equationa for the obsmhllcna 

For then all the inma of producta with Iho coerhoiente of ^ y' will identicall* become 
0, and the sumn of s()uaroa and auine of products for tho Beparalcd part of the observa- 
tloDB will, as addetida in the caefflcienlB of the noimal equatlone (comparo (57)}, come ont, 
Immedlalely, with the Bstna voluefl as now tho liansforTiiDd normal oquBliona 

As an oiimple we may treat tho following senos of meusuroTnonte of iho poiltlon 
of 9 points on a Blralght line The mode of obBorvslion la so follows Wo apply a tnllllmeter 
Bcalo SOTeral liines along Iho straight line and Iboii each ijme rend off by inspection with 
the unaided eye either (he placoi of all the points agalnat iho ecaU or the plicas of two 
of IheDL The readings for each point are found In Its sepamle column, and those on the 
Bame TOW belong to the BOms poeillon of tho scalo (ConBldered ae absolute abadiea- 
obssTVaUona such obamvalmtia bto hound by the position of the zoto by eicry laying 
d6wri of the scbIq, hut tbe^s bonds are svidontly loosened by our taking up the position 
BgaluBt the Bcale of an arbitrarily oelMted died origin yr aa an element beside the abBcisaao 
2 ,, 2 , of Ihe thr^o poigta] All moan errors are supposed to he equal 
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60 

2r64 
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636 


64 96 

3 

7*9 


645 
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2110 

47‘2 
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1074 
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400 

301 

7 

pi 46 

6198 

7806 

8 

629 

666 

76 6 

0 

96 

00-3 

56 3*2 

16 

2016 

4076 

068 

11 

189 

BOO 

6660 


KUtnliuled free Elemenle 

17 33 «»“ Pi 1“ i I^v “I" ®i) 

3166 - y, + i (J, -H tt) ^ 

3120 yg+i(i,+®,) >1 

3419 “ y, -f 7 

2372 - y*+K®,-1-®,) ^ 

n 06 " yg "f ___ 

6883 - y,+i(*| + ®, + *,) ^ 

66 30 - y, J-4(»i + iFi + i5,} B 

3204 ^ yi+i(®i+ S 

42l)B“y,D+4(®i+-®i+ai) I 
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Ab Iho theorelioBl equation for the j"* obaervaUor in the wlumn \m the form 

1 •=" !/i -1- I 

and every obaervallon. tharoforo, la a fun(jtion of only Uo olDinonlfl, thorn ib every tewon 
to niB the method of partial Dliminitlon If 'wo chooBO Hrat to elimlnaU tho yi, me havo 
coQBBijiiontly to fornn nnimal oqiiatlons for oacli of tho II rows Wlioro only Iao polnlu 
are obeervod theoe normal equationa get tho form 

I 

Or+Oi 2yr-l-Jr-r*( 

Or- 

0, >= y, 

for throe poioU the form of Ihe nornial oquatioiiB la 

<’i + ®i + 0| ■=■ 3yt 1-a:, +1,+4;^, 

0 , - + 

0, - y* -fi:, 

0| “ tfi +J!a 

Of theao equallons thoae referring to the yi have given the aliTDinaled free nUtnenla 
aUled above to the right of the obaervatlonB aiUr the perpandicular 

By Bublraotlng thoae equallono (tom the corieapondlng other eqiinlloni vre get, 
In the caaea where there are 2 pointa 

Or —^(Of+o.) — 

0| —■ ^ (Or 1~ Oj) “»• — ^ If ^ Ij ^ 

and m cuoa where Lhera are 3 polnla 

4(®i + '’i ■l"Oii) “ —4*1 +4 4*1 

— i(®i+ <^1 + ^)|) “■ ""4*1 — 4*1 + 3*11 
Dy foimlng the aum of these dlfferonceo for each Column, and conntiDgi on the 
nght aide of the equallotm, how often onoh slometit ocoura with one other or with two 
oLhora, we conaequently get the ultimate Dormal equationa 

- 16898 - 

- 8771 -T»i + ?*i-T*< 

+ i!0S89 

The COBB Is hue iitnple enough to be solved by a fabricated ohiervation How la 
its meet adrantageoua form foand, when Its euatenca Is given P 

fe “ m+55+^ • '“i'*' - 


Answer 
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ftfler Mhich tib gat Ibe noinial equaUona 

^0- 8771 
^'o + 20fl0tl - 

coneeqiionllyi 

Bin ■* 

2| M 0 ^ S5 38, I, « 0 — 4 77 f and •m, o -j* !2i 24 
Prom these wa now compuLo the y'a 


y, = 3221)0 — 0, 

y, =■ 56 80 ' 0 

y, 33 72 —0, 

yj "I 60 27 — 0 

j/j M 3327 — 0, 

y^ ‘~>8B0l — 0 

y, -<-26^145 — 0, 

y^j, = 45 65 — 0 

y, 154B&-0, 

jVj, ■= 44 20 0 


y, -M 8845 — 0, 

Wo need not hero eUU the adjusted vsluw for the aeveral obeervatlonsi nor their 
dilTerencea, of whieh il is enough to ssy that thslr suni vanishes both for each row and 
for each columni Lholr squares on the other hand) will be found to bei 


I 

II 

III 

Toteli 

0002 

0002 


0004 

1 


OOOl 

2 

1 


1 

2 


2 

2 

4 


6 

0 

12 


2 

2 

4 

0 

26 

4 

36 ' 

, 1 

0 

1 

2 

B 

36 

D 

64 

1 

0 

1 

2 

1 

4 

0 

14 

Total 0025 

0077 

0036 

0130 


a - 0028 


I' - -0110 


For the aumiuar; critiolsm we notice that the number of obaervatiohs u 27i tha 
number of the elementB is 3 + 11—1 IS, divisor lonsequontly 14 (ope element being 
wholly engaged hy the fabncatod observation o) The nnit of the mean error Is therefore 
deleiiDlned by 0 0010, and the mean error on single reading + 0*0321 which agrom 
well with what we may eipoot to attain by praotlce Id Bsllmattt of tepib partL ' 


; 



At to tpsolal orlLiclim il is hw«, nhere the welfhta of the ellmlntled free 
funciloni are reipuiivelf 2 and il limea the weight of the alngle observeUen, while the 
wfllghta of at ,, and ai| atbir the adjuatment become reipootivaly end very 
oeejf to compute the eoalea 


1 „ 1 _ 1 _ 

/li(o) ~ ^olghUhwtbe adjualmenr 


With 750 ta common denominator we Und for the aavoral scales and the auma of llieir 
moat natural groups 



1 

II 

III 


1 

m 

' 327 


064 

2 

S316 


3916 

m 

3 

6315 


331 b 

003 

4 


390 

B30 

072 

6 


m 

330 

072 

G 


330 

930 

072 

7 

436 

442 

448 

1320 

B 

490 

442 

446 

1320 

9 

430 

442 

448 

1320 

iO 

430 

44S 

44B 

1320 

11 

436 

442 

44B 

1320 


8170 

3545 

3911 

10026 


I 


I 


^ - 3996 


I’ - GG30 


The comparlaon with the sums of squares In the groupe, divided by ahowe then for 
point 1 25 Inatead of ^ 4 fo^ P<>li>t 11 7 7 Instead of 47^1-^^, for 

point 111 B6 Instead of 51^1^1^, for all poallloue of the eoale with two readings 
26 Instead of 5d;:tKl06, and for positions with S raidings U 0 Instead of 67^v^f4 
The limit of the meou error Is consequently reschad only In the group of point II, where 
(77 —4'7)e ~ ^0 < 9‘4, and It is nowhare exceeded We have a check by summing 
the scales, 


14 - 27-11-3-1-1 


( 63 In aueh olm Id which the oiroumitaocu and welghU of the obaervatloni 
lie dlatrtbuted In aonie regular way, thia will often raollltale tbe treatment of the normal 
•qaatfoDS The allmipatlan of the elemente and the IrwisformaLloi} of the normal equitioni 
Isie snoh whMi left hand sides can be regarded m unbound oheerrations v they are free 
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ftaDoUoDi of tlie origins! obs«rutlone, need notalv&yB bo oDUrmlji connected with one anolher 
u In tlis ordtoAr; method K wOi in a euilablo nay, Lake Ad^onlagu of regularity m the obaer- 
fatlone, and thereby are able, to And a trinaforinAllon which aets the normal equalloni free, 
then the determlnatloD of the eeveral elements will Bcercely throw any material obetaoles 
Id out way Bui iiii older to And out any Bpociel IranBlormailoiiB, ve muat know the 
general foim of the ohanges of the norma! equatione reeiilting from iTanerorniation of the 
original elemenla into auoh aa are any homogotioouB llneir funtlone of them whatevar 
If the equatloni for Ihe unbound obeerTallonB in terma of the originnl elemente 
have been 

the normal equaliona will be 

[/)()] [??!* +lpg]!/-l-[pr]2 

[yol - [?Pla: +[??]!/4-[gr]« 

[rol - irp^i + lrgly + lrr-la 


Ami If we wlah to eubHtltute new ejementst f, and for the old onea, we make uae of 
BnbBtjtutloni In which Me on^rinol Aments an reprisentid as funriions of Me nw onUi 
I hmfore 


a — A|f4*^'ii7 + liC 


1114) 


The equations for the obeeTYitloDB then hare the form 


The new normal oquatioDe may be formed rrom thepe, hut the form becomea very cumbronB, 
the equation which spool ally refers io f being 

((pA,+jh,+fA,)o] - [fjM,+gA,+rA|}‘]f + [(P^+9A»+rA,)(pAj-|-}i,+fi,)lij + 

+ [(pAi+jA.4.rA,)(jrf.+gf, + W,)]f 

The conpntallen ought not to be performed according to tba eiprasaioDB for the coeffloiMta 
which qome out when we get rid of the round brackeU under the aigna of aummallon [ \ 
But it 1 b easy to glye the rule of the compotatlOD with full olearDoae The old Donoal 
^utiou are flnt treated eiaotly as If they were equstioDB for unbound ebserratioDB, for 
f, y, and 2 , respeolively ■ eipreBsed by the new eleuienMi consequently by multiplicatloni 
by ooJumMt by and A, and addition, by multiplioatlon by k^^ and i, and 
addition I and by multiplioation by 1^, 2,, and and succeeding addition Thereby, certainly, 
we gel the new normal equations, but allll with preserraiion of the old elementa 
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- [(P^+3*.+»'Ai)p]*+[{p*,4-9*:,+ifc,)S]y-L[(pfc,M+rA!,) (116) 

The second p&rt of the operallon mOBt thereroro consist in the subslllullon of the 
new olamsnte for the original ones In the right hand sides k tliose oquations In order 
to find the coofflcieiitB of and Ci ire must therefore here agnln miilUply the sums of 
Iho produolB, new hy roire, by 

Ap Aji 

^1' ^I' ^s 
f|i 

and add then up 

Exanplo It happens pretty often, for Inatance in Inveatlgatlotie of ecslea for 
linear measures, that there Is aynmelry between the elenenls, two and two, /, and x^-n 
so that for Instance the normal equation which epociaily refers to sr,, has the same coelti- 
cierile, only In inverted order, as the normal eqiistlon corresponding to 1 .^,, of course, 
Irreapectlre of the two observed terina [pn] on the left hand aides of the equations 
Already F A Hansen pointed out that this indlcstea a transformation of the elements 
^ into ihfl mean values Sr — difference? <fr ™ )n 

this case therefore Iho equallone for the old elements by the new ones have the form 

*1- “• er+ 

^wt-r ™ — ^rt 

and the traneformallon of the normal equations Is, consequontly, performed Jusl by forming 
Biuns and differences of the original cooniclente If the normal equallone are 

[hd] " 4i! 3y 2i 1 m 
I6o] - B* + 6y + 4a + 2H 
(eoj - 2a! + dy-f-6? + 3ii 
[do] - 1j: + 2y+!h! + 4i*. 

the procedure la as followi’ 

[aoj-fldo] =■ Sz-fBii = 10-^+ 

[Bol + [co] 

- az+ ly- le-Bu - + 

[io]—(coj — i*+3y—2*-Iw — 


14 



At in IblB Biittiplt, we laocMd U Mpintln; llie man niaet from lie biH 
dliTffeooeBi u two miitu&IJy fyee ejttenii of fiinclloiii of fhe otMervitlooi 

§ 63 The great limpMoaflon ttit remlle when the ebierrullojui ire mere repe- 
titloDe, In ^nlridlilJnoUoD (o the genenl uee when there ire virjlng clroiiDiiUncfie In 
the obeerritlDni, Is owing lo Ihe faot Ihil the whole s^uelment Is then lednced k the 
determlDitloD of the mean raliiis and the meen srrori of the fibeerratlons Bafore in ai|]uil> 
Bent, therefore, we not only Uke the meini of any obeerratlone, which are strictly speaking 
repetiliou, bnl we also ure a good deal cf work In the uaei which only approxlmsle to 
repetllionst tU IhoBo whore the varlilloDB of olrcumetaDcot hare bc^en email enoogh to allow 
m to neglect their products and stinarei tt has not been necessary to await the syitematlo 
deralopmenl of the theory of oheerralione to know how Lo act Id enoh eaaee 

When aetionomers haro ohserted the place of a planet or a comet uTeral timee 
In the lame night, they Ibrm a mean time of observation J, a mean right aeceniion a, 
ud a mean deollnition d, and consider a and d the spherical co->ordJDatee of the star at 
the bme t 

With the obvious eitensloDS this Is what le called the nomal phft method, the 
Diat laportuit deriee In ptaoLiosl adjustment Sooh obserratlone whoeo eeiential olreuDi' 
itancee bare '‘smair yarlatlone, ara, before the adjustment, bronght into i normal plapi, by 
fonqlng mean values both for the obSerred valnea themeelTei and for each of their essential 
olrtamitanoei, and on the euppeeJtlon that tha law whloh oonoMta l',> observallons and 
olreQDiilaDcea, holda goqd aleo, without any change, with reepeok to their ntan raloci 
Much trouble may be epind by employing the normal place method The gwtloD 
U, whether we lou theyohy In eiiotdiua, and then how maob. 

We ehall first consider the oaee where the unbotind obeonatlone o are Uneir 
fhnoUone of the varying eaeontial olromDslanoei s>, a, the equation for the obiona' 
ttone being 

1 

With the wotgbls« we rorm the Dormil equitlonet 
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If the whole eeHee of obeorvatlone li galheied Into a single normal plioe, 0, 
oemtpoliding to the clroomslanaee uft and with the weighl F, wa atull broi 
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IhiH normal place will dihaust the normal equation (117) corresponding to thd coneUnL 
term, both with roapect to moan value and iiieaTi error Uut If we rnalw Iho otkar oormsl 
equations frea of (1J7), wo get. by the torfL t niothod of leoal equaraa. 


[B(o-O)(a—J:)J - 6[o(I-A)'J^ 
["("“OK?-;})] _ 4[u(a,_A)(a-i;)]-|. 
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for the detormyiation of Ihe olnmenta b f(, and these determlnalione are lost cornplelely 
If the wbnla eenea lagatiiorod into a single normal place Oertaialy, the coefdcIcnU of theaa 
equaiiona (116a) ate amall quanlltioB of tho aeeoiid order, If the ie-A and a—iS ora 
amall of the Aral order 

If, on the other hand, we spilt np (ho seriH, forming for each part a normal 
place, and odjuelitig these uoimal placcti instead of the obaervatlons according lo Ihs 
method of the least squorpe, then the iiDrnia) equation corresponding to (he coneliint 
term is etlU eihaasled hy the noroinl place method, and besides this dolerinlDatlon of 
n-}'hJf-|' -{-dZ the normal place inothoil now also alTorda a doterimnailon of the alher 

deinapU h rf, In such a way, however Ihat we euITor a lo»s of the wolgbU for Ihoir 
deUiminatlon This Idhs con become great, nay total. If the normal places are selected In 
a niiy that does not suit tlio purpose j but it can be made rather insIgDincsnt by a 
Ruitoble aejeolion ol normal pUc/es in hot too small a number 

Let us suppose, in order lo simpllf) matters, that the observatlopa have only one 
variable ossentlal clrcumsloiico i, of whicli their mean rtluos ore linear (bhclionii con* 
seqiiently 

;,(a) - a-j-fia, 

and that llio j-h pro uniformly distributed wiUiin the utmost llmita,aig aiidi!|, we then let each 
norma) pUcs encompaas an equally large pari of LIdb Interval, and We shall Hnd then, this 
being the most favourable case, with n norira] places, that the weight on the adjusted value of 
the element I bocomes 1 — | -j', If by a correct adjustment by elements the correaponding 
wejglil is taken as i/nity The lois ta thus, at any rate, not very great And it can be 
made still smaller, if the distribution of tbo eosenllil citeumstsnce of Ike observations is 


I 



uneren, end if wo cun got it noimil place everyffhcnt fftiore the obsorvationB become 
puljciitBrIy frequent, v/bile empty speoee eeparate the normal places from each other 

The fioeo is analogous also when Die obeorvatioas aro ellll functions of a siDgli 
or a four ceeential ciicumaUncas, but the rnnollon Is of & hlghet degree, or Uanucendimiol 
For it is possible also to rorro uorntal places Iti these oases, nnd we can do so net only 
when the yarlatlona of the oircuniBtoncsa can bo direcllv treated os inAnitely sinall within 
each normal place, which casa by Taylor's Iheorem falls wjthln the gtren rulo, kr If we 
bare at our disposal a proTisjonal approximato formula, y ■» /*(«), and haro calculated the 
deviaiion frpm Hub, o ~ y, of oeory DbeoryaDon (conaidering the deelallona os obssTvaliDne 
with the oasqnUal cltoumslaTicea and moan errors of the original obsoruDona)^ then we 
can use mean nunibers of doriatlone for reciprocally adjacent oircutastsncea os corrections 
ffhlebi added to the coireepondiug voluoa from the appronmato formula, giro the uormal 
raluee Farther, it is requlrod here only that no normal place ia made so compiebenslva 
that the deriaDona within ite limits do not remain linear funotione of the eeunlia) 
olTcnmBt&Qcoo * 

Also here part of the correotnoeB is losl| and it la difScuU to eay how much The 
loss Is, unde: equal oircuniBtaiioee, smsllor, the more normal places wo form With twice 
(01 three times) os many normal places sa the number of tbe unknown elemonia of the 
problem, it will rarely become perceptible ^itb due regard to Ibe oeaenDal mroDmeiancee 
and the dlBlrlbnllDn of the wolgbla we can reduce It, using empty apaccs aa boandBiiee 
biLf sen the normal places 

A aultable dlsirlbutloa of the normal places also dependa ou wluit funolioa the 
obieiritloos are of tflelr efisentlnl clroumutancaa Ai io this, howerer, It Is, oa t rule, 
Blifflclenl to know the bebarlour of the integral algebraic fuDotloni, oa we generally, when 
fS hlYo to do with foncllons which are eoaeiitlally different from those, will try Ihrongh 
Irauiformotlona of the ruloblee to get hoek to them and to cutala funotiOLs which 
reaembla them In^thls respect 

We need cnly coifsider the oases In which we have only one variable assentlal 
oirouEastsacOi of which the nioan value of the observation Is an algebraic fnnclioti of the 
degree We are able then, on any suppcillltn se to the dlstrlbaDon of the obaerfaDoni, 
0 , ud Ibelr eaeentlil circmelancHi and weigbla, v, to determine r-J-l sabstiluUve 
observations, 0^ togetbw wHh the essaDtlal oiroumatancea, Jf, and weights, F, bslouging 
to them, in such a way that they treated soocrdlng to the method of the leaet aquar* 
will give the same reonlla ai tbe larger number of actual obeervalioni The condiiloDi are 

H +0,Vr 1 
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Tbeu 3r-f2 ei|uatii>ni'arg nol quits lultclnl hi tbs dstirniiiiUsn sf tbe 3r-l-3 
utitnoirna W« Ttmova th« dirflouUy In Iha but w^y by adding Ibe «<tUb(jion 

TbB eliminAtton of the V't (and O's) Lhen leads to an equation of the r-[<l degree, nhoM 
root* ^g, Xf are all real quanUtles, If the glren I'e hare been real and the o'l 
poaiilve When the roots are found, we ean computo, Qrat 7^, K, and afterwards 
Og, Or. by means of two lystema of linear equations with r'4'1 unknewni. 

If, for InalaiiM, the essential oircuiUBtucea of the actual observatiom are contained 
jn the mterral from —1 to -}-1i <rnd if the obaerTatlons are so numeroui and m equally 
dliirlboted that they may be looked upon as continuoui with conitant mees error oveiy- 
where lo this Interril, if, farther, the sum of the weights p-^ 2, then the dialrlbutlDn ol 
the eubatitutive obserTatiotie will bs synunetncal around 0. snd, lur functiona of the bwsat 
(iegrece, Iih 
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If, Id another eiample, the dlslrtbiition of the obserfstloDa U, likewise, contlBiQu, 
but Ihi weighia within the element dx proportional to r^, coDuquanUy symmetrical with 
eqaiiaum by d ^ 0 , then the diitnbutjon for the lowest degrees, the only onea of any 
practical Intoeil, will be 
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K WB w(!rB Bblo now lo reptoaent llioao iiuli'sliliilivc obsorvutloiiB os norntsl plACfiSi 

tbm vro Bbou^d bo able also, by the ubu of bul)i tabko in aTialoj^oUB c.DfleB, to pravenl nny 

lOBi of OKftctneBB, U would bo poBslble untiroli Lo ovado thb oppliLiilon ol tho molhod of 

tba least squaros', had but to Torn) auih qualillod normal placei; In Jtiat (he ijatne 

number oa the fldJuBlment fortnula coolalna obnienla llial are lo be dotortninod This, 
however, is not posHible Certainly, we run oliUin normal pJaiea cort«apondinj| lo the 
requited Viluea of the eaaeuUal ctrtumaUrw^ but vro cminol by u aimplw (otmaliftn of 
mean numbers give them the weight wbloh eaih of them oughl to liuvo, without oniployibg 
Bomo of the obnarvaiionB twice, olhora not at all By taking into lonaiderntloTi liow nmUi 
the Bitreme normal places from Ibis reason miiat lose in woighl, compared to (ho suh- 
sllUtlvo obaervalions, we can eatimalo bow many per cent the loss, in Iho worst cue, 
con amouQt to In the ftret of our eiampleo wfl Hud the loss to bo 0, for * “ 0 and 
r “ l| but for r* ™ 2 We loao Ifi, for r 3 we lose 10, for r “■ d we lose 20, and 

for greater values of r 21 p d ' • 

Example EighHr unbound obHorvallons, equally good, ^,(o)correspond 
to ti) essanlial vlrcnmstance whoso values are dislnbuled as Ihe prime numbers froni 
lOdQ to 11(1 Taking (f-1105) 100 — ® as the ossCnti&l LiroumSlanLe of the observa¬ 
tion 0 , we^ have 
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Dividing observotiona into (^oiipR indii«t«d by tlin Imrl^ionlal llni'4 He i{oL 


llie G norrfiBj plBens , 

IP It iielplii 

- 6110 (-016 2 

-*407 +’100 9 

- 108 --oai 5 

+ 146 +-II6 4 

+ 470 + m 2 

h 020 - 616 il 


If we Boppote the mean valuei el Die obiervaliloni U be a runcLIoq of ilie third, 
eventually BMendi degree of 2 , lilelmn+ifr+ei’+iiii*, wo have bv erdlniirv appllcalion 
of the adjustment by elements the normal equatloQB 

G72»210D0n- 1206 + 29^e+H4rf 
^ 1-07 - -120a +119 986+ lOde+Biy 
^108- 21)0fln+ 1046+ 8‘lle + 191d 
^H4_ M)4fl+ 8116+ 121e + ^-60d 

Uv Uie tree ei|tnillniiB 

072 - !J!flOO/i- 1*306+ 29'fl8r + l-04d 
-609- 99 07 6 + 2]U + ai3d 

- 1-7D - 0’8O-i+ *a7d 

- 64 - *305^ 

ufi gel 

H — + 00, o' + 10, 

i - + 40, 6' - - 07, 

r ■» -T- 80, </ «- — ’4^, , 

d - -li77, 

Wbsre fl', h\ i are the ^ufflolenle In ike fiinoiioni of second degree, ebtalned ky pr^ 
BUppoilng if — 0, 
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NdW( by ipplicvtlon of Iho DorniQl places Instead of the oHgtnal obBerrallons, m 
obt&la on the saae aupposlllouR the normal equalions 

672 --210 00a- 187 rf 

, -3 94 --1.20a-l-l{9 46H I87c + 7'0ad 

- 64 - 26 46 B 4- 1 87 A + 7 03 o + U4 (/ 

-151 - 187nH- 7 031i+ 114c + 245J 

By Itio free oquotlons 

0 72 2l6 00tf’- l2O6 + 2046e-1.187d 

-2 80 - 29 44J+ 5f03c + 794(i 

- 1 26 - 8 77(1+ 34d 

- 76 - 208 d, 

we get 

a «. 1-07, fi' - + 09, 

t =. + 09, 6’ - - 07, 

c — — 07, (/ — — 39, 

d- -288 

A oomporlion bslween these two coloulatlona, portimlarly between the leading 
ooefflolenta In the free equations, shows that the loss of weight amountii lo 1 — ^, or 
14 per cent But It Is only In tho equation for d that the losj Is so ^eat, In the equa> 
tlons for i and e, reBpoollTely, it is only two and one per cent 

Our normal placep are T«ry good if the funotion la only of the Arst or eecond 
degree; for the fuDcllon of third degree they cun he admitted eTen though tho values of 
the eieuenta a, £, o, d haTO changed considerably For functions of 4^ or higher degrees 
ttaae npnnal places would prore loBufAcleat 

g 64 fhat grajiAieat adjuflmd Is a mesns which can carry us through great 
ttfHoulUes, we have shown already in practice by applying It to the drawing of ourres of 
etrora. The remarkable powers df^ the eye and the hand must, like a deos ei machina, 
help Ds where all other means falb 

A^ustment by dthwlng Is [eslrlcted only by one single condition if we are to 
ropreient a rolalioii between quantities by a plane curve, there must be only two quantities i 
one of these, represented by the ordinate, is, or is considered lo be, the observed value, 
and the othsr, leptesenUd by the abeciBsa, is considered the only essential olTcumplauce 
on which the obwrved value depends 

Eumples of graphical adjustment with two essential circumstances do occur, 
howovec, for instance in wealher'chatls In periodic phenomoua polar co-crdlnatea are 
preferrsd But otherwise each obeervatlon is represented by a point whose ordinate and 
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abscifisa respectively, the obiQTVcd velue Bod its eseenhal circumBtance, and the ndjual- 
nent is performed by rreo-hand drawing of a curve which BallalleB the two condiUons 
of being l>ee (Irom Irreguliriliea and going u near as poaarbla to the several points of 
observation The amoolhneaa of the curve in this process playe the part of the theory, 
ind it la a matter of course that we succeed relatively beat when the theory la unknown 
or eitramely intrlcnte, whan, for inatanca we must con Ana ourselves to requiring that IHa 
phenomenon must be continuous within the observed region, or be a single valued funclion 
Bnt also such a Ibeorellcal condition os, for instance, the one that tha law of depondonca 
muit be of an Integral, rational form, mny be succeeafully represented bv graphical adjuel- 
ment, if the operator baa had praotice ji| tho drawing of parabolas of higher dogreeo And 
we have aeon tJi&f also such functional forniB us have the rapid approrlmation to an aeymplele 
which the curves of error demand, he within the province of tho graphical adjustment 
As for the approiimatlon to the several abserved points, the idea of the adjusU 
msnt tmplios that a perfect identity la not tiacesaary, only, the curve must mteraeot the 
ordinates so near the points as is required by the several mean enora or laws of errors 
if, after all, we know anything bb to the exactness of the eeveral observations before we 
make the adjustment, this ought to be indicated visibly on the drawing-paper and used 
in the graphical adjustment We cannot pay much regard, of course, to tho presupposed 
typical forni and other pfoperlles of the law of errora, but aomething nay he attained, 
particularly with regard to the number of similar deviations 

If we know nothing whatever ae to the exactness of the several cbseivations, or 
only Uiat they are all to he considered equally good, Ihdre can be only a single point in 
our figure for each observation, In a graphtoal adjustment, however, we can and ought 
to lake care that Llia curve we draw has the same number of observed points on each 
side of it, not only in its whole extent, but also as far aa possible for arbitrary divisions 
If we know the weights of the obeervations, they may be indlcsled on the drawing, and 
observationa with the weight it count ri'fold 

In contradistinction to Ibis it is wprth while lo remark that, with the expeptlen 
only of bonds between observations, represented by dHTerent points, It Is possible to lay 
down on the paper of adjustment almost all desirable InroTPiation about the several laws of 
errors Around eeoh point whose oo-ordtnates represent the mean values of sn observallon 
and of its eesential circumstonce, a carrei the curve of mean errors, may be drawn in 
auoh a way that a real Interseotion of It with any ourve of adJuslmanL indicates n davia- 
tlon less than the mean error resuUlag from the vomblnatloti of the mean errora of the 
observed value and that of Its essential clroumBlance, If this ii also found by obserracion, 
while a passing over or under fndioaloa a devlatiDn eioeeding the mean error Evidently, 

drawings furnished with luch indications enable us to make very good adl^Blmenla 

la 
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If Ihe Iftffs of orrois bolH for tlie obBsrvnlion and for )fa olrcurnstonce are lypicaK 
Ihan tha curve of mean arrora is an ellipse ifrilli the obaorved points in lla centre 

Ifi furlhor, there aro no bonds between the observation and Its oircumatanee, then 
the ellipse of moan eriUTB hae its eves parallel to the ordinate and the nbsciasa, and their 
len^hs m double the rcapoctive mean orrors 

If the oaesutial clreumslanco of tho obaorvatlon, the abscissa, is known to be free 
of errora, tha elllpsa of the moan errors is reduced to the two points on the ordinate, 

, dialant by the moan error of the observation from the central point of observation In 
special casoe other manns of illuetrallng tho laws of arrora may be used If, for inelaiice, 
be mean errors as well as the mean valuos are coiillnuoua functlona of the esaantlil 
drcumslaiice of the observation, conlinuoua curves for (ho mean errois may bo drawn on 
Lbe Ri^nelment paner , 

The principal advantages of the graphical adjoetment are its indication of gross 
errors and ils Independenco of a dednilely formulated theory By meashnng tho ordinates 
of the adjusted curve we can get Improved obeeivations corresponding to ns many valuea 
of the Dlroumstance or abacisea as we wish, and we can select thorn as we please witliln 
tha llmlta of the drawing, But these adjusted obceryatlons are ilrongly bound together, 
and we have no Indication irhalevor of then mean errore ConBO(|uenllyi no other adJusU 
mtol oan bs based Immediately upon Iba reaulta of a graphical adjuetinanl 

On tha other hand, graphical adjuaLment can be very advaiilagaoualy combined 
with interpolations, bolh preceding sml following, and we ahall sob later on that by Ibis 
meviB we can remedy its defeota, parlicijlarly Its limited accui j r.td its tondency to 
|bce' loo much cooHdr^npo in the observatione, and loo little in the theory, i e, to give 
an under-B^uitment, 

Dy drawing we ai,j,ii an eiactnees of oal> 6 or 4 aigHiAcant figures, oud that le 
fieqaently inBurdcient The scale of the drawing must be chosen in such a way that the 
mon of observations are visible, but then the dimensions nay easily become so large that 
no paper can contain the drawing In order to give the eye a full grasp of the dgure, 
tha lallar must in lla whole course show only small devlationa from the straight line, which 
ii taken u the ails of ahacliaae This is a practical hint, founded upon experience The 
aye can Judge of the ..mootbneea of other curves also, but not by iar so well as of that 
af a atnighl liqe, And If the Hue forma a large angle with tha iiia of the abscissae, 
than tha eiaotnesa la lost by tha flat IntonacUons with the ordlnatee Therefore, as a rij)e, 
It la nnt the onglual obaervatloui that era marked oii the paper wbeo we mako a graphical 
a^luslmeot, but only (heir dllFerencei from valuea found by a preceding interpolation 

la order to avoid an ucder-adjuilmeni, we muet allow k of tha devullona of lha 
curra from lha obBWvatlao-painia to surpaia the mean errors It u Hirthor essential that 
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tho B&ld Intoriioliitioii ia basod dd a niiniiuuni number or observed date, mil after the 
graphical adjiistment haa been made, it is aafn to tr^ another InlerpoliHon using a smallei 
nutnhar of the adjusted values aa the baao of a nee interpolation and a repeated graphkil 
adjuatment 

jfr the results oJ a grapbical adjustment are required oni} ra the form of a Uhle 
reprOaentlng tho ndjuatad ohseivationa ns a functioti nf the nrcumslBnce as argument, thb 
table also ought to be based on an interpolation between relalnely Few measured valuie, 
the interpolated valuea being cbooked by comparison with the lorresponding mouured 
values A table of eiolusively measured luliios will show too Irregular dllferencea, 

When we haio corrected ihoso vbIoqs by inoosiirlng tho ordinates In a curve of 
graphical adjustment, they may be emploved inatoaii of the ohaecvalions as a sort of norinil 
plaeaa It has been said, however, and Jt deaories to bo repoated, that they must not be 
adjusted by means of the method of the lc<isl aquerosi like the normal plaies properly u 
Railed DuL we can very wall uao bbth sorts of normal places, In a jHit tuffUimt nmhtr, 
for the compulstion of Ihe unknown elemenlb of tho problem, according to lha rules of 
eiaoL matheniatLca 

That we do not know Ihdfr weights, and that there are bonds between them, will pot 
here injure the grapbically determined normal places The very circumstance that oven distant 
observationa by lha conatruclion oT the curve ore made to {nfluence each normal place, la an 
advantage It la not neceasary here to sutler any loss of evacLness, as by tho other normal 
places, which, as they are to be repreaonUd us moan numbers, cannot at the asmo time be 
put In the moat advatilageous plnces and obtain tho due weight As to the rest, however, wbat 
haa been said p IDh—110 about the noioasity of putting the eubstllulive ehsorvfltlons ia 
the ijjiht place, holds good also, without any alteratloni of the graphioal normsl places 
The method of tho graphical adjustment enables us to aiecuLe the drawing with 
abeelute correotnesa, and it leaves ue fgll liberty lo put the tioimal places where we like, 
conaequenlly also in the plaoos required for absolute Lorrectness, balm both these rsspscis 
it loaves evor]thing to our tnet and practice, and gives no forma) help to It 

Ae to the crlllciaiD, the grapbiul adjustment givea no luformation about the meu 
errors of Its leaults Hut, If wo lan slate the mean error of oach obaervatian, we are able, 
neverlhelesB, lo subject the graphnnl adjualniants lo n summary ctUlilaiti, odoidlng lo 



And with reaped lo the more speihl orltuism ou svateuiatlcal deviations, the gnphicil 
metbed even takes a very high rimk Through giaphnal represenlalioDS of the Anally 
remsining deiialions, O'-w, particularly If we can also lay down the mean erron on tbi 
■AO drawing, we got the sharpeel oheok on the objective coireoineai of any a^JnstDieftL 
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Frfini Ihia roBson, mid owing to tlie proporlioiiiillj i»li|jlii diliiiiiliiuntUcbQd lo U, 
Iho praphlcai adJuslTnonl becomes pnrlicularly sjilnhle whore we oro le by down new 
empirical hws In such cases wo bavo to work Ihrongli, lo chock, and to rojoct serioi 
ol liipollicsPB as Lo Hid fundloniil inlerdepoiidonoy of obsrrvaljoiis and Ihoir ossonilal 
cirtunistonoes Wo saia much bliour, and illuatrAto our roauUs it we work by graplvictl 
adjuslmonl 

or Lourse, wo are nol oI]|ij;ed to subject olseivatloiis to adJualmenL In llie pre- 
liminary sUgos, or as long bs it is doiibtfu] whoLhor i groalor numboi oF ossontiul ciroum- 
sLances fmghl not to be takon into coiisidcmtion, il may evcji bo Iho best thing lo give 
the obervatiioTifi ns they utd 

Dot if wo use the grupliKul Torm in order to illuBlrola such slatomenla by Ihn 
drawing of a lino which connoctt, I he several observed points, then wo ought lo give this 
lino liie form of a eonimnous curve and not, according lo a rashion which unfoilunably 
IK widely spresd, the form of a rectilinear polygon which is broken in every observed 
point Diacontinuily m the curve is such a marked gcomolrieai poculianly that it ought, 
even more Ihan cusps, douhlo-pointB, and asymptotes, Lo bo reserved for those cases In 
which Ihe autbor eipressly wants to givo Ins opinion on its oceurronce in reality 


XIV THE THEORY OF PROBABILITY 

g 65 We have already, in § D, defined "•probabdily" as the llmil lo which-- the 
law of the large numbers taken for granted ~ the rolallve Iraquenny of an evont opproachas, 
when the number of ropetlliaoB la increasing ludehniUly, or in other words, as the limit 
of the ratio of the number of favaurnble events Lo the toLel nunibei of trials 

The theory of piohabLUtiea treats oepeoially of such obeervalioae whose evenU 
cannol be nalurally or immcdiatoly aipressed in numbers But there la no compulmon In 
this limitallon When an obsorvalion can result in dllTerent numerical values, than for 
eecli of these evonta we may very well speak of its probabilily, Imagining as the opposite 
event all the other poesible ones In this way lha theory of probablllllas has serrad ae 
the cenabnl foundation of the theory of obneryaibn w a whola 

But, on the other hand, it is important to notice that the determination of thi 
law of errors by symmetrical funotions may also be employed Iti the non-numerlcal cfties 
without the intarvenliDD of the notion of probability For as we can always indicate the 
mutually complementary opposiio events os the ''fortunate or "unfortunate'' one, or is 
'Wes' and "No", we may alee uio the numherB Q and \ ai auch a fomal indication It 



ibflQ Tie idetilify I Yrith the ^a^ouT»ble 0 uitli the unla^auralilo "No'\ the 

Burnt of the numbera got Id b aorloe of repelitlotia will [(i\e the frequency of eflirniatiTO 
evenla Thia rolBlion, whioh hu beou need already m eeme of the foregoing examples, wq 
mual here coDsIder mote eiplloltly 

If rDpetillons of the bbids obeervatioD, which admito of only two BiteiDalivea, gi^e 
the rsBult "Yfifl" 1 m tibiM, epiiiat u tlmea ' »■ 0, then ibe rolalive l^equercy 
for the favourable event la Dut If we employ the foiin of the eymnieliical functione 
for the BBise law of aclual errora, then tho auma of the powers are 

a, •• m-|-n, b, » i,. » in (121) 

In ordei i« deieTtPine the hall-lnvariants by meana of this, we eolvo the oquatleca 


w - 

w (M /ii +(m + fi)/j| 

n — m 2m /i|-1 -(im + m);1| 

w— m 3« /i, f Bui /i| + (ni+ k)pi » 


and find then 
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m-f H 
mn 

(w+iip 

fit) 






tiin(ji*—4wn+w') 


(laa) 


{irt+n)* 

Compare g 2di example 2, and ^ 24, example B 

All the half Invarianta are Integral functlous of tho relative frequency, which ib 
itaelf eqaal to f^^ The relative frequency ef the oppoeile result In ■" l—^ii ■ by 
inUrchauging m and none of the hair-lnverfante of even degree are changed, and tiieao 
of odd degree (^om /i, upwards) only change their algna 

In order to lepreeent the connection between the Ibwb of preanmpilva errora, we 
need only aaapme, In (122), that m and a increase Indefinitely, while the probability of Ihe 

ivanl becomes j ^ - , and the probability of the eppniile event li repreeenlod by 

I* __"''ti 

-■IT 


1 —p g The half mvarlanta are then 
^1 -P 

It - Jiff 

- jjg(j-f) 
i, -pq(g'-4jjg+p*) 

Oar mean valqea are tharefore, leapectlvely, the relative fteqaenay and the piobibihiy iUelf 


(123) 
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Wo nm&l row first noLico lioro lliiil c^ory Imir-m^iujjnt le 1 (h ottii fixed aarl 
mrnplfl function of llio probabililv (tlio fie^iuonq) Wlion a tosull of obsonailon can Ijo 
aUled In tbe form of ono ^JiiiKto piubiilnliu |)rO|ierly ao cnllail, wo bavo llioreby given as 
complelfl n d^teTralnailon ot lliv law of lo aii by llio wbolo Berloa of bMWnvarianls 
In Buoli GBB 03 it ia almpler to employ ilio Llioory of probability justoad of Iho ayininalricBl 
funotlona and lh< method of lha lonsL di|uiirea 

The (hcary of probability Ihorebi gela lU provinoo determined In a inuih more 
natural and auitable way tlmii thiit employ ul In tlio beginning of llus paragrriph 

But at Iho BBtne time we aoe Elial llie form of Iho Imlf-mxariatiU is not only the 
ganeral means which muat be oniploved whire the conditions for llie use of (bo probability 
are not fulfilled, but also (hat, witliin ILo thaory of probuLilily jUell, we ahull require, 
parllculariyi tbo notion of tiio moan error 

Fvon where the probabllllv can repLue all tho huir-iiiiaruiiLs, no shall require all 
Iba various aides of the notions wblcli nrn illelinctly etprassed in llio half-in^AnauLs Now 
we have partlcnlaily to conaidor llio proLnIiilily as llio liuflnito mi on value, now tho point 
la to elicit Ibe daflnlto degree of uniorUinly winch is implied in the probability, and 
which la puUoul&rly omphoaiaod m. the ine^m error Olherwiso, wn ehould cntietaHlly be 
tempted to rely on the predictions of tho theory of probability to an oxtent for beyond 
what :a Justly due to them Finally, wa shall seo Imuiedintoly that tho laws of error of ' 
the probabilities are fur Trom lypiral, but llml they have mlhci a type oftliolrown, which 
muBl seiuellmes be especially empbaalsod. 

All Ihia we shall be able to do Iilii., wIiqio no have Ihu liJlf-uivanaiiU in reserve 
u u meaaa of reproaenllng the theory of |irobability 

§ 60 ' In parlmiilar, wo ion now, Ihoiigh only in the foiiii of tbu half invarliLiilii, 
Bolva one of the principal problems of Ihe ihsory of probability, nud delHiinme the law of 
pieaumplive errors for the frcqiienoy ui uf one of lha events of a trial, winch can have 
only two events and which Is repeated A uiiiea, upon tiia supposiiioii thit the trial follows 
the law of the large numbora, and that tlu probability yi for a ainglo trial is known 

The equations {123) give iia olreadv the corresponding law of an or for each Inal, 
ud aa the toUl abaokte frequency la the aum of Iho parlial ouea, uood only uoo ll^o 
^quationa (36) to flnd« 


iiH - Np 
J,(fii) - lypa 
d,(wi) - %(3-p) 
diM - 

= Wp(l p)(i- (3 |-/B)pj(l tS 
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I'ba ratio of tbo mean fTei]iioncy to [he number of Inala is thereforo the probability lUolf 
When p IB BQiall the moan error dilTera little from the square root }/jrp of the moan 
frequeney, and If p Is nearly ^1, Iho moan error of the oppoaile event » noirl) equal to 
}/Nij liVhen the probability, p, is nearly equal la Lho mean nror will be about 
The law of error la not strictly typical, aUhougb the rational function of the 
decree id jb-fm) vanishes for r different values of p between 0 and i, the UmlU luoluded, 
so that the deviation from Lbo typical form must, on Lho whole, be small If, however, wa 
coDsIder the lolatire maguUuda of the higher hsif'-iiivarjaiila aa compared with the powers 
of the mean error 


and 


-l.H 


m 


the occurenco of in the dSDomlnatora of the abridged ftacLions shows, not only Ihat 
great numbers of ropetitionB, here as always, cause an approiimation to the typical form, 
but also that, In contrast to this, the law of error In tbs cases of certainly end impessl- 
hlllty, when and ji»0, becomea skew and deviates from the typical m au InRnllBly 
high degree, while at the aame time the square of the mean errora hecom^ 0 This 
remarkable property ie still traceable in the oasea In which the probability Is either very 
email or very nearfy eqnal to 1 Id a hundred trials with the probability — Oflj' per cl 
the mean error will be about — l^f Errora beyond the mean frequency cponol 
uceed and sre therefore less than the mean error The great dlmlnisblng errors must 

Iberefore be more frequoDl than In typical tasos, and frequonoles of 97 or 96 will not be 
rare in the case undeir consideration, though hey must be Ihlly counter<balaaG«d by 
nnuieroui cases of LOO per ot The law of error Is consequently skew in a perceptible 
degree In appllealiops of adjustment to problems of probability, It Is, IVom this reason, 
frequently necessary to reject eitreme probsbilitieii 


XV THE POHMAL THEORY OF PROBABILITY 

S\d7 The format theory of probability toachoa ue how to dsLeriiiiDe prohabllltlsa 
that depend upon other probabllitias, whioh are supposed to be given Of courw, Ibere 
are no mathematical rules apeolally applicable to computilioDe that deal with probihlliUu, 
ud there ire many computations with probabllllise which do not fall under the Lheory of 
pfobibility, fot Inatance, mUnatmenb of prob|h|)lt|ea But In view of the direct ^plication 


I 



of ))TDl>abiHliu, iibl lo gairiea, in^iirancca, nnd ataliHLics, bnk to condillana of 
life, it will ho ufidorsifloil limb spocinl iimporlniicQ aUnclioa to Ihe rnarlia which show 
Ih&i ft LtnTjpftittlioii will lend Ha lo ft piDbabililj ns lU leanll, m this Implies in part or 
in llifl wliolo n dctnrmiiiftlion of n Idft of orron The formiil theory of probebjlllies reeOi 
eft Uo IhftOTeina, one Goncftrfttwg the eildvllon ef prabebllitlea, the ether coDceininpi Ihelr 
mulhpluftiion 

I The theotem coilceiftHig Ih iirfrfUioii o/'yioinlli/ilws cB,n, aa flU pToUblhtiea 
ore [leaitivo numhers^ bo doduiad rrom tlio usual deHnition o[ addiLion ea a putting togelher 
if a aura of prohabililioa (a to bn a pnibabiliLy llaolf^ we must bo ftUowod to look upon 
each of Ibe probabilities lliat wo are lo ndd together lu corresponding to its particular 
events i'heso oionle inual mutually oxdralo ono unothort but must at the eime Umu have 
a qunliLy in commotii to which, after Iho addition, our whole attonlion must be given If 
ihe sum IS lo bo tho correct probability of evetila with this (luallty, the sai^e quulily idubL 

hi found in no other ovont of llio trial An “aUhor—or" la, therefore, the airaple graiuDia- 

* ^ 

Ucal iiiarli of the addition of probiibllltlos: The event E„ whose probability is 
must occui, if ii(hei the reaiiU whose probability is f i, or the quite ditTeront event AV 
rrhcaa probability la ocoura, and not in any olliar coao ]f we roquiro no other reaeni' 
blance between the events whose probabilities are added togoiher, than that they belong 
to tlio aaino trial, their aura muat be lira probabiMy 1, corbimly, beojiuae then all evonta 
of the trial are favourable If;) bo tho probability for a certain event, ^ the probability 
apa>nai the sanio, ihun we have p-{-j ^ t, q ^ 1 —p If w oventa of the same trial bo 
squally probable, the probability of oacli being » /), Ibeii Llie aggregate probability of 
(heao ovanls Is np 

III The thcororn concerning i/ie }?iiil{tphca(m of prohbihin! can, ao all proba- 
blllliea are proper fracllona, ho deduced from the dednition of the multiplication of frao- 
tiona, according to which the product is the same proportional of the mulliplicand oa the 
nuUiplier la of unity Only aa probabilities proauppose Infinite numbera of trials, we shall 
eomraeDce by proving the correaponding proposition for relative frequencies 

If, ID p p, IS a relative frequency, it must rehle to a trial T, which, 

rapoated N times, baa given (avourable events in Jfp, cases, and if being also nTolalive 
frequency, lakes the place of miilbpllor, then the corresponding trial T,, |f repeated Npi 
tliqos, must have given favourable evonle ^ow in iho nmltiplloalioL Pipn 

p must be the relative frequency of the compound trials which out of the total number of 

tf TopeUtlewa have given [wvourable eventn The iilala T, and must both have 

eucieaded oa conditional for Iho final event As the number N can be taken os large oi 

we plme, the same proposition must hold good for pTobahllitlee 
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The probahlllly j) bb the product of Llie pTobabllitlei p^ und relates to 

the event of & compound trial, which Ib favourBlilo only If both conditional irialj, T, and 
2',, have given Tavaurable oventai firat the trial T^ tnuH have had the event whoifl pro^ 
hahllity la)»,, ai.d then the other tnel T, muit have aucoeeded in the erejit, ivlioie 

probability, on of mem tn IT,, Is p, However indifTerenl tha order of 

the raotora may be In the numerical compulation 11 ia navertheleea, if a probability Is 
correolly to bo found as the product of the probabilities of conditional events, noceaeary 

to Imagine the conditional trials arranged In a definite order To prove Ihia very Important 

proposition we shall auppone that both oondlUonal trials are carried out In every cue of 
the compound trial let both Tj and T, have succeeded In a cases, while only T, has 
iDcceeded in b cuee, only 7, in e casea, and neither in d cuea Conaidenng each of the 
two trials without any legud to the othei, we Itaerefore get and 

^1 ^ the fraquenoiea or probabilities of their Ihvourable events But In 
the aalttplloatlon for computation of Lbs eotapoond probability, and P, are applicable 
only as mnltiplloandai the cenrecl result p ~ ^ I^Bund by p ^ 

or by j>« Pi , according to the order In which the trlala are axeculed, hut iioi 
up — Pit’ll unless n 6 — c d ^ut thJa proportion eipresaes that the frequency or 
probability of the trial is net affected by the event of the trial T, This preportionnlLty 
la the mark of iieedom, If we coneldar the multlpiloalion of pyobablllLes u Ihedettfoilniiloii 
of the law of errors for a function of two observed values vthou laws of erron are given 
SIqce Impossibility Is ladrcated by probability — 0, fe see that the compound 
trial Ib impossible. If there in any of the ooDdltlonal Inals that cannot possibly succeed, 
I e if p,0 or Pi ip 0 In i’ —The condition of oerlalnly (probability — 1] In 
I compound trial Is certainly for the favourable evenia of nil conditional trialii for ai p^ 
and p, as probabillllee mill be proper fractlonB, —p — 1 will be potslble only when 
both Pi —1 and Pi — 1 

f Eiample 1 When the favourable events of all the conditions] Iriali, m In 
number, hare the bsihb probability p, the compound event, which depends on the ancceia 
of all theio, hu the probability p* If by every elngle drawing there » the prohabillty of 
1 for "red" and [ for "blBck". the probability of 10 drawings oU glvlDg red will be 

Example i Suppose a paok of US cards to be eo well ibufied that the probabl 
IIHm ef red apA blaek may oonitantly be proportional to the rsmimder id the slock, Uim 
the probability of the 10 uppermost cards being rad will be 

26 20 84 38 W ai 30 19 Ifl 17 ;S„(10) 19 J 

^ oS'hT 55 49 45‘17'S 13 3i ?8 "■ " ^mOO) "" 3676' 

Ibe being binomial rnnctloni. 
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KKamplo 3 Compute tlie probabi ily that a man irbosB age h a will be ihH i||vj 
after ]i yaarq, arid that he will dio in one ol the suocoBdliig m yeara 

If wo BuppOBO that q^ la the probability that a nan whoae age la i will die before 
hia noit birtbdayi tbo probability that the nan whoaa age la a will bo alive at the end 
of n ysftta will bo 

A - (l'-9.)(l-j.+i) (l-9i+,,i) 

The probability Qn of hla t/ien dying in either one or the other of the eucceedlng 
m yeara will be 

Qm *■ 9i+ii'h(l—?iif"){9a+i+i ■f’O-'Ji+n+i) + (l~9«+i'+'*->)9*+»+"-i]}i 

or 

1 — Qd " (l“?«+<)(l~!l«+l+l) (1 —Ji+n+»’l) 


The required probability of death after ir years, but before the elapaa of H-f-m years, It 
conaequonlly 7*, (3d ■= K — 

Tbo moat convoiilGnt form for etateraebta of uiartallty li not, as wo here auppoaed, 
a table of the piobabllilios for all Integral agee i, but of the abaoluU froquencloi It el 
tho man from a large (properly inhnitely large) population who will reaili the age of i 

Aftof Ibis j, *- ^ 

anawer 




fi+i( — ff+i+d 


Eiample 4 We Imagine a game of oarda arranged in auch a way that oai.h 
player, In a certain order, gate two carda of the well shuffled piolt, and wlna or loBM 
acGordiDg as the sum of the points on Ills two carda la eleven or not For 6 playara we 
use, for inaUnce, only Iho cards 1, 2, 3, 4, 6, 6, 7, 8, 9, and 10 of the eame colour 

What then la tho probability of h pUyore (namod beforehand) getting 11 and not 
any of tho 5—h others^ 

Socondly, wlut probability, r», Is there that the plajor In lucoauion will be 
the first who gets IIP 

' Lastly, wbat Is the probability, q, that none of the players will gel 111* 

It will be found perhaps that It la not quite eoey to compute theso probabilities 
directly In such casea lb la a good plan to reconnoitre the probletn by Hrat bnnglng out 
auob resulia aa present themselves quite easily and simnly, wilAout cduidernig whelhiy 
they are just those we require In this case, for matant , we take the probabiUtlea, yi,, that 
eaob of the firab i players will gel 11 

Wo then attack the problem more Berloualy, and eumma If there are not iby 
simple ronotlona of the probabilllieo ws have found, p^i which may be Interpreted ii pro* 

I babihtles of the same or sirnllnr sort aa those Inquired after 
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g 6B RepelltloDB of Iho BBtfio Iriul ocour verjf freqiionlly in prolilBinn jiol\nb1ii by 
Ihe theory of probabilltleB, and ahoull bIwbjb by treated by meonH of j \er) elmple and 
ImporUnt law, tho pelynomUl formulB 

Let ua BuppoRo that tho verloue evantj of the single trial may be indlcaUn) by colourn, 
and that, m the single trial, the probability pf winlo Is u?, of black h, and of red ti 

The probability t|jot wo abaJ) ge' iJi Inol^ -f y Lfpck, and s r^d 

reaulta, ip a given order, is than 

w‘ r‘ 


The numbBT of tbe erents of LIih kind that dilter only in order, le the trinomial 


coeftiolenl 


rixsy.z} 


1 3 s) 

1 2 ' » 1 a 'y 1 2 2' 


whlob ]b the coeffleient of the term b* i" in tbe devolopmeot 
And Ibis sBJne term 

r(»i !/i >}mi' ^ r* 


□f (u? b^-|-i)('+r+o 

m 


le the required piotablllty of getting white s Umea, black y liinea, and reJ a times by 
ropellliooB 

Whan the probablliiiea of all pooRible ulngle reeuUa are known nnd employed, eo 
ihot w-j-i + r i, ati^ when Iba number of ropolitlons la ii, we must cenBaquBnlly 

Imagine (io+i-l'i‘4- )■ developed by the polynomml thoorem, and the single Larma of 

the dovelopmsnt will then give ua the probabihtlfiB of llio different poeelble evente of tlie 
repetitions wilbpnl regnrd to Die ojder pf aucceeslon 

bxaniple 1 if the quution la of the probabiUly of getting, In 10 Irwin in wjiich 
there are the Ibrep possible even la of nhilc, blatlt, nnd rwl, even inimberB jr, y, and a of 
each Odlour, and If the probshllilieu of tbe Bingle events are w, d, otid i, respeotJi/ely, Ihon 
we ipuet retain the termB of (w + b + j)‘“ iihicli lia\o even indlcea, and we thus htid 

+ 45 ic'(i'-l- 28 A*i- 470 liV'+ 2 BiV>-f-J 45 b"j' |- 210 i%'-{-Z 104 V»+ 4 &iV+r'» - 

- i{1+ (l-2u>)» + (l^2Jr+(l^2i)‘«) 

Tbe probability, ooneequantly, Is alwnya gTealer thou |, but only n little grttler, unlew 

the probftbjllty of getting somo cf the e\enU In a single liwl, la very amall 

Biample 2 Peter md Paul pUy el hooda-tir-taili (I « probability \ for and 

igeinH) But Peter throws with 3 teins, Paul only with 2, wid the one wins who gets 

jfl* 



Ui4 number of "bo&ds'* U both get th? eome number of heade they Ihrov egiln, 

& onen M mny be uecessuy What la the probability (bat Peter will win? 

If we Write roT'PflUr^a probability tor and againat throwing heads />,■»( anil 
ji "=< for PauPa pt ^ j and then we should develop (pi+ji)’, and 

the lerma In which the Index of pi is grimier than that of are In favour of Petor, 
thoee in which the indlcai are equal, give a dra,wn game, and thgae in which Ibe index 
of Pi la greater than that of p|, are in favour of Paul For the elngle game there la Iba 
probabllllj 

for Peter of x, 

for ft drawn game of -i, 

for Paul of 

I B 

As the probabllltlea era dialilbuted In the same way, when they play the gamee ever 
Bgalo, we need not conelder the pouibilllies of drawn games at all, and we find ^ as 
Peter'd final probability 

Example 8 A game which le won once out of four llmu. Is repeated 10 timea 
What la the probihlllty of wliiDing at moet 2 of these? 

561124 
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§ 69 It often occurs that we Inquire In a general way concernlug a probability, 

which la a funotion of one or more numbers Often it Is also oaslor to transform a special 

prohlen Into aitoh a one of a more general obaraoler, where the unlrnown is a whole table 

Pli Pi< Pii probabilities, tbs suffiies being the argmnenla of the table And 

Ihan we mufl generally work with Implicit equilions, /'(p,, yin) ^ 0, particularly such 
aa hold good for an arbllrary value of w, 1 e, with difTerence-equatioDB Inlegrslion of 
Apite diSiwenoe-equations is Indeed of so great Importance in the art of solving pioblemi 
of the theory of probabilltleB, that we can ilmosl iinderatand that Laplace baa treated 
thU method almoit as the one to be need In all cues, In faot as the ecientifio quinlosence 
of the theory of probabDltjer, 

Since flnlla diference-equatione like dllfetentlal equailoni cannot ae a role be lute* 
grated by known funotioiia, we can In an elementary treatise deal only with the simplest 
eMM, eepwlally inch as can be aelved by eiponentjal fuDctloni, umelj the linear dllferenca' 
eqpations with ooniUnt ooeffiDiente, As lo these, it la only neceasdry to rnenliOD here 
that, when 

«.p*+*+ -|-CiPi ** 0 (» being arbltraryj, 

Ibe aolnllon la glvab hy 

p,-Ipirl-L -|-A*ri, |1B7) 



where ri, r„ are the looU In iha equation 

Cpr"-|- -fit - 0. 

while lf|, km ere in^ratian-conHUnts whenever the iotre5|iDiidin[,' roole oum 
but rational integral runclions with arbitrary consianls, end of the degree i — 1, il the 
corresponding root occurs { Umea 

1 ahall menllon odd other means, howovori not only because il can really lead 
to Iho intogralion of many of Ihe di(!erenco>equalionB which Ihe theory oi probabllilles 
leads to, particularly those In which the exponential runclions occur in counecliDii with 
binomial funcliona and ractonala, hut uho beruuee It lias playod an impoiUnt part In the 
conoepllon of tbla booh 

The late Frofesaoi L Oppermaiu, in April 1 H 71 , comiminicated to me a irielhod 
or IranarormnUon, which I shall hare elale with an unessential ulloratlon 

A flnito or inllniLe senoa of Dumbers 
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where the aum i' juajr be taken jiom —» to -f», provided that i^-i-O when p>H 
In order, itoe vers^, to compute the m's by meoDs of the los, we have equations oI just 
Urn same form 

U, ^ + -f Ul,-f w, -f 

Uj u. — ID, — Sjifl, — 3iCj — 4k>,— 

h- + 

II, - ^ u>, - 4Wj - 

, Jl, - Wj-f 

U, - 

Here as In (17) and (Lfl), the general dependency between the iv and u>/ can be 
ciprused In a single equation, be means of an independent variable z, From (129) we 
gat tdttltoaU; 

H, f u/^f N,e*'4- — Wo+ (!--«') WI+ 

If w« hire pvt 1-e' ^ then 1-.-^ i* will reduce (12B) lo on equalloD of 

the evoe form 






If Ui is the fraqujiioy or probabillly of i lAken aa an obeerred aaliie, ttien tin 

+ M(»* -J- Ml#*' 4* "* *®4^’P"I""iVj 4" 

y , 

IlluitnU th« reliUoRB of the valuM In Oppermann'a ImnirormilloD to ibe half-lnferknlo 
ud luni of povera In parllcular k« have 



If now UgiMi, Ur are a aarlea of probublllllea or other qiiBnllllea which depavd 
Oh their lUffli ucordiog lo i died law, and If ve hnon this lav only through a dlffereDoO' 
aqniUoa, than Oppennaon'e traDaformatloD of courae lead* odIj lo a dlffaiepce-equitian 
for Vtf tO], i^R Bi fanolIoD of their aufOx But It tuina out that, la problema of 
probabllltlei, thla equation pretty often la eaalat lo daa| vlth than Ibe original one (for 
Inelatioe the more difiloult oneg la Laplaoe'a collection of problema) If ve can look apoq 
a probabilltj Uiaa the (hactional lav of errors for i aa the observed value, then v eiprwei 
the lime lav of erron by lymmetrioal funollona, and frequently we vant notbing more 
If ve have to reverae the pioceea to And itself, the serlee are pretty simple jf tc it 
ilnplei but they are often leas favourable for nninerloal compulatioPi as they frequently 
give the nnknovn ae a dUferenoa between much larger qaanlltiaa There eilate a meana 
of remodylng this, but ll would carry ua too Ihr Lo enter Into a oloier eiamlnttlon of the 
qneadoD ban 

Eianple ]. f throw a die, aud go on throwing till 1 either win by getting "one" 
twicSi or lose by throwing '*lwo’' or '‘three' If the game la to bo over at latest by the 
throw, what is my probability of vinmng? If the number of throws la unlimited, 
what is the probability of another "one'' appeariag beforo any "two'' or "three''P 

Four reenlta are to be diatiDguiihed IVoui one anolher At any throw, say the 
the game can In general be won, lost, half won (by only one “ope"), or dnvo. Let the 
probability of the ihrdw resulting in a wm be p^, of the eanie reauUIng In a lose be 
In half vin and In a drawn game ba then « 0, f| — |i and r, «• 

Thaa the probability of a aecond throw li J, and, generally, the probability of an i throw 
^ eiptesA r,, and s^ In terms of r^_| and and iIm 
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A-c '"f-f* *r-( *‘(-1 '^•1 ^-i' Dy silJDloation then lha dlfferww 

equalloni can be found 

When we repliife jj or y or i ot f by' x llie dllTerence wjualion con b« writUh Il| 
the common form 

Xi Tf-i 4- ^ff.i ^ 0» 

which li integrolod aa 

X, Mn. (o+4j)2-'j 

for f we have Ihs iimpler form 


wo get 


When, by the probablllljea of the drat Ihrowa, we have determined the coniUnU, 


Pi 


9i 


irJ 2-^ 

9 ^ ’ 


and 


n 


We then have the formulae -|~^e -hjn fv llw 

probabilities of making the winning or loaing throw, and we get 

P. 1 H Pa> 1 

“ a 3 ( 2 *-l)-n + '' 0 

hkample 2 In a game the probabilily of winning li 0 The aame gaine la 

repealed h great many, ii, times If it then happens at least anpe Id Ihla serlv that w 

luccesa e gniaos ore won, yon get a prite What Is the probability fn of UiliP |q 4 

game of dice, where m n J, Whnt la the probability of getting a Mia of S la 

IDOOD UiTOwbP 

It will be simpleal to Jlnd the probability, that the priie will not bo 

got In the Ural i repotitiona The difTorence-eiiuatinii for thia le 

Jr+.tl-J.t. + C-®)"'?- -0 W 

or 

where (b) Is the hrst Int^ral of (a) (As well as (a) we can dwectly demonitraio (b) 
How?). Hence 

9r’-‘iP\+ 

wbere cj, r. aro constanta, which as well as c,j ^ 0 muit be delernined by miMi xi 
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So " Si ” " 7^-r “ S, Hfid pi Ifl are tho rooln of an Irreducible 

equation of ik rn'^ kfirea, Rhicb 1 b got trom 

yot+i - - 0"+' - 0^ (u) 

by dividing out p—m Tho latgOBt of (heao roota (for amall rne or large ni'a) nlll be 
only a Illtio leas than 1, a emBlI negatlvo root ocours vheti m ib oraiit the otkra are 
alwaya Iniaginary, and ihoy are also eitiall 

In tbe actual coiuputotion It in liigbly deelrable to avoid tho oomplato aoliilloi) of (c) 
This can bo done, and tbia problein mil llliiatrato a moat important artifice tVe nay 
UBA the dlffaience<iiquat)Dii to compuU a single value of Ibe unkown function by tnaana 
of those which aro known to ua froin the condihona of the problem) and then euccauire 
veluoa of the unknown function hy rnoana of thoae uLready obtained, hero, for Inetaniie, 
|b) enables ua to get in terma of Then we get either by again ap¬ 
plying (bj to 9 ,, or by applying (a) to end (or beet in both ways for the 

eahe of the check), etc 

It Ib evident that the table of tho numorlcal valuei of the function which wa can 
form in this way, cannot easily hecomo of any great eileot or give ns eiaot infonnatlon 
as to the form of tho funolion But we are abld to Jotirpolate, and, when the general 
form of the funotlon ib known (os here], we may be JualiBod in nalng extrapolation aim 
In our eiamplo we need only continue the computaliopa above duoribed unlil the 
term in , corresponding to the greatest root jo,, dominatoe the others to 

BUch a degree that the first difference of Log becomes conatint, and the computatlen of 
for higher Indices can Ihen be made as by a simple geometrical progroesioii In the 
numerical owe »■ 100dDl8 x (0 9998&28)^ 1 — ^imk ^ 0 651f 

Kiample 9 A bag conlnins n balls, a white and hlack ones A ball Ib 
drawn out of the bag and a blank ball then placed In it, and this process la repeated y 
times After the y*** opersllon the white and black balls In the bag are counted, Find 
the probability H*(y) that the numhers of while balls will then be x and the black 
opes n—a) 

WebavB ,, 

w*fy) - + 

and 

u.(0) » 0, ercept u^O) ^ 1 


Sy Oppermann'e traniformation we ijnd 

Wify) - “'(y) i 

£ taken from x ~ —oo to ie -f'" > 





The llnUi a! x £ b«lDg InhnUe, can be T«plu«d by *, coniequeplly 

Thie Jifference-cquMlflUi l» ffhirli via tho varlible, ma) easily be ItitegrAW ht watoa.fuTlhef 

'<’r(0)-|-l)'/SLf4 

we fel 

«.(») - (-1)' /?.(» 

By Opparniati))^ inTeiee ttaiiBrorinaiion we And new 

«,(y) - (-lW,(z) (-If /!.(«).('■!^y. 

£ ivken from a! — —» lo i^-(-or Thia eipreaelon 

hu Ihe above meiiiloped preclioel ehori-comlngSi which are aenelble parLlculnrly if Hi 
er V era luge pvinbflfi, io theee caaea an arimce llta ibit uaed by Laplace jproblun 11) 
bflcamea oeoeeury Bui Our oxiul aolulien hu a alDple inlerpretatien The sum tbal maU 
WpIleaiJi (*) In lo Ihe (fl-ac)'’' dHTarenw of the funcUon end Ib found by utable 

tf U>t iiiliiu , (5^1', H ft! dull 4lir«r.n« tbii-«a ^ 

ail IVeae cAwiepuilTe yaluee ijVs learn fieu thia Utuprelallon that It la poaalble, If not 
aaayi io aolye tbla problem without the intedtalion of any diiferanciMquBliopi in e way 
anakgotu to that need In g 67t oiampls 4> 

U we make oae ef u*j(y) to give no the halMnTartanti for tbf lune law 
of errora ne la eiprueed by u,|y), then we jlnd for the mean italui of s iftar y drawtagi 



and. for the aquare of the mean error 

4 -vH^- 7 H(^r-(V)‘) 


XVI. THE DETBEMINATION OP PROBABILITIfiS A PWORI 

AND A POSTERIORI 

§ 70 The oonpntsUeni of probibllitlN with vUoh ve hive be^h ^ 

(uegoing ohnpUn bare thli point In wmmoa that we Mwjl ewme ^ 

haMlltlei ta he giren, and then deduce ftain them ih* reqilred onei H wow we eahi hew 

IT 



obliln IbcBfl "giTen" protubllltW, It Is avident Ihsl other meana bto neoesiBiy tlm 
those vhioh we here bilhorto been able to tneoLioiii and pTOTlBionelly It touet be clear 
that both theory and eipenoDoe muet cooperate In tbeso ongiDil delerminntloDs of prebe- 
bllitlee Without experience U le Imposalble to Insure agreemertt wUb reality^ and without 
theory m Ihoee ae well as m other dolormlnalioQB we cannot get any flrmtiesa or eiaetneea 
In detormihiDg probablllllDe, however, Ihore is epeoial roaeon to distinguish bolwean two 
tnelbodBi one of which, the a /irrdri method eoeniB at drill eight to bo pmely theorellcal, 
while the other, the a pculmori melhOd, la aa purely emplTlcel 

§ 71 The d pmn determination of probabilities le baaed on oellinato of Mjuality, 
inequality, or rallo of the prahalulltios of tha eoveral eronte, and in this process ns ala ays 
Baanme the Operative caueea, or at any rale their mode qC opetallon, to be oiore or Im 
known 

On tho one hnnd we have the typical cases m which we know nothing alee with 
reapoct to the events but 'that each of them is peesible, and In the abeenca of any teaaoa 
for prarerrlDg any one of them to any olher, we estimate them to be equally probable — 
though oeitalnlf with the utmost nncerUlnty For inetanoe What la the probability of 
aeetng, In the course of time, the baci; of the moon? Shall we nay ^ or ^7 

On the other hand we have the cases ^ equally typical, but far moro Iraporlant ~ 
In which, by virtue of a 'good theory, we know so nnoh of the oauseo or oombinatlcbe of 
watt at work that, for eavh <01 thoaa which wiU prcduce one OTent, we can point out 
inothor (or n others) whioh will produce tho opposite event, and > which according tw iihe 
Ibbory mnet ooout u (tequenUy In Ibis ease we must eellmato Ihe probability of the 
reanlt ai ahd reapectively, and If the oondltions staled he atrlcily fulAUed, each a 
deUrniiialjoD of probability will be exact 

But even If anch a theory le not absolutely unimpeachable, wo can often in tble 
way uhUln pTohahlUtlea, which aie se nearly exact and. have such infinitely emaU mean 
triors, that we may very well make nee of then), and compute l^om them valuoe which 
may be used as our theoisLIoally glren probabjiitiee We‘ are not more ebdot In other 
hlnda of competaUone In aatienomlcal adjuiiment, foi InaU&ce ll la almoai an eetabliahed 
preoUce to coneider all times of observation aa IheoreticaUy given Their real errors, how¬ 
ever, will often give occasion to eenalble bonds between the observed oo-ordloates | but the 
Iwi is that U wonld Require great tabony In av&H the dTawhach 
, Sueh an a pnotl determination of prohahlUtitt le puUonlarly applicable In gamsa 
For It il estenllal to Ihe idea of a game that the rulea must be laid down in mob a 
way tiiat, en tbs one hand they einhde til cbtiputatton fiefoivjaad of the veauU b a 
partioular case, while on the other hand they make a pretty exact oomputatbn of the pro- 
habllltltt possible The procedure employed In a game, e g, throwing of dice oy shniflinf 
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or cardii ought IhcrcroTO lo eiduda all clrcumatjincoa that might pniolt th« plaieii to ut 
causes in liain, whlob wuld bring about or further a cwUin evanl (cornger la forUns), 
But bIm those circumslEncea ought to be olinunalod, whtch not only by their InoloulablllLy 
male a judgment of the probahllihoa very masQuie, but, above all, ^iiale it depend pn tbs 
ihMcetmal insight of the partisa OthornisD Ibe gams will cease to Iw a fair game and 
will becorao a atriiggle Tbo so-cslled ateclt-Jobbing is rather a wor then a game 

When the eslimate of the probshibties depends Hsotitlslly upon personal knowledge, 
we apeak of a wijaiiwi jiroiuii/iiy This loo plays a great park, Mpsilally in daily life 
The fear which ignorant people have of nil that la new and unknown, proves that they 
understand that thorn is a great uiicorlainly In the oellmaU, and that it la greater for 
those who know but a little, than lor those who know more and are Iherflfore bettor able 
to judge 

Bouielte may be taken as an eiample of Iho objeefivo probability which nrises iti 
a well arranged game A pointer tuine en an almast rrlctlonleas pi^oL and potnU U the 
scale of a circle whose center is In Ihe pivot The pointer Is made to rovelve quickly, 
and the reeolt of the game depends on where It stops if tha pointer slopa opposite a apace * 
, — suppose a red one — previously seleclod ns favourable, the game is won 

There we have ai uaenlial GlrGUtnsUDcea 1) the lengUi of the arc which is Lra- 
teried, this being dstcjmlned by the Initial velocity and the fnciion, 2y the initial poilllon, 
and 3) the manner In whkh the circle la divided 

The length of the arc lo unknown, e 3 pBctBll)i when we take care to exclude very 
small Valoollleal and when ihe friction, ae already mentioned, is very slight Sc mueh 
only may ho regarded as given, that the fTequeney of a given length of the arc muet, ii 
funolton of this length, bo expressed by a funolional law of vrora of n nearly typical foriDi 
For the frequency mqal go down, Boympioiicaliy, os far u 0 , both below md above Ifmita 
of the aro which will be asparated by many full reveluliona of ihe pointer, and with at 
loaat one mailmiiia between these hmits If new, for Inalance, it depended on, whether 
' the are Icavarsed waa greater or emaller than a certain value, the apparatus would be In- 
eipedtentt It would not allow any toleribly Lrmlwortliy a pnorr estimate But if the 
winning Opaca (or spacoa) la small in proportion lo the total clroUDifareQCe and, moreover, 
rapaated regularly for each of the numerous rorolutlotii, then the a priori dotsrmrssiiop 
of the probablhLUs will ho even very eiaoL For an area iiBis^, bounded by any Anile, 
conliauflUB curvo whalsrer fin the present ease the curve of g 

errata of Iho difmiot posoibla evuta), by (be axil of ihsoliaae, 
aod two ardlttitM, <^a always ai a Aral approilmaHon ba 
eipreoad 4 a the bud of anm^ont oqnidlaUnt small arais 
pP, , with a owtaat han, mujtlpJIsd by the ff rt 11 

II' 
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infcwTaJ ^ divided by the hue f;)' »■> 75 ^ And if we e;ieak ef 

the totil Ires of a cum of trrori, Lhon the eonei of which the Aral tenn Is this approi* 
InUlon, If even vary MDVcigeftl, In euoh a degree bb —+iv"+ 
for inall IT, and the said approilmatlon Is eufAuent for all praoLlcal purpoeoe 

That the Initial position of the roulette u unlinowiii dooe not oseenlially ohinge 
tho ittull of the foregoirgi vli that the probability of winning In ^ Thia uncertainty 
un only cause an luiprovemont of the accuracy of this approxlniatlcn, If we may aaeunie 
that (he pointer will as probablj start from any point id the oirclo as from any olhei, this 
detenolnation ^ will even be eiaoti without any regard to the special kind of the un- 

ri 

hnown fnnotloii of frequency 

The ratio of the winning space on the olrole pp* to the whole oircuDifsrepoe pq, 
the third eesential olroumilanoe, oanbot be determined wholly a priori) but demands a 
measorenent 01 a counting whoea mun error It la essential h know 

The a priori determination of probability can thus, according to oiroumaUncea, 
giro rMulls of tb most dlfforent valuetii IVotn the very poorest through gradual traDillian 
np to inch eiaol probahllitlea aa agree with the euppoBilione In §36 seqq. and permit the 
probability to replace the thole hw of errore for our predloilons, But what the a prion 
method cannot give, li a quantitative atatemepl of the unoerlalnty which affects the 
lUBffjoal valne of the probability llsalf , Only when It la evident, as In tjie eiample of 
the louletU, that this nncertalnty ii Influitely email, can we make use of a prion proba¬ 
bilities in compuUtlonB that are to bo relied on If In the work and struggles of our Hie, 
VI oannot entirely avoid building on altogeth r uncertain and lubjeotive a priori eelimatee, 
great oantlon Is necsasary, and In order not to overdo this caution for want of a proper 
maanirs, we must Uy, by M or eiparlence, without any real method, to get an eitlmate 
ef the QDDtttainty, 

Even by the best a priori detenalnatlone of probability caution Is not snperfluouii 
the dice may be falsa, the pivot of the roulette may be worn out or bent, and no on 

9 73 By the a peiMon tUitmiiiation of proh^^p we bnlld on the law of the 
livge numbere, iDferrlng from a law of aotuat erron In the form of fheqnenoy to the law 
of pwomptive enon In that of the probability Wo repeat the trial or the obiervalieo, 
ind oount the numbers m for tbs favourable and w for the anfavoutable erenta 

Ovlng to the signifloation of a probability as mean value, the single values being 
0 far every uufhvoDrahle event, L for every favonra^ls event, tbe probability p for the fa- 
TOBnble event molt be traaafened unobangod from (be law of actual errors to that of 
prBQDfiUre orroni oonsequentty 


m 


m 


[ 
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Since, according to Lho same con^iflornlio)) the aqii.ua oi Ilia mcHn devialion loi 

3 S ^ ^ Ui 

B tingle trial fa -UL _L „ . _ , ,in^ ll,c tuimbor «,> of Iho repatiliDha jg ^ 

the square of the mean errors must, according to (47), be 


di 


m 


um _ , 

(iiri n) (m fir-l')' 

«hieh IB, tliererore, the square of the muon moi for a single Inal nhrtliei lliis Ig one Ol 
those which wo have made, or is a rapoUlion wiiiih wo arc still Id inthc and for winch 
we sro to compute tho uncertainty 

n we then ask for the mean orror of the probahiliLy p — got from the 


IH -f n repetiliona, ivo bavo 




m 


(in+7i)’(«j -t-H —1) 


J>(l-P) 
m + )J — 1 


HSU) 


BA the square of this mean orror 
The identity 

m , 


ijiii 


m 


or 


(in -)' ii)’ («i + n)’ [m + ij — 1 ) (i« 4 - ii) (in 4-" — 1) 
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ibawi that the mean error nt a ainglo trial, when the probibiliLy p la dcUrminod a posle- 
rlotl by m M repetitions, can be computed by [d4), as originating in two miiliiallv free 
Bources of errors, one of which is llio normal uncertainty belonging Lo the probabiliLv, for 
which jlf — pq (129), while the other Is the inaccuracy of the a posteriori determination, 
for which ,||(p] Is tho square of the mean error 

The u poatenori determlnallon therefore iievor gives nn skocL rosulti but only an 
approsimaimn to the probnbllily Only whan the numhar or rupalitiors we employ is ao 
luge that their reduction by a unit may bo regarded as iiiaigniflcanti we can Immediately 
employ the probabililioa found by means of them sa completo expreaslDJia lor the law of 
errors But evan by tho very smalleet number of ropelitions of the trial, we not only obtain 
acme knowledge of Ibe pTohablllly, but also a determination of the mean error, which may 
be useful in predloiions, and may serve bb q measure of tha caution that la neces ary II 
mast be admitted that it Is not suoli a simple thing to employ these moan errors os those 
In the Ideal theory of probability, but It is not at oil difhcull 

Ae aboTB mentioned, the a posteriori deteimlnalion of probability leoms to be purely 
empifjoi theory, howerer, tabes part in It, but le concealed in the demand, that all the 
trlali we mike use of muat be repetitions, Id the same i«ay ae the fliture trials whose 
-resulti and unoerUinty ore predloted by the a posteriori probabilities TransgreailoDS of 
tbta rule, which revesl thoDiielves by unsuccsaaful predictions, are by no meana rare, end 
eempet aiatlatlea and the other uienese which work with pTobablliliee, to many slleratlona 


I 
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or th»ir thBonofl ana hypolhesu, and to Iba di^UloD of tha diM obUlned by UW IbIa 
non and nore horuDsoDooua oiibdlrlilons 

Ewinpla A die ji (narounU and auipeoted of being fUn On trial, howeret 

wa bm on throwing It IM lltnoa got "eit" mwUj Jl tlm«, and m fu, all ie W 

The probability of ‘.oU’' la foani oonMjuenUft to be j, - « ^ 1, th, the 

Mean error la ^ the limita Indicated by the mau errora an 

conaoiineiilly or ^ and 

If tow wo BUk the probability that we ehall not get “ali" In 0 Urowa, the 
probability ia .till aa by an die (l-p)* , bnt wbat ii toi the 

mean arrorP Ideally, lie aqnare should hi (I ^- |+ But if j 
can have i enaall error ip, the coneequent error In (1—p)* will be — ir 

then Ibe iquars of the mean error f ie - jjg - p |1 -p)j-^, Uw total oqtare of 

Ike mean error Of the probskllily of not gelling “ala” In 6 tkroirwill bo 


ill 


- {1 - a -p)’l + W(1 -f)'* P (1 ~p) 

-7+ +ri+ “K+ 



In every eitglo game of thji aorl the mean Mtor ia th«efore only ellgbtly larger than with 
at aconrate die, but Its aolnal value le ao large (nearly aa to call for eo much canUon 
on the part both of ike playn and of bit opponent, that Ibere la not mob obanot of 
tkeir laying a wager Tbia nay be remedied by atlpnlaklng for a large nninber of repetl> 
tioD8 of tha giDie Let na eianine the oondltioni if we are to plqy tbia game of making 
6 tbrowB without Mill" 7911)080 With the above approiimaie fraetioui'tbere will ba 
expeotatlon of winning 79 d ^ ganOoi In the oompntatlon of the square of tba 
mean error of thli result, the flrat tenn in the above muit be nQlUplied by 79, hot 
the leoond by 79 ', hence 

i, - I «+,^ HM 

- Id + M - ^ 

The man emr will be about 7 , while it would only have ban d, If the die had bean 
quite trnatwortby 

6 78 Va have neatloned already, in §66, Ibe akewneaa of the Uwi of orroti 
which le peculiar to all probability It dosa uot dlaappear, of ooame, In pusinf ftom Ike 
law of aotoal erron to that of presnnptiTe arrors, and In tha a poiteriorl d^mlnatloa of 
probobliitj It prodnoea wbal wa may call the pafadcf of uiimimitg if all tko repeHUoai 
we have made agree In giving Ibe aane event, the probability deduood 1^00 thii, a poato> 
rlorl, Biiul uot only be 1 or 0, but the iqnin of the mean error J|, (p) of iheee delaridN 
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Qilloni (u wall u Ihe hlgliar bMouM—0 Muat Ht lh«D, TBg|wotlT«l;, 

io c^tUintj or to impoaBlbllltyp ofll^ y loiaDer or graatar imribar af lapolitlDM 
ruutually sgreaP nuBt wb codsUbt r iiDRnin)o)]i agFeonient u a pTOOf of tha absolute 
(lorraatnasa of that whloh la thda agraed uponP Of couraa not| nor can thla [nfafanco ba 
maintained, if we look more olonaly at the law of arma ^ 0 , fit — 0, ^ 

Such B law, of errora, to be enra, mo^ algnlfy cartalnlyi but not wheoi as hare, the ratio 
ft, fi] ^ lA A law of erron which la alraw In an Infinitaly high degiroa, muel Indicate 
tooBlhlng peculiar, aren though the mean error be ever no email Add to thta that It la 
not a atrlet coDoa^uance Ju practical caloulallooa that, beoauBO tba ar^uara of $ ffunber, 

, here that of the inaan error, ii -> 0, the numbar itaalf nouat be 0, bat only that It 
mnal ba no amall that it may ba treated pa a difTaraiitlal, which otberwjae ia indetoralnate 
The paradoi being tbua aiplalned, It roliowe that no objeolloua ogalnnl the naa of a 
poateriort probabllillee In general can b« based on It. Hut It luuat warn ub to be cautloiu 
In oomputalioQp with aqcb probablUtlea ae obaerved valuai, where the oonipntaLloii, ae the 
nathbd of the least a^uarea, praauppoeaa typical lawa of enoh For this reoeOD, we moat 
for enoh oompuUtiona reject si] unaDimotiel)' or nearly unaDiipcueJy deterinjired probobllUlBi 
ai uTiauUoble maiariBl of obearvntlon Another thing Ib that wa muat alM reject IHa 
hypotheala or theory of the computation, If it doea not eiplaln the unaolmity As an , 
eiamplo we may taha an eiamltiallon of lha probability of manUge at dllTerent agaa, Tha 
a poiterloil atotialica before the c 20^^ jeoi and alter the c 60*^ must net be need in the 
computation of the sought oonelaiita of the formula, but the formiiU can be employed only 
whed It hai the quality of a Ihnclionel law of errors bo that It approaches uyqpUlically 
tow^ds 0, both for low and high ogee 

, The paradox of nnonlmity boa played ralhei a oonaldwoble part jn the hiitory of 
the tfahory of probohilUles ft bos ereu been thought that we ought to compute a po8te< 
rlorl probabilities by another formula 


\ 

F 




m) 


ind not, aa above, by tba formula of the naan number 


in 

^ " W + w 

The pioob aoma anUmn have tried to give of Bayea's rule are open Lo sMloua ebjacUoae 
In the "S^jdaikrirt for HatfaematJk'* fCapenhigeD, l87fr), Ur Bing has gtvea a erpshlof 
ortMcIsm of these proefU and tholr lAditlonol basis, U which I ihill refer Unm of my 
laadera who take an lateral la the attempts that have been made to dadupo tho theory 
of probibllitieo laathoiBitkilly horn certain deUnlllons 


t 
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Ba^ea’s luU has aot bwn emp^bjsd in (JJactlce lo any greater eitenl, parktcularly 
not In italielioai Ibobgh tliia bciodco works onlirely with a poeteriorl probabllllj. But aa 
il makea the paradoi of iinanlraity dlaappoar Id a convenient way, and aa, after all, we 
can neither prove nor diapiove tho eiaet \alldlty of a formula for the determination of 
on a poslorlorl probability, any more than we oau do eo for any transition wbitever from 
the law of actual eirore to that of preenToptlvo enore, the rule oertainly duervea to boi 
leated by lU oonesquenoee In practice bDfore we giro it np allogetbei The result of euoh 
a toil will be that the hypothesle that Bayea'a rule will give Ibe true probability, can 
never deviate more than at most the amount of tho mean error from the reeull of the 

aerlee of repeblion, via that tn evente out of m -|- rt have proved favonrable In order to 

demonatiaie thla prcpoalben we ehall cone\der a eomewhat more goneral problem 

If wo auumo Ibat Iriala have been previouely made which have given /i Isvo&rable, 

V unfavourable evente, and that we have now in conlinulng tho Irlalu found w favourabla 

and n unfavourable events, then Ihe probability, being looked upon as the mean fnlue, ii 
determined by 



of whiah Bayefl'a formula is the epecial case corresponding to 1. fiayeo'o role 

would thnefoie agree with the gonoTal rule, If we knew before the a peeterlerl determination 
so rauob of the probability gf both cases, aa a report of one earlier favoarablQ event and 
one unfavjurabla event 

In the more general case the square of the mean error at the single trial Is now 

. _ (ui-H/i) (tt + v) _ 

* ('h + w+/J ++II+/1-1* s^l)’ 

and for the m -|- h Irials ie 

+ 


If wo now compare with Ihle the square of the deviation batwoen the new ob- 
lerVatlon and Its computed value, that Is, between and we And 

(m — (pit — _ tw + rt + V — ^ 

(lifw-j-fi) (m +p)(n-|'*')(^"l‘'*) rw"f "I"“j"V 


1 



" 1 / P_ » \ 

iw 4-w/\n»-|-/i rt-f v 


ffl + n + ja + v-^ 
m + r»+Ai + >r 


(188) 


It ippeare at once from the latter formula lhat the greatest imaglDable value of the mtlo is 
the greateat of the two nmobera fi and v In Bayee'i tnlo ^ g * 1 Here, therefore, 1 ia 
the abiolatfl mailmum of the ratio of the aquare of deviation to that of tho mean omr 
With respect to Bayes'a rule the poalnlated propoeltlon li hereby demonstrated Bai at 
the lame lime it will be seen that we oan replace Bayee'i rule by a better one, If there U 





f 


OBlf an a priori determlnalion, hovraver uncartalni of lha probabilil; rre ua laolmg 11 
iro take the a priori probibllltlas o Tor, ml (1 a) againit, ineUad ol fi and u, lo IhaL 

tli6D fffl are certain to avoid the paradox of uoaniinlly where it night do hirm, without 
deviating bo iDuch aa the naan error rrom the obeervatlon In the a poiUrlon 
determfnatfoE 

Neither Oayee'e rale nor Itale latter one can be of my great ose, but we can alweyi 
enplof tbtnr. frheo the fonad prohahllltles can be looked upon aa dednitlre remlte On 
the other hand, the formnla of the mean value way be uaed in all easM, If we Interpret 
the paradox of unanimity correolly Where the found probabillliH are to be icbjMied to 
adJuatmeiit, the latter formnla, aa 1 have nld, must be employed, nor can the other lulea 
ba of any help m the cobos where observed probabllltiea have to be rejected on account 
of tlifl akewneae of the law of errora 


X?n iUTHEMATIOAL EXPEXTTATION AND M MEAN BRROK 

§74 Whether the theory of probability la employed In gamea, Id Imurancee, or 
elsewhere, In all caaen nearly In wbloh we can apeak of a fayourable oTent, tbe prodJolloa 
of the practical reiuU u von through a compulation of the nalheiuatloal expectation 
'{he gain '^hinh a favaurabU event entalU, hu a yalue, and the chance of winning 
It mnet u a inle be bought by a iLake The queillon la How are we to compare 
the value of the latter with that of which the game givea ue sipeclationf Imagine llie 
game to be repeated, and the number of repetliionu JV to become indellnltely large, Ihen 
U Is clear, according to the definition of probability, that the gum of the pniea wen, if 
of then Ib F, must be when p Indicates tbe probability The gain to be 
upecLed froin every single game ii eoneequenUy pV^ and this product of the probability 
and the fa|ne of the prlie le what we call matbemallcal expectation 

Tbe ad[|ectlre "malhemitioal'' warns us not to coiuider pV as tbe real ralue which 
the poBiible gain has for a single player This value, certunly, depende, not only objectively 
en tbequaotlty of good Lbingi wblch form the prlie, but alu on purely subjeotlvo clrcum- 
lUnces, among othen on bow much the player prevlonsly posaeasee and requires of the iime 
Mrt of good thinga. An allempl which hai baan made to deternilne by meant of what Is 
olM tbe “manl etpeetatlon*, whether a game ii advantagwua or not, must certainly be 
retarded aa a failure For It takee Into account tbe probable change In the logarithm of 

IB 


J, 



r 




Iha pliyer'a pioperty, but it dotii not Lake into cotisiiilBialioii hie Toi^uiTfliuenta and olhat 
lubordinato clrciicnaUncw We elmll not ^ / to uolvo this (tirOcuity, 

It IS e?ident, lulb respect to Ihu ijialheinaticnl oxpocLalioni thnl if ire pliy aafera) 
nnbojiid gamoa at the same time (he lolel mHlhonialicpl eipobULlon is equal to the aiiu 
of Ihal of the eororal games The saine Is the case, if tire play \ gumo In which each 
event eptltleB the player to a apecial (poiilivo or negative) ptl^e In this lallor cue we 
speak ot Ilia total malhomailcat eipeUnLion u nmilo tip of partial ones 

SumpLo L \Va play m(h a die in euch a Way that a throw of 1 or 2 qi B wins 
nolbing, B throw of 4 or C wins 2 Si, and one of 0 wins 6 s The lotal mathematical 

expectation is ihen ixO-{-^x 2 -|-Jxa = 3Bi i stake of 2 b will ceneequsallj 

correspond to an even gams. Wo might also deducr tlic 2 s tliruugliouL, so that a throw 

of ]| or 2 | or 6 i oauees a loos of 2 b and a threw of 0 a gain ofOs i the total maths- 

malical eipeoLalion then becomeii 0 

Example 2 In compulations of tha various kindq of lire-iimiiTanLea the bun le 
1 ) the Inblo of Ibe number of persons l(ri) living nt a given ago a The probability of 
anch a person living i yeare is — of bis dying wltbin x years =» 

of bis dying at Ibe exact age of a-\-j: years = — 7 ^^ '*‘»i nnd from Iheao all 
olber nocessary prebablhllos may be fonnd, 2 ) the xaU of Interiat p, whlob sorves for tbe 
valuation bf fnluio pajmmta of capital, ox Bimnltlea oeitsun 

Tbe value of an endowment of capital, V, payable m t years, \f the peisoti vrho 
le now fl yoaie old le then alive, is thus oi^ual to the iDathomatlcal expeclatian 

y IN:*) ft ± .1- „ Ho \ y ^ v (IM) 

wblch) as we aee, is most easily computed by means oi a table of the function 

D[2)^ i(2)(l+/.)' 


Such a table is of great uao for other pnrpoBos also , 

The value of wi annollyi 0 , duo at the end ol every year through which a 
pereoD now a years old shall Live, can he computed da a uuin of such payments, or by 
tha formula 


,, Vi(o+*) 
tit 






j"' 




m 


where f(ao) —0 and i7(<n)-»0 

But It deurvea to bo TDefillonsd that thie aame Tnathomatlisl expectation ip poet 
safety looked upon as a total mathematical oipeotallon In s game whose erenU are the yarioui 
possible yars of death, the probability of death in the flrsl year being *^‘*^ 1 ( 1 ^ '^' 
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thB seoonl ^ j g^ ^jj ^ whtl« tho coirupoodlng Ttloea ui uimlliej ovUa 

of V for vuyiDg duntlon In tlla nay we Bnd for Uie Yilaa of Ibe llfe-aiiDully tha 
Mprowion 

^ y(l(a+.) - I(n4,,+l))(l -d+p)-) (IM) 

o 

BiDoe the iqid ^(f(o^ie)_f(a 4 .t^l)) m ((a), we And fay nUtloD of the lott parea- 
theals that the oiprevlon nay be written 

ud thli ihowa that the value of the llfe-anoiiUy is the dllfffeiice between the oapltal auto 
of which the yearly Inlerael la v and the value of a life-ltiaara&ce of - payable at the 
boning of tha year of death 

In Ufe-inaurance conputationa Intograla are often employed with great advaDLaga, 
Inatoad of the bodb wb hare uaed here; perlodtcal piymenta (yearly, bnlf-yearly, or qnarteHy) 
being reduced to oouhnuoua payments, and vice versA 

§ 75 That piathematical oipecUtlon le not a wild valne, bat an uncertain oladm, 
la eipreaoOd In the law of arrora for the mathematical eipeolatlon, and partleulairly In ibr 
mean error] for owing to the frequent repelillous and combinations In gamea and inauranceg, 
It does not matter much that the Isolated lawe of errora, here as for the probabUlllH, ve 
often ahaw If the value V li given ftee of error> the aqiure of the moan error of the 
mitbomatlcal eipeotalion, /i ^ p7, le, according to the general rnle, to be oompnled by 

l,(i)-p(l-plK' <UI) 

If there are JV ropelltlcnB of the aame game we gat 

nd 

flti) 

ttd for the total eipeotatlon of mutually free gamea, B" ^ SjnUtVii we have 

.l,(lf")-Ip<(i-pdW (148) 

By free gamee we may pretty safely anderetand such as are not fiotUed. by the ranoha 
•vobU of the same trial or game (4a to these, aeo §76) 

The mean error la eicellently adapted for oomputlng wheiher we ought U lotsv 
upon a propoBod gane, or bow hiBbly we are to value ancerioiri olilni or onUtandlng 
balance of accounts Such things of course are regulated by Iho holdaeu or eautlon af 
the person concerned, but even the moat oaulioue mau may under thirty typloal woum- 

18 * 



yA 

etfioMfl bs conUalitd trilh dltolnltliiag U» valne o? iib in»tti«niUofll eipMMioa by 4 
UAm the UDOuot of the inttii arror, and ji woq 14 be sheer foollivdlBeu, If s peulooite 
ptajB woiild Tenluie a stake rrhloh eiceeded the mathematiDal eipectallob by the qoidiupls 
ef 111 mm. error. Od the other huid, a simple suhtraotloD or addtlioa ef the nesn enor 
eftunot be couDled a very itroog proo) oI caution or boldneee respsotlTelj. 

Kianplo 1 A gtyme ii amaged In luoh a way that the probability of fftoalog 
from the person ^ho hetps the banh la the prriB Is 8 f In jt gunae ibe rDathemitlDil 
npeoUtloa irlth mm ottot li then 9 If the baDhtf hu no property, 

bat may ei^ect 144 gatuee to be played before the prieea are bo be paldi he oansol mthoui 
tnpmdenoa wtlmate hie negathe mathematlcat hope, hie Fear, Lorret than 0-6 K144+8 4 ^ 18 
m 1441 He muat conaequeaily fli the elake for eaah game at about one dol1ar> and wltl 
thui aland a ofaanoe of leeing the bank broken about once In all times If, hoveret, be 
has got so much capital or credit, as also so many cuatomen, tlial he can play about 
S804 giDU, bis builneaa will become Tory safei the aretage gain of 20 eta per game Is 
400 I 60 cte, or eiaotly 4 tlniae as great aa the mean error 2 / 4<1 eta x 48 But who 
wlU enter upon aueh a game agaJuit the banker (a gams, after all, which Is not worae 
ihu so muy others) f The Tory etske la already greater than the nithemalioal eipeolalioii, 
wrory prudent regard to part of the mean error will only augment Iho disproportion 
Ifa prudent ruan will enter upon euoh a game, u&lssa he can thereby irold a greater risk 
In thii way ws Insure our rlike, bsoause It Is loo dangerous to be 'Ws own Iniurrw^ 
U the gine li uruged in such an edtertainlng way that we pay 40 ota for the euollemsnt 
inly of taking pari in erery game, then eren rather a osailous parson may also esu- 
btao for 144 games, the mean error (+84/^4 ai abere] being only 281 61) eta or 
144|D‘8-'(li)-iy4)) t Bor a poor fellowt who has only one dollar in Us pooket, but 
who mutt for tome reason neoeaaailly get Bg, luoh a game may Uu be the beat leaouTce 
But If a mao owns only 2BM 1. and falls if he cannot get B llmaa as much, then hs 
would be eiceedlugly Foolhardy If he played 2904 times or more in that bank If we must 
run the risk, we aan do no hetler than mturing eysylhiug on one card, if we dlstiihule 
ear chaooes orsr w repetitions, then we must, beyond the mithemalioal expectation, hope 
for }fn timee that part of the mean error whioh might help by the one attempt 

Etimple 2. Two flie-iDiDrioce oonpanlss bare esob Insured 10,000 farms for a 
total Iniuranoe of £ 10,000|000 The yearly probability of dsmage by fire is and 
both must erery year spend £ DODO on management. Both bare sufSolent guaranty-fund 
to rest satlsded with one single mean error as seourlly against a deficit in saoh flical year 
How high must either fix its anaua] premium, when there is the dilTerence that the com¬ 
pany .d hae i0,000 risks of £ ],OOOi while B has Insured 
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H 

a 

III! 

Wfl* 

l(Xi farina for £ 10,000 

f 1,000,000 

10,000 X{ 10)' 

400 < 

* • 6,000 

* 2.000,000 

10,000 . 

1,500 • 

. 1 2,000 

• 8,000,000 

e,OQp • 

9,500 • 

. ■ 1,000 

. 2,600,000 

2,600 < 

2,000 • 

p . 500 

. 1,000,000 

500 • 

1,600 * 

, « 200 

300,000 

60 1 

2,000 . 

, . 100 

■ 200,000 

20 • 

10,000 fariDB 


£ 10,000,000 

211,080 X (10)' 


^Inu p(I-p)-0-00009^, lh8 imiLlienialknl 8^p»UClDii lU oi«»n error Is m Ihe cu* 
ef ii ^ f 100,000 ^ £8,101, lo the cm ol « - £ 10.000 i tWOO. the premiumB 
therefore £1 IBa, 4d nnd £2 7e 10 d lespeUlvely ior £ 1,000 m « fi muil reinsure 
park of Ike riehe 

§ 76 The mwn error and. In general, LIid law of error, of the ioUl Mathematical 
eipeoUtJoD for mutually bound ovente which rosy he conilderod co-ordinate events of the 
same triaii, are computed In hnlf-inverianla by mpans of the aume of pan ere If the trial 
can have h various mnta, of which the one whoeo probability la enUlla a gain of the 
fllie df, and we Imagine the eunin repealed a aulhciently targe nutnher offlimet (\ limee). 
the account will eboiv 

Oj occurring tiniee, 

n .1 occurring times 

Hence 

and the half-InTiriants for the uinglo [riiil rsill bo 

jI, - pj(i,+ ^ thototiilmalliBinallcalevpoctatlon — /f|l, «)i 

a)) - jj,rii>-f +P-<'n’~(Pi«i+ +M*)' 

By Ihle fortnaln, IliereforOi no rnust i| ench casoi compute the stjuare of the mean 
error of the loUl niiilhemaMciil eikpeilallon for the single Inal POr the equals of the 
mean error of l|ie aipeclatlon from ^ tnuts we have consequently 

»')) " rt)*) (146) 

By even game wu understand a game where the tela) maLhematlcat eipeotition 
is 0, the last term of this formula will consequently disappear in such a gaiDs, Ai tha 
nean error does not depend an the absoli/le valuaa of Ihe galni or loeew, hut only on 





3oa 

lh«lr dlffertncM, va vivf )u the compuUI;io]i o! tba aquaroi of Ihe maaii errora raduca to 
Man ipma by lubbulloff tbe iqiUiaiiiatlql aipaoUtlab baoi all lha gains, Md adding U 
io Ihe Ipiaea. IIidb ir« ini; vrlta 

'«))*+ »))») m 

This rula Ihsn di9an droni the riila of unbound games onl; jn the absanoe of tba faofon 

(l-ii.) 

Wa m QDir oompiiU Uia mean erron In the aiamplbs 1 and 8, In j} 74 In 
K«. 1 wa baTB 

- iM*+4(OJH4{e)' -8 

In Iha lifa-aonuiiy etimple aa noir sea the advanUga of using the longer fornuJa 
(140) for the Tilue of tbe annilty, mlher than Ifae roinula (1B9) wbloh gires the ralua ai 
Uu sum of a numbsi' of andowmoDls, for the partial eipecUtlons are bora not UDbound, 
and anlf the deaths In the eaveril yura of age eiclude one another and can be poQsidered 
Oft'ordlnate erenta Id tbe lane game, For the eqaare of the mean error of the lifa-annulty 
«a Uts, from (144); 

' ~ '(‘'+'+*» <' ■■ ~ 

-^1 y(i(«+»)-i(»+»+i)Hi-(i+ii>n) (i«i 

§ 77i In the abore aludiea on the mean errors of mathemitjcal eipaotatloiu ve 
bays inpposad that tha probabjJlUes we uae are free bom error, being either determined 
a priori by good theory or found a poateriorl from very large numbers of lepetltione Thu 
detennfoiUop le not complete In the cases in which the probebllltiee determined a posteriori 
are found only by amall numbers of trielsi or If probabLlltles computed a pnorl preeuppoee 
valuai obsened with sensibly largo mean errori The same warning anat be taken with 
reapeot io other ralnee which may enter into the computed mathematical expectatlona, the 
value of the gains, for Inatance, may depend on the future rate of intereat Whether eome 
of the manifold aourcee of errors ate to be omitted in a computitlan of ihe mean error, 
or not, must for eactj spociel case depend on the relative amallnoss of tlie parts of the 
total Ai to the theory of probability It la characterlatlo only that the parts of the squares 
of tbs mean arrora, oonaldersd In §§75 and 76, are, as a rule, very Important, while me 
aoilogoua parts in other problema Ire often inalplflcant When the orbit of a planet la 
oomputad by the method of the least i^uitei, then, In order to raatriot the llmlle of 
rsaearcb for its next discovery, we have to compute the mean errors of Its <n<ordipitea 
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it lilt Hilt tpimiiilcii Oidlhirll; tliw ntn trwi in h lirp lint llii ij fti lit lilin 
obuinllw nil inllMi lk(ii||li tyi j, n inilgijgiii it (liMt ftoni | !1 ml 
79 But wliiii n hin Mpultil i liUi o| mortilHi It tin uilM il llii Imt tinWi 
w (in miiliili Bull Bj ihit imUitil Itii inun irroi of tin pnliil>llll)i if 

IKi niiipiittd bn llii tiliiii kl If n m It pmHit imllliii m io llii innrlilolf 
illl ii^d Ion Ihn, ml vlil ngwl Io tin wrNpinilloK imlliiiiiiillul Ufidilloii ijM, 
Itm n niiii not, mini»It wj imt, iilii Ik mtn irnr u kl n 
ml, u I loll, Bnt liki i|(|l| In loiiljimiltii, md topwjiiinllif ou Ik (xniili 
a|/i(|(l-|i)+ii'il,(i)| (Coup «inplo,jl21 
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CORRECTION FOR THE MOMENTS OF A 
FREQUENCY DISTRIBUTION IN 
TWO VARIABLESi 


By 

William Dowell Baten 
University of Michigan 


In certain statistical problems it is beneficial to divide the 
5;iven data into classes or groups and investigate the distribution 
in this form. The moments determined for the distribution div¬ 
ided into classes differ from the moments determined from the 
original data. It is the object of this article to show how to 
modify the former to secure the latter for a frequency distribu¬ 
tion in two variables 

After the data, given for a frequency distribution of one 
variable, have been divided into classes the class mark is then 
the representive of the items m a class. This is assuming that 
the mean of the items falling m a glass is equal fo the class mark. 
For a large number of items in a class, distributed throughout 
the entire class, the class mark differs very little from the average 
of the items in the class. But the average of the items raised 
to a power is not equal to the class mark raisgd to the same 
power. Hgnce corrections should be made to the mpments de¬ 
termined from a distribution which is divided into classes. 

For a distribution of two variables jc and y the data are 
divided into jcy -classes, where the class- mark of an jc -class 


^Presented to the American Mathematical Society, Sept 12, 1930. 
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IS considered to be the reptesentive of the items falling in this 
class, while the class marie of a y -class is the representive of 
all Items in t-his particular class. The coordinates of the point 
m the jcy -plane, whose abscissa is the class mark of the jc -class 
and whose ordinate is the class mark of the y -class, may be 
considered to be the class inarh of the double class or the Jcy 
class. 

Let the frequencies of the distribution be represented by 
the volumes of the volume-compartments as shown in the figure. 
The sum of all such compartments is the total of the trequencies 
and should be equal to the number of items in the distribution. 
The little solid AVkV<p/-SP€*Dis the frequency of the items 
falling in the 5th JT-class and in the 3rd y -class. OT and OF 
are the class marks of this x-class and this y -class. (OT) (OF) 
multiplied by the frequency of the items falling m this double 
cry-class may differ considerably from the s\xm (0C)^(0/()^ 
^(OA)^rOO)*^^ . . . , hence corrections must be made to 

the moments obtained from the distribution divided into classes 
where the double class marks are the representives of the items 
in the class. If the class units are made smaller and are allowed 
to become very near to zero the errors are not so large, for it 
must be remembered that our results are only approximations. 

By definition the r? 'th, w’th moment of the distribution 
which IS divided into classes is 

/V -g 

where (jc t/ ) 's considered to be the class mark of the 
i , j -class, and the double summation extends over all the classes. 
It is further assumed that f (JC^ *h,yj + k) is such a func¬ 
tion which can be expanded into a daylor series. The above 
becomes 
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LZx^ y r 

dyf 

» ’ r w rjy #v * 



d‘f(x.,yj 


bx,^ 

2'‘3‘dyf 

2*S!dXi* 2*3 5!bxi^dyj 




2*^! dyj* 


2° dxf dyj^ 


£^da:,^dyj^ 2^7 6yj^ 


Now use the Euler-Maclauriti Sunjnution* foramla for two- 
variables for finding the value of this double summation. This 
formula is 

♦This formula w developed on pages 317-319. 
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^ j. d*LM ,d*l -,bthJ .in-l W*/ 

z t lXx,ij)=J J U(x.y)dxdy^^ j U(x,y)dij J J U(x,y)dx 


, b4-l 



bt-l 1 

d*h 



c & 

4 

o 

\ 

dU(x^y)\ 


c 

24dx 

1 CL 

C 




W(x,y) 

'^4dy J, J 




m hx\ 


i 


d*! 

U(x,y)dy 


bi-l 


720dy 


;/ 

-J ^ 


b+f -dd 
U(x,y)di^ 


'b^U('X,y)'\ 

c/+/ 

b*l . , , - 

d tJ(x,v) 

"1 

bd , ^ 

d^Ufx.y) 1 

4+/, 

■*- ^ 1 

/44-dxoy. 

c " 

^ 144-0 da?. 

A 

C " 

^ 1440dy^ . 

c 


which is the double summation of the function U (x^y) from 
<3 to on the jr-axis and from c to d along the y-axis. 
Applying this formula to the double summation above 




^ d^fCxy) 
• J doc® 3dy^ 
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7 ^ 0 :® ~5-3dx^dy^ 3 S'dx^dy^ 


4 

7 dy^ J 


/ 

■h — 

5'2« 


^ ^i^d^f(x,y) ^ (%) d^f(x,y) 

(s+l)dx^ Cs-£~^lX2+l)dx^-^dy^'^(s-^^/){4+/)dx^-*dy* 


U,y) _ + . . . + (Pd^f(x,y) 

(s~6 + l)(6■^l)^x^'^by^ (s~t-tlXt+l) dy * 


+ 


^ b^f(x,yy 

(s^l) 6y^ 


•' 

dxdy+ O +0-^-’-', 


t is an even number. In obtaining this result it was assumed 
that t(x,y),f'{x,y),x^y^f(x,y), (x,y) 

vanish or become negligible at the limits on the x and y axes, 
k and w are positive integers. 

Therefore 


U, K m ^ 


^(Vm\ 


a^3> 


n'lrt-Z 




^(VmL 






n-4-m-Z 


n-z.m-A 


7 ' 6 a.tn-t 


S'2' 
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Cs 4-)! 4! 


>5- 4.' m-4- 


(5-6)! 6i /s\{V Y^\ ,,i _ , 

'^(3-6 +0(7) ‘‘ 5 ^ 5 - 6 -’^ 6^^ri-s-6 ■ m-O ' 

. 

If 77? = 0 the formula becomes the formula for obtaining the 
moments about a fixed origin for one variable This has been 
done by Sheppard and Carver. 

If 77 and 777 take on integral values 




t 



\) z r 

ju' + - Ju' , , 

a / /2 '^o ! ’ 

^/.2 ^ IS /2 


JU* 

22 

ht ^o:Z 

*JL jjJ 

tz ^Z O 

^/44 • 

<r 

K., 


,v;.-3 =>«; 

3 + 

v;../ 


+ ^m' 

4 t's 

+ L U.' + 

fZ ^ 0:0 

jjJ 

v = 

2 3 


^ ^ fJi' 
72 '^0 ^ 

3 ^ 4^1-/ 

+ -L u' 

'^ 3 : 3 ' 


^J-u' 

4^/3 

4 ^3~t 

~ m' • 
16 '“/.•/ 


^ 4.-O '*'eo^'o.a '^24 T^'a-o'^ieo 
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*60^z;0 ^£4^0 2'^950* 
''^4SS:3 *k^4!l*W^0.a *6^24 *£60^'o:l’ 

i,:K4 * sK^ *iK.> ^sKa ^jko^no- 

4 -^i‘^2.-4 *kK,2 *h)K.**4^'22*Jl> Ko 


4 -~i^/u'- + ~ jj' +-L — I 

160 ^ 2.0 160 6400 


From the above the /Z's can be obtained. 

Vy I ' 

Kr, i.rk vl'„ , 

' I 

, ,1 _,\l 11 \ ' I ,<! ! \l 

^3t3 ^!3 4M?.-/ " 4 '^ 1:3 ^/6'^i;i< , 


etc. 
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By translating the origin to ( Mj^, M^) 

2 ^ 14,0 ) ^ ■ 

M^-r^3: / "O'/!/ • ^/.3 ~' 4.-3 ~ O-/ ’ 


^S.-J 2 '^A:2 tZ^ 0.C.3 ‘ 


=V/' 

' 3,3 v^,3 


4 Vs'/ ^icO/:/ > 


etc. 

In making corrections for the double moments it must be 
remembered to correct the single moments of the a’s and the ^’s.* 


Euler-Macla.urin Summation for Two Variables 

Suppose it is possible to find a function g {■x,y ) such 
that' g(JC-ht, y-hl)-g(jc^t,y)-g(cc,y-h/) +yfx,y) = 
or'^^ s(x,y) “f (cc,y) or 
= g(x:,y), where /\ represents finite difference and IX 
represents finite integration. If ^ (ct, «/) is such a function, 
then 

gCa+l,c+l)-gCo-+f, c)-9(°^ , o)~f(a , c\ 

g(ai-E,c+i}-g(a+Z, c)-g(a*l,c*-l)*g(a/-/', c) = fCci*l, c), 
g(a+liC*-B)~g(a+t,c+l)-g(a ^c-f-Z)-/-g(a ,C4-I)’^f(a ,c->-l), 
g(a*2,c-/^^'g(a-/-£,c4-/)-g(a^l.c+B)+g(a+l, c + l)= f(a+l,c4-l\ 


♦See Frequency Curves by H. C Carver in Handbook of Math. Statistics. 
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g(b,d) -g(b ,d-iyg(b-i, d)-hg(b-l,d-l)=f(bd,(:-l\ 
g(b-hl. d+l)-g(by d)-g(b ,d+/)-f-g(b, d) =f(b,d). 

r4 A 


cL b 

MA\g{bd,d^-l)-g(b^/^ c)~g(a ,d-hl)-hg(a^c) 

Or bd 

ZL f(^^y)=~9C^>y) 

c a -Ic -Ja 

If it IS possible to find the function g ( or, ^ ) then the 
double sum EL f ) can be found. Expand g(cC-hl,y^l) 
in a Taylor series. 

. do do / d^q 




/ 

-^3! 




djp dd^dy djcdy^ dy ^ 


d +d 

^(e ^yg(x,y) = (e )9(^>(/), 


b ^ s 

where represent respectively 

d d'~*^ 

-53pr 9(^>y), ax'" dy® 9(^^y)' 

Hence 

g(x+\,u+l)-g(x+l,y)-y(<x,y+l) +g(x,y) 
f)g{x,y) 

= [(e^ /)(e ^-/) } g(x,g). 


where the O's are operators operating on the function g (x, y ). 
Therefore 

sr=^.y)‘ fe®-ofe®‘-o] 

where the operators are now operating upon the function 
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I 

To develop (e^~ /)Ce l) ^ Taylor series it 

is necessary to develop '/) ^ Taylor 

series and then divide by u This becomes after ^ replace 
U and V respectively, 


f [fe ®- //e V/ 6 ^ ^2 


‘2 9. 

'24 '24 '7209 144 ~720B> t440 1440 
6>429~6>I2' 6‘I2 6<42B 



where ^ ^ represent integration. 
Using these results £ £ 


Tia'v-/ b-t! 

J c a 


or 



* 14-4 djcdj^ J 



+ 


14 40 J 


b*l 

■/■ 

a 


d^f(jc,y) 

1440 c>y^_ 


d-h /■! 


bi^t 


CL 


4 





THE STANDARD ERROR OF A MULTIPLE 
REGRESSION EQUATIONi 


By 


John Rice Miner 


Since a multiple regression equation is essentially a hyper¬ 
plane, fitted by the method of least squares, its standard error 
may be obtained from Gauss’ standard error of a function recently 
discussed by Schultz (1930). Let the equation be 

oc » b oc *■ b oc • r b , ..v 

/ 11,34 '-rr? 2 I3.Z4 ••m 3 /m 23■ < - Cm-I) m 

where ar, is the dependent variable, • • • • the in¬ 

dependent variables, each measured from its respective mean, and 

^ 2 , 34... nf-' rn.23... (tr-l) 

sion coefficients, Then the determinant of Schultz’s equation 
(10) becomes 

n 0 0 . • ■ 0 

0 Bx.jc, • Lx,x 

o £xx. Ex? ■ Zx.x_ 

< 3 J ^ ^ 3 rrr 

O 21jr jr Zx x 



(1) 



IFrom the Department of Biology of the School of Hygiene and Public 
Health of the Johns Hopkins University. 
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Let A / / be the cofactor of the element in the t 'th row 

V 

and the j 'th column. Then 
[ «<- .^] = / D = ' 

[= 6 /?]= DjD = 0, 


\j3Y\-D^,/D^L^Jno^a^iS , 

[/3m] = am /^ . 




C ~ n-irt > *^i(s 3 ■.. irn) ' 

Therefore, substituting these values in Schultz’s equation 
(27.1), we have 
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(r- 




^ crJA 


a 

m 


( 2 ) 


1-2 


A S3 


-TO- jr > 

^ -9 




a- <r 
zm 


For a simple regression equation this reduces to 


(3) 






£ ) 


/* ^ 


J 


This agrees with the expression given by Pearson (1913), 
if we remember that jc^ is measured from its mean and that 
Pearson does not correct for the number of parameters. 

For a regression equation with two independent variables 



(4) 


['■ 


- J ■■ 














(f-rJL) 


er R je^ x ^ 

= ~LS9 . J/+ - g- + 

(T,-3->i [ crl^ 


3r _ jf Jr 'i 4 
S3 z 3 I ^ 

^a.3 *^3 2 


As an example of the application of this formula we may 
calculate the standard error of the mean heart-weight (X,) of 
the array of persons with an age (X^ of 52 92 years and a 
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body-weight (X^) of 49.93 kilograms in a population of 213 
persons characterized by the following biometric constants; 


M, = 348.9 g; 

Of " 79.4 g; 

r,g -+-0.114 

Mg = 59.65 yrs 

; 17.54 yrs.; 

r,3 =-^ 0.652 

= 56.45 kg; 

-14.'38 kg; 

0.185. 

From these data 

3 = + 0.315 and 

^ + 0.689 


and the regression equation of heart-weight on age and body- 
weight is 

= 66.09 + L/OOX^ + 3.648X^ 

from which the mean heart-weight of persons aged 52,92 years 
and weighing 49.93 kg. is 316.4 g. 

Substituting the appropriate values of the constants in (4) 
and remembering that « X’g - = X^~ Mj 

«-6.52 .and 




rs.^ 

-T 

e/o^ 


{0-993) (0.78S) 


( 1438 )^ ( 0 . 966 ) 


a (-0.185) (- 6.72 )(-6 J^) 1 ^ ^ ^ 

(/7.S4-) (/4.3e) (0.966) J ‘ ^ ’ 





REFERENCES 

Pearson, Karl. 1913. On the probable errors of frequency constants. 
Biometrika, 9:1-10 

Schultz, Henry. 1930. The standard error of a forecast from a curve, 
J. Amer Stat Assoc., 25‘139-18S. 



SAMPLING IN THE CASE OF CORRELATED 
OBSERVATIONS 


By 

Cecil C. Craig 
National Research Fellow 


Dr E C. Rhodes, in a paper in the Journal of the Royal 
Statistical Society,^ has considered the distribution of character¬ 
istics of samples of N when the individual observations are not 
assumed to be independent. As he points out, there are many 
important cases in which the usual assumption of independence 
or randomness in the observations is not justifiable, In the pres¬ 
ent paper will be explained a method based on the semi-invariants 
of Thiele for the calculation of the characteristics of the sought 
distributions in this case which is especially to be preferred to the 
method based ,on moments when it is supposed that the observa¬ 
tions arc normally correlated. In the case it is further assumed 
that only consecutive observations are correlated, in addition to 
Dr. Rhodes’ results, the third semi-invariant (which is the same 
as the third moment about the mean) of the variance and the 
mean and the variance of the third and fourth moments about 
the mean are given. 

Let the N observations composing a sample be given by val¬ 
ues of x,, jCj,, . . . respectively and let |F (jr„ jr^, • ,jr^) 

be the n -way probability function of jr^ , and 

^The Precision of Means and Standard Deviations When the Individual 
Errors Are Correlated, Vol. 90 (1927), pp, 13S-143. 
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Then the semi-invariants, X • of nr, , ^ are 

defined by 



- titf, * * “ ^ 


which is to be regarded as a formal identity in t, .tg,- 

t, ) is first expanded by the multinomial law and 

then each term .A^*" .A^ ••in the result is replaced by 

^rst 

We shall pass over the characteristics of distributions of 
means, since the method of semi-invariants is equivalent to that 
of moments in this case, and take up the distribution of moments 
about the mean in samples of /V. Following the method pre¬ 
viously used by the author in the case of independent observa¬ 
tions,* let 



Then let V ( 6^, 6^, ■ • • -.S,,.,) be the probability function of 
■, =<; 0. The semi-invariants Xfsi 

of ^ 1 , ‘are defined by 


iFolloWing Cramdr, I distinguish between probability and frequency func¬ 
tions. JTj, *• ■, *he “cumulative" frequency function 

and thus the integral is an 77 -way Stieitjes integral. 

*An Application of Thiele's Semi-invariants to the Sampling Problem; 
Metron, Vol. 7. No 4 (1928), pp. 3-75. 
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+ 


( 3 ) 



S 


A/-/ 


) 


e 


/ \ 





We have at once. 


M-f M 


e ' J'' *J J i ' 


/H-l H H-l 


and as the author has previously remarked,^ we can also write 


/ N N 







I 

so long as the relation is only used to find the values of ^rst "’® 
in which at least one of the subscripts is zero. 

Then 3^ (^rr) . the /r 'th semi-invariant of the rr ’th 
moment about the mean in samples of /V, is given by the formula 






•>+> 1, j ( ^ ^ ^ 

] [4,/4/ -] [c,/c,.' ■■] rUlf.' -- 


Uoc. cit, pp 18, 19. 
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the notation v w referring to moments of 8^, ■ 5^ 6^ , 

the summation including all terms for which 

r(a,*o.g + ' 0 + t . = /f, 

< 2 ^ 3 — 

b, ^b^> - 


c, 3 c, 3 




( 5 ) 


In particular; 

* /V ' (^^n^o~^i7jO -a *'o, n,o-o ^'^<}7i»o-o^> 

[£ u; * iL < - fe v;„ )•], 


On writing out the moments ^ ^.v in terms of the semi- 
invariants and then using (4) the'sought semi-invariants 

are obtained 

In the case that the N observations are normally correlated 
and (x ,, Jr^ t ' '' > ^ -dimensional normal prob¬ 

ability function, the left-hand member of (4) vanishes for /f - 3. 

If we suppose that the standard deviations of JC^, x^, -.jr^ 

are all equal (which we shall always do) and take as the simplest 
case that Jr, , ‘ ‘ nre normally correlated ana that 

rSee the author’s paper cited, p. 21, formula (ZS). 

®For a detailed explanation of this kind of calculation see the author s paper 
cited, pp. 23-27. 
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the correlation as measured by the Pearsonian coefficient, 

is the same for each pair, , jcy , of the set of n observations, 

VkC get 


so 


X' = >\ 

020 0020 


X -A' =A' = • 

I/O /0/a 01/0 




if the common value of ^ be denoted simply by r . But 
if the observations are independent and the parent population is 
normal we have 


A - = ^090 ^ ^0030 

SO 020 ooao 


IT ^20 . 


A' - A'. -A' 

I/O lOlO 0410 


■k^uo 


Thus it follows that the distributions pf the characteristics 
of samples of A/ in this particular case of dependent observa¬ 
tions are the same as if the observations were indejx;ndent and 
taken from a normal population of variance (f~ P) ^^o ■ 

In case ^ ^cc,, jc^, • -.jr^is normal it is convenient to 
express the right hand members of (5) directly in terms of the 
semi-invariants for 77 = 2, 3, 4. For that purpose we 

shall adopt the following notation. Let the linear form a^j Xj 
be denoted by<^/. Then (4) becomes 


/•* 





Thus in a symbolic sense 's and A,' 's ar^ equivalent. But with 
regard to the subscripts of the A terms in the expansion of the 
left member of (6) we use a different convention than for the 
subscripts of the A’s. We set 


'Sec the author, loc, cit,, p, 19 
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^no^ ^iz ’ ^^a/c ” ^i3‘ 


We get 

the summations, of course, running over all values of i and j 
from / to A/ . But since 


ZA",-^2LA^^Ajj-(EA,y 

the second relation reduces to 

Similarly 

%(V‘7P A,, Aj ,), 

(^Ki <J 

A^^>4£A* Af^>5rA...A.„.A^^ A^^ ), 

S,(\),)=0, 





i 4MPUNC, l,\ COkRhUTht) OBSERVArtONS 


5,(y,)= (22-4!, *31 A,^ Ajj A‘j +2 ), 


To illiistidtc tho use of these Eornuilas and to give some 
results in fi case of practical intereet, let us •iuppose that the sei 
of N ohiiciv.itions composinp a sample may he assigned an order 
in nhiih nnlv coiisccutive obseivalions are correlated and in a 
cun^iaiU llius our oliscrvatioiis might be prices or indices 

Uikcii ill ihc ends of Lonseciitive time inteivals \\ c siip[xjse, then, 
that 

^ ooifo’^ ^ ^ f 


X 


ioi 


A "A 

''/OOf 9)0/ 


o 


I he fust step m the calculation is to obtain the values of the 
\iUinin A s which cnlci into the formulas (7) is found 


iruiii A 

f. 

luin 

A, A^ancl 

so on 

We get 


A-- 




1 




-A = 


1 /!_ Ltir 

N-t “ ' ' N 

/ 



fV 

^ (r- 

ii^r 2r 
' N ' 

^A„ 

1 





A *= 

N~l 

/^3r Sr 

)A„, 

^f3 



K A 

w-/ 

P 




-A 


B,W 



.A 


M~t,N 



“77* 



ao i 



p / C 4 < 

I rf-/ 

1 
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Then, on substitution in (?), we have finally 


These two results are given by Dr. Rhodes, loc clt, though 
there is a slight misprint in the second one as given there The 
remainder oi the results given here are believed to be new, 







eo I 


7J N N y H N N 
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It should be observed that the expressions for for 

N < 3 and for ^ ^ ^ for N< 5 are in gciieial not valid, 

since It can be seen by reference to (8) that all the types of A's 
used in the formulas (7) do not exist for values of N so small, 
But for these small values of N , the values of the characteristics 
for which expressions aie given above can be readjjy computed 
directly. 
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THE RELATION BETWEEN THE MEAfJS 
AND VARIANCES, MEANS SQUARED AND 
VARIANCES IN SAMPLES FROM COMBINA¬ 
TIONS OF NORMAL POPULATIONS 


By 

G A Baker 


Th^ distributions of the means and variances of samples 
from the combinations of normal populations have been discussed 
in a previous paper ^ It is known that if the sampled population 
13 not normal the means and variances of samples are not 
independent 

The present discussion aims to give some idea of the relation 
between the means and the variances, means squared and van- 
ances of samples frpin a population that is the combination of 
normal populations To this end the case of samples of two from 
such populations is rather completely investigated. Also empir¬ 
ical random sampling results for two special populations are pre¬ 
sented 

Suppose that a population is represented by 


Cl) 


ih 


, ± _ 

a{Trf 



r^’Rancioni Samplmer from Non-Hotnogeneofis Populations," Metron, VqI 
VIII, No 3 fl930), pp 1^2] 
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If a method used by Kurl Pearson^ is followed, the prob¬ 
ability of 

JCf in <^oc, Is , 

f(a:^)doCs 

and tlic probability of the concurrence of these two events is 


( 2 ) 


f(ac,)f (cc^)d<x:^ dcc^ 


which may be written 


L 


{i^kfatr 







+ e 





Now 


Z I [ (jc^- jr/] 


Whence 


( 4 ) 


Also 


' jf, «= -Z +JC 
. = Z + jc 

dx, 'dx^ may be replaced^ by 


^Appendix to Papers by ''Student" and E A Fisher, Biometrika, VoJ XIX 
(1925), p 522 

®R A Fisher "Frequency Distribution of the Vfllues of the Correlation 
Coefficient in Samples from an ladefinllely Lar^e Population," Biometrika, 
Vol X (1915), p 507 , 
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( 5 ) c dT* cLx 


In virtue of (5), (4) and (3), (6) is obtained 


h r -i [f-Z ( :g*jp„-a>* ] 

( 6 ) 


This is the correlation surface for the means and standard 
deviations of samples of two drawn from (1). To get the corre- 
labon surface of the means and variances lynte 
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IS the desjred surface. 

I 

The locus of mean a 's for given j: 's is 


(^4) 


-x , ^ 
e -t-k a-e 


U = 




e af*! —T, 



The locus of the meaner's for given u 's is 



9 


The correlation surface for the means squared ( = z ) and 
variances is 




( 10 ) 


(i*k)^in 

-f 

& I 




k e 


4rt7/5 fr^4fafK 




- j [<-/s+r*) / rsfiS-ffTn 


e 


*4}S7z 
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The locus of the mean u 's for given e's is 


€ ^klre 








e 






iU)U- 


-2 
e -A 





zQk 


6 Cf^tl ■ 


The locus of the mean a's for given u 's is 


Z =. 


( 12 ) 




multiplied hy 


[' 






0 i{(‘ 






•rff- fry I 

f 


2 . 2(m-rf 


e 






j 


2 


tf2+y 


s 


By expanding the denominators of (8), (9), (11), and (12) 
by the multinomial theorem, it can he shown that each of these 
loci is essentially parabolic', ^ 0 They are subject to an 
exponential influence at the beginning of the range of the inde¬ 
pendent variable, which influence rapidly dmiitiishes as the inde¬ 
pendent variable takes on higher values 

The probability relations in general between means and vari¬ 
ances, means squared and variances will be expected to approx¬ 
imate those for the case of samples of two, because of the fol- 
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lowing considerations Suppose that n (the number m the 
sample) IS large ‘ When a large proportion of the sample comes 
from the first component, the first term of (7) with 2 in the 
numerator of the exponent replaced by rt and with u ^ replaced 
by u will be an approximation to the surface of the means 
and variances Similarly, when a large proportion of the sample 
comes from the second component, the second term of (7) with 2 
m the numerator of the exponent replaced by 77 and with u ^ 
replaced by u. ^ Will be an approximation to the surface o£ 
the means and variances When about equal proportions of the 
sampie come from each component, the last term a£ (7) with ■5 
m the numerato^of each exponent replaced by -g and with a * 
replaced by u will he an approximation to the surface of 
the means and variances. Or, all together, (7) with the 
mentioned changes in the exponents of the terms, with proper 
weighting of the terms, and with U ^ replaced by u » is a 
proportionate approxiniation to the distribution of the means and 
variances of samples drawn from a population represented by 

(I) Further, mci easing 77 will not influence relations (8), (9), 

(II) , and (12) as approximations for the general case except 
the exponential term, if it is assumed that the denominators are 
expanded and then multiplied by the numerators, for jj occurs to 
the same power in the numerators and denominators 


‘Note The eifcct of k and of the binomial coefficients is roughly as fol¬ 
lows If the 77-^1 terms denoting s from the first component of (1) 
and 77-a from the second component are divided into thirds, then, li 
J, t -A are the exponents of k m the middle terms, 

' ' V.J’-$», 4-^ 

or approximately, since n is large and since only a proportionate expression 
IB desired O 1 ^ ^ 

or the expoivcrttB of k of the middle terms of the three secliorts above 
ore 5 the exponents of k Jn (?). The effect of increasing 77 be¬ 
cause of the biiiDinlal coefficients i? to weight the middle section of the 
possible surfaces to a much greater extent than the extreme sections, bc 
that with rr very large the last term of (7) with 2 replaced fay 7/ 
becomes an approximation to the desired surface 
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From (8), (9), (11), and (12) it is dear that the par¬ 
ameters of the sampled population have great influence on the 
regression relations considered It should be borne in mind in 
this connection that many flattened and skewed, as well as bi- 
modal, distributions can be adequately represented by combina¬ 
tions of normal populations Also, results (8), (9), (11), and 
(12) can be extended to the sums and differences of any number 
of normal curves, subject to the condition that the resultant is 
always positive 

In 1925, Dr Neyman^ gave the correlation coefficient be¬ 
tween the deviations of the means of samples from the mean of 
the sampled population and the variances of these samples for 
samples of t? drawn at random fronj an infinite uni-vanate popu¬ 
lation in terms of the betas of the sampled population as 


(13) 



^ ^ . 


Similarly, the correlation coefficient between the deviations 
squared of the means of samples from the mean of the sampled 
population and the vanances is 


( 14 ) 


Under certain very special conditions the statement oi />* 
and ^ may give an adequate idea of the regression relation 
oetween the means and vanances, means squared and variances 
of samples from a population represented by (1) In general 
the mere statement of these coefficients «vill not give any useful 


SpIawa'Neyman ^'Contributions to the Theory of Small Samples 
Drawn from a Finite Population,” Biometrika, Vol XVII (1925), pp 
472-479 
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notion of the actual probability lelations This is true because 
(a) the regression relations between means and vaiiances, means 
squared and variances of samples from a population represented 
by (1) are essentially parabolic, as shown foi samples of two 
and as seems probable for larger samples, (b) the frequency 
arrays may vary markedly in dispersion, in skewness, and in 
other characteristics 

To illustrate these remarks, samples of four were drawn 
from two special populations by throwing dice 

Suppose that a population is represented by 


(15) 










The first four moments of "f (-X) about its mean are 

^ I 





/*-K 

I 

——.—-— — —f ——-—I . • 

/■*-k 



I 

G. A BAKER 


CHART A 





























ifl T-if\iOio\LnroxntO'<tur>OOHI‘Of^*^'t 

■a p»iy5<7iT-iineotnt-fW'^*^ 

•; l-H rH r-l iH M 

.- -J^. — ^— 

§_sS_ 

lli 

a s9 


Ov o S 


O 111 
CO Q c\ 


lli 

3s2 


U7 o 

2 2S 

In i~l 


6 ill 

1 SaS 


H gS 


S p K 


^ oS 



C4 f\) V7 O 1-^ 


^■'i'oooofx'O'^CJ 


r-l ^ fcj »H T-t 


•*H po N N '-' 


P^^^^^M^O!^OOoOCT^N 
1^ l-H fV ^ 




^ 00 M fo 

I >-l 




B 


VO 



(O 

1 

1 




»0 n O 
(-1 5 to 


o Q in 


(fH ^ ^ 


_ r-l Ti ■-< _ 

i-^tn”'ntNO'^2 3~ 

h.inrt*-to\rNmto I | I F i I I* 

^rM,-ii-i oocooooog 

OQOOoOOO*^'“-P-ti-*-'+^'^'“^ 
mtnTrt3\rsmDt-( , 

l l'*' 


ssii/uiD^ fo suoa^ 


Totals 87 112 113 135 























G A BAKER 


343 


Whence 


( 16 ) ^ 

* ((T^-f- 7T}^y\^ 


( 17 ) 


^ [fi-m,^-hk(<T^^77jl )y 


Thus, for any special population of the form (15), ^ and 
/5 can be easily calculated 

Samples of four were drawn from a population approx¬ 
imately represented by 


( 18 ) f,(x)^646 



(jc-f-i y') { ^ 7) 


) 


The actual sampled population is shown in Chart A and is 
hereinafter called Population I 

Table I shows the distribution of 1038 samples of four drawn 
from Population I with respect to the observed values of the 
means and the variances, The arrays for constant values of the 
variances are at first distinctly bimodal, gradually becoming uni- 
modal Chart I shows the means of arrays of Table I with the 
regression lines as calculated without correction for groupings 
It is apparent that the locus of the mean variances for a given 
value of the means diverges a great deal from a straight line 
This regression relation looks as though it was a normal curve. 
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which IS what would be expected from (8) with 1 =0 The 
theoretical and actual con elation coefficients for this and three 
subsequent tables aic compared m Table V and the constants of 
the niarKinnl distributions of Tables I to IV are presented in 
Table VI 

If the deviations of the means of the samples of Table I 
from the mean of Popalation I are squared, Table II results, 
Chart II shows the means of arrays and regression, lines of Table 
U, The regression lines ave very poor fits to the means of the 
arrays which are, appaiently, expanenhal loci 

Table III shows the distribution of 1058 samples of four 
diawn fiom a population apprOMtnately represented by 


(19) 




r / 


3(In 




J 

ivith respect to the observed values of the means and variances 
of the samples, The actual sampled populatiori is presented m 
Cha^rt B and is hereinafter called Population II Chart III shows 
the means of airays and regression lines of Table III This chart 
resembles Chart I in that the locus of the mean variances [or given 
values of the means is so obviously non-hnear Also, a glance at 
Table ni js sufficient to see that the arrays vary markedly in 
sVewn^ss 

Table IV shows the relation between the means squared and 
variances of samples of four from Population 11 Chart IV shows 
the means of arrays and regression lines for Table IV In tins 
case the regression relations seem to be fairly near linear, and the 
fiequency distributions of the arrays do not change strikingly 
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CHART I 

The Means of Arrays and Regression Lines of the Means and 
Variances of Samples from Populaljion I 


I 



V 



TABLE II 

Correlation Table Showing the Relation Between the Means 
Squared and Variances of Samples of Four from PopulatiOTi I 



6? 112 113 135 136 [ 110 
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CHART II 

The Means of Arrays and Regression Lines of the Means 
Squared and Variances of Samples from Population I 



NOTE The last thirteen class intervals of the meani squared are grouped 
into one group 



Population 11, trom Which the 105S Samples of Four «1 TahJc-^ ill and IV Were Dra™ 
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CHART B 











TABLE ITT 

Correlation Table Showing the Relation Between the Means and 
Variances of Samples of Four from Population II 

f^anances of Samples 
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CHART III 

The Means of Arrays and Regression Lines of the Means and 
Variances of Samples from Population II 




TABLE 

Correlation Table Showing the Relation Between the Means 
Squared and Variances of Samples of Four from Population Tl 
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I 

CHART IV 

The Means of Airays and Regression Lines of the Means Squared 
and Variances of Samples from Population II 
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TABLE V 


Correlation Coeffiaents of Tables I~IV 



Correlation-Coefficient 

Nfumber of Table 

Theoretical 

ActuaT 

I 

00 

-05 

II 

-34 

-37 

III 

40 

37 

IV 

1 

-07 

-OS 


TABLE VI 

I 

Constants of the Marginal Distributions of Tables I-IV 
in Terms of Class Intervals 


Marginal Distribution 

Mean 

Standard 

Deviation 

Means of Samples from Population I 

252^ 

2467 

1 

Variances of Samples from 'Population I 

4890® 

2900 

Means Squared of Samples from Population I 

3 591® 

3203 

Means of Samples from Population II 

07 

2237 

Variances of Samples from Population II 

3 570» 

2854 

Means Squared of Samples from Population II 

1408® 

1744 


iCiilculaled without corrections for grouping ' 

■^Is so far from zero because of the groupings employed Many means were 
exactly odd Integers These were alJ put forward Into higher {.lasses mak¬ 
ing the calculated mean to6 large 
^Origin taken at ihc beginning of the range 
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From the rcsulls for the case of samples of two and from 
the results of empirical sampling) it seems clear that the simplest 
I egression relation that is generally applicable to the means and 
variances, means squared and vanances, of samples from popu¬ 
lations which are the combinations of normal populations is para¬ 
bolic For small samples and for certain values of the parameters 
of the sampled population the regression relations may involve 
exponential terms that are quite important As the si2e of the 
samples increases, it is expected that this exponential term will 
decrease in influence It seems plausible that even with large 
samples the regression relation of means and variances^ means 
squared and variances will remain essentially parabolic It is not 
expected that the determinatioh of a good approximation to the 
regression relations will serve to give an adequate notion of the 
probability relations of the means and variances, means squared 
and variances of samples from a population represented by (1), 
because the arrays may vary in number of modes, in skewness, 
in dispersion, and in other characteristics For instance, surface 
(7) may be tnmodal so that arrays may he biinodal or ilmmodal, 
and in such a case the arrays must vary markedly Surfaces 
(7) and (10) with 2' replaced by tf and with the terms suitably 
weighted are valuable approximations tg the probability relations 
of the means and variances, means squared and variances of 
samples drawn from a population represented by (1) 
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A TABLE TO FACILITATE THE FITTING OF 
CERTAIN LOGISTIC CURVES 


By 

Joshua L Bailey, Jr 


The most useful generalisation of the logistic curve is that 
having the form 

_ ^ _ 

In practice it will seldom be found necessary to use higher 
powers of a: This equation may also be written 

(2) V = i2 ^ tjc4-cx^'*-gx'^ 

in which y= log 

If we can evaluate the constant k with reasonable accuracy, 
the value of Y corresponding to each observed value of g can 
be computed, and then the values of the coefficients ^ C, and 
^ , in equation (1) may he obtained hy fitting equation (2) as 
a generalized parabola by the method of least squares 

' The normal equations necessary to make this fit will be found 


to be 





a 


bZ jc 

+ C 

*gZ 

a 



4- c. Z 

£ oc Y 

a S'jc* 

+ 

bEx^ 

4-C.Ex^ 

* gCx’ = S a:«Y 

a Z 


bVx* 

+ c Zx ^ 

+ gEx* = E oc^Y. 
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A TABU fO}i LOGISTIC CUNyES 


In the special case where the observations have been made 
at regular intervals (that Is, where the successive values of jc are 
111 arithmetic progression) the solution of these normal equations 
may he greatly simplified We inay then select an aibitiary origin 
in the middle of the range of observations, so that for every 
positive value of jr there will be a corresponding negative value 
of equal absolute magnitude Thus the sums of the odd powers 
of iX will all be zero 

If the numb^i of observations be odd, the middle one will, 
of course, be chosen foi the ongin, and the unit of the scale will 
be the interval between successive values of jc If the number 
of observations be even, the origin will be midway between the 
middle pair of observations, and it will be found more convenient 
to tahe half the interval as scale umt In the former case, jr 
will take all integral values between n and ~ t? , while in the 
latter case Jr may take only the odd integral values 

If we set the sums of the odd powers of jc in the normal 
equations equal to zero, and solve them simultaneously, we de¬ 
rive the following formulae for the literal coefficients 

■ JY SX*2:X‘'Y lx^-sy zx^ 

^ zx*-zx‘- (z:xn‘ ' ' zx* 

a Lxrzx^-ZX’YZX* - ZX^YZX^-ZXY 

£x^sx‘-(zxy ’ zx' zx^'izx^f 

The use of capital letters indicates that the equation has been re¬ 
ferred to the arbitrary origin 

In these formulae the factors involving Y must be com¬ 
puted from the observations, but those m which X alone occurs 
may be tabulated for all convenient values of r) Since Y does 
not occur in the denominators at all, these may be tabulated in 
the same way 
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Finally, the sign of G is determined by the direction in which 
the cmve approaches the asymptote ^=0, and this may readily 
be told by inspection Uut it not intrequentiy tiappens th^t a 
slight error m one of the observations may be sufficient to give 
G the wrong sign In this case the limits between which the 
observations were taken must be changed, or a new value of k 
must be tried, or the faulty observation must be adjusted by a 


smoothing formula It is obviously important therefore that some 
means be provided for determining the sign of G before the 


values of the coefficients are determined - ^ 

The condition that G shall be negative is ^ ^ y 
The second term in this inequality may be tabulated in the same 


way The accompanying tables show the values of the functions 


rx" rxf EX* EX* EX*EX^-(EXy, 

EX‘ EX*-(EXyzai EX^-EX" 


for all values of 77 from 0 to 25 when the number of observations 
IS odd and from 0 to 49 when they are even 

In the preparation of these tables, my thanks are due to the 
Zoological Society of San Diego for the use of the facilities 
afforded by its research department 





THE GENERALIZATION OF 
STUDENT'S RATIO^’* 


By 

Harold HoTELLr\’G 


The accuracy of an estimate of a nonnallv distributed quan* 
tity IS judged by reference to its variance, or rather to an 
estimate of the variance based on the available sample In 1908 
"Student^' examined the ratio of tlie mean to the standard devia¬ 
tion of a sample ^ The distribution at which he arrived was 
obtained in a more rigorous manner iii 1925 by R A Fislier,- 
who at the same time showed how to extend the application of 
the distribution beyond the problem of the significance of means 
which had freen its original object, and apjilied it to examine 
regression coefficients and other quantities obtained by least 

squares, testing not only the deviation of a statistic fiom a hypo¬ 
thetical value but also the difference between two statistics 

Let ^ be any linear function of noimally and nulependentlv 
distributed observations of equal variance, and let 5 be the es¬ 
timate of the standard error of ^ derived by the method of 

maximum likelihood If we let t be the ratio to s of the devia¬ 

tion of ^ from its mathematical expectation, Fisher's result is 
that the probability that t lies between and is 


♦Presented at the meeting of the American Mathematical Sociely at Berk¬ 
eley, April 11, 1931 
iBiometrika, vol 6 (1908), p 1 

^Applications of Student's Disti ibutioii, Metron, vol 5 (192*1), p 90 
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/ 



_ dt _ 



wherff P IS the number of degrees of freedom involved in the 
estimate s 

It IS easy to see how this result may be extended to cases in 
which the variances of the observations are not equal but have 
known ratios and m which, instead of independence among the 
observations, we have a known system of intercorrelations, In¬ 
deed, we have only to replace the observations by a set of linear 
functions of them which are independently distributed with equal 
variance By way of further extension beyond the ca?es dis¬ 
cussed by Fisher, it may be remarked that the estimate of vari¬ 
ance 5 ^ may be based on a body of data not involved m the 
calculation of ^ Thus the accuracy of a physical measurement 
may be estimated by means of the dispersion among similar 
measurements on a different quantity, 

A generalization of quite a different order is needed to test 
the simultaneous deviations of several quantities Tins problem 
was raised by Karl Pearson in connection with the determination 
whether two groups of individuals do or do not belong to the 
same race, measurements of a number of organs or characters 
having been obtained for all the individuals Several “coefficients 
of racial likeness'’ have been suggested by Pearson and by 
V Romanovsky with a view to such biological uses Romanovsky 
has made a careful study^ of the sampling distributions, assuming 
in each case that the variates are independently and normally 

s 

Romanovsky, On tht criteria that two ^ven samples belong to Ihe same 
normal population (on the different coefficients of racial likeness), Melron, 
vol. 7 (1928), no 3, pp, 3-46, K Pearson, On the coefficient of racial 
likeness, Biometnka, vol 18 (1926), pp 10S-1I8 
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distributed One of Romaiiovsky’s most important results is 
the exact sampling distribution of L , a constant multiple of the 
sum of the squaies of the values of t for the different variates 
This distribution function is given by a soniewhat complex in¬ 
finite senes For large samples and numerous variates it slowly 
approximates to the normal form , for 500 individuals, Roman- 
ovsky considers that an adequate approach to normality requires 
that no Sewer than 62 characters be measured m each individual 
Wlien It IS remembered that all these qharacteis must be entirely 
independent, and that it is usually hard to find as many as three 
independent cbaiocters, the difficulties in application will be ap¬ 
parent To avoid these troubles, Romanovsky proposes a new 
coefficient of racial likeness, H , the average of the ratios of 
variances in the two samples for the several characters He ob¬ 
tains the exact distribution of H , again as an infinite senes, 
though It approaches normality more rapidly than the distribution 
of iv But H does not satisfy the need for a comparison betwi^en 
magnitudes of characters, since it concerns only their variabilities 
Joint compansons of correlated variates, and variates of un¬ 
known correlations and standard deviations, are required not only 
for biologic piirpses, but m a great variety of subjects 1 he 
eclipse and comparison star plates used m testing the Einstein 
deflection of light show deviations m right ascension and in declin¬ 
ation i an exact calculation of probability combining the two least- 
square solutions is desirable, The comparison of the prices of a 
list of commodities at two times, with a view to discovering 
whether the changeb are more than can reasonably be ascribed 
to ordinary fluctuation, is a problem dealt with only very crudely 
by means of index numbers, and is one of many examples of the 
need for such a coefficient as is now proposed We shall gener¬ 
alize Student's distribution to take account of such cases 

We consider p variates , • JTp , each of 

which IS measured for N individuals, and denote by the 

value of for the ^ th individual, Taking first the prableni 



H HOIEUING 


363 


of the significance of the deviations from a hypothetical set of 
mean values rO/, , , /77^ , we calculate the means 

the samples, and put 

Then the mean values of the will all be zero, and the vari¬ 
ances and covariances will be the same as for the corresponding 
, since the individuals are supposed chosen independently from 
an infinite population ^ In order to estimate them with the help 
of the deviations 

from the respective means, we call >7 - TV - 1 the number of ' 

degrees of freedom and take as the estimates of the variances and 
covariances, 

N 

DV " / 

We next put 

^12 ^ip 

B.p/ Ap2 ^pp 

^“Mcaii Value" is used m the sense of matlicmaliLai I.'pcctation, ihe 
variance of a quantity whose mean value is zero is defined as the cx^LCta- 
tion of its squares, the covariance of two such quantities is the expectation 
of iheir product Thus the correlation of the two m a hypothetical infinite 
population IS the ratio of their covariance to the geometric mean of the 
variances 



L 


364 


GENliRAUZATION OF STUDENT'S HAT 10 


(3) 


A = A - cofai^tor of S., m a 
Ay ^- 


The measure of simultaneous deviations which we shall em¬ 
ploy is 


P 


(4) 




L*i 


For a single variate it is ualiiral to take Ajj * l/dfj , then 
T reduces to t , the ordinary “critical ratio” of a deviation in a 
mean to Us estimated standard error, a ratio wliich has "Student's 
distribution,’' (1) tor examining the deviations from zero of 
two variates and y , 






sf 3f 




where 




^3 Z{X-Jc) 

®< — wr 


s'-lIlsL, 

I N-l 


- £fX-S)(Y-Q) 

M 

I 

For comparing the means of two samples, one of /VJ and 
thft other of individuals, we distinguish symbols pertaining 
to the second sample by primes, and write 
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Nf * ~ 2 , 

\ 

r 

=^ ^A/,. - ^ < 5!l 

a,nd take as our “coefficients of racial likeness" the value (4) ot 
I in which the are calculated from (5) and the Aij > 
from (6) and (3) , 

Other situations to which the measure 7^ of simultaneous 
deviations can be applied include'comparisons of regression co¬ 
efficients and slopes of lines of secular trend, comparisons which 
for single variates have been explained by R A Fisher' In 
each case we deal for eacli vanate with a linear function of 
the observed values, such that the sum of the squares of the co- ' 
efficients is unity, so that the variance is the same as for a single 
observation, and such that the expectation of is, on the hy- , 
pothesis to be tested/ zero Deviations of the observations 
from means, or from trend lines or other such estimates, are 
used to provide the estimated variances and covanancea 
by (2) The number of degrees of freedom n is the difference 
between the number M of individuals and the number q of 
independent linear relations which must be satisfied by the quan- 

^Metron, loc cit, and StatJsUcal Methods for Research Workers, Oliver 
atid Boyd, third edition (192S) 




366 


GENERALIZATION OF STUDENTS RATIO 


tibes account ot their method 

of derivation For all the variates, these relations and n must 
be the same, 

The general pioceclure is to set up what may be called normal 
values for the respective ) putting 

(?) 

The underlying assumption is that is composed of two 

parts, of which one, , is normally and independently dis¬ 

tributed about zero with variance c,^ which is the same for 

b 

all the observations on , The other component is cjetennined 
by the time, place, or othei circumstances of the '>c'th observation 
in some regular manner, the same for all the variates Denot¬ 
ing this part by , we liave 

Specifically, we take 77 ,^ to be a linear function, with known 
coefficrents , of q unknown parameters 

where q < N 

I r 

( 8 ) 

5 =/ 

Thus in dealing with a secular trend representable by a i»ly- 
nomial in the time, we may take the g 's as powers of the time- 
variable, the 5 as the coefficients Foi differences of means, 
the g 's are O's and Vs, and the 's the true means 
We estimate the ^ ’s by minimizing 



( 9 ) 
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Substituting from (8), differentiating with respect to Cij- 
replacing 7^^^ hy minimizing value, we obtain 

( 10 ) £ 

60= i 

or by (7)* 

(11) f 9^s 

c4 

Denoting also the minimizing values of 
Imve made fiom (8), 

^ ^15 

5n/ 

Subtracting (8), 

_ ^ 


(■s’lA ,<?) 

I'V ^.5 . 


From (9), 


ZV-L 

» = / 


( 13 ) “2 ^ 14 ^ 




A/ 


oi-B / 

The middle term, by (12). equals 
N 9 




<1 



m 


(^LNhHAUZAllQN or DLN}10 


this, by (10), IS zero Hence, by (7) and (13), 


U 




+ w., 


where 





2W, 


(V 




I 


If the cy equations (10) be solved foi , , , 

, the valudb of these quEtntilies will he found to he homo 
genpou* liiiCtii I functions of the obscivations IJv (/) 

thercfoie, the C|iiaiitlties 

•^4/ > > j 

are homogeneous linear functions of the But they ai« not 

linearly independent functions, since they are connected Iiv th 
lelations (11) Hence V is a quadiatic form ijt lanic 

n- H- (j 

Since , by (9), is of rank JV^, W is of rank ^ 

This shows that Np new quantities , g'ven by equa¬ 

tions of the form 




(14) 




can he found such that 
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2V, 


N 

■L 


'K 






Ifif f 


'Z 


j: 




and therefore 


(16) 


N 


2U -L 



Substituting (14) in (IS) and equating like coeffiuents, 


(17) 




where hr IS the Kronecker delta, equal to 1 if /3»Y , lo 

otf 

The coefficients depend only on the , which 

have been assumed to be the same for all the p variates Thus 
(14) may be written i 






Multiplying by (14), summing with respect to u, from 1 to r?, 
and using (17), 


n , n N fi 

Z •ar; x,, =£ Z Z c c 


(181 


H ft - H 

“Z Z ‘^/y' 

tor jy ^,f tfi jfi 
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Just as 111 (2), we define a ui this generalized case by 


( 19 ) 

Then by (18), 


( 20 ) 


N 


d,, ^ JC j : 


^11 ~ ~ ^ ij iti ' 

n ^^1 


Of the last equation, (6) is a special case 

The landoni paib £ ^ ot the observations on jt, have 

^ t otr k 

by hypothesis the distribution 


dt^i d£ 


lN 


where is given by (9) Fiom what has l)een shown, it is 
clear th^t this rhay be transfonTied into 


/ a:.„ f 


(-2 

LR 


4 JC 




(a.jm) 


N 




showing that cc'^^ , , , are normally and independently 

distiibiitLcI with equal variance or^ 

The statistic must be independent of the quantities 

I entering into (20), its mean value 

tnust bfi isero, and its variance must be ‘ These conditions are 
satisfied in the cases which have been mentioned, and are satis¬ 
fied m general if is a linear homogeneous function of 
jt' . . • cc!>j,y with the sum of the squares of the 

' I fv 

coefficients ei^ual to unity 

The measure of simultaneous discrepancy is 

P P 


r = z z: r , 

J^} V j 


I 
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A^, being defined by (3) on the basis of (19) It is evident 
that 


( 21 ) 


o 



4 

p 




^ip 






a 








pp 



^12 

^}p 









^p2 

^pp 



as appears when the numerator is expanded by the first row, and 
the resulting determinants by their first columns 

A most'important property of T is that it is an absolute 
invariant under all homogeneous linear transformations of the 
variates This may be seen most simply by 

tensor analysis; for is covanant of the first order ahd A^j 
is contravanant of the second order ' 

The ipvanance of T shows that m seeking its sampling 
distribution we may, without loss of generality, assume that the 
variates or , , iT- have, in the normal population, zero 

f p 

correlations and equal variances for they may always by a linear 
transformation be replaced by such variates 
Let us now take 



'^12 i 



J 
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as rectangular coordinates of a point in space of 

dimensicns Since these quantities are normally and indtpendently 
distributed with equal vanance about /ejo, the probability density 
for ^ has spherical symmetry about the origin Indefinite rep¬ 
etition of the sampling would result iix a globular cluster of rep- 
leseiitative ixiints for each vaiiate Actually the taiiiple in hand 
fixes the points ^ > ivluch may be regarded 

as taken independently 

We shall now show that T is a function of the angle 9 
between the ^-axis and the flat space containing the points 

and the origin 0 We shall denote by A. 
the point on the ^ -axis of coordinates 1, 0, 0, ,0, find by 

the flat space containing the remaining axes Since in 
one equation specifies and /j -f. \ ^ p equations Vp j the 
intersection of and Yp is specified by all these p-hl-p 
equations, and is therefore of p - ^ dimensions, Call it Vp-/ 

' If Pp hz moved about in ^ will 

not change, and neither will T \ since X is Invariant under linear 
transformations, equivalent to such motions of the Hence 

T always has the value which it takes if all the lines OP^, OP^ , 
,, OP are perpendicular, with the last p-l ol these lines 
lying in Vp~f In this case the angle AOP^ equals B 
Applying to the coordinates of A and of p the formula for 
the cosine of an angle at the origin of lines to ( , iJT^, i ) 

• 1/2 > ) I namely, 

I ^ 

T 

(22) ■ cos 0 = - 


We obtain 



cos 6 
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2 2 

Since v- > 

It follows that 

( 23 ) n wt^B = 

r 

I 

The fact that ^ j ^ there¬ 

fore in , shows that in this case 

Because 0 , OP^ , , OPp aie mutually perpen¬ 
dicular, (20) and (22) show that <3^^ 0 whenever t ^ j 

' Hence, by (21) and (23), 

(24) r« = ^/^ coil 0 

By this result the problem uf the sampling’ distribution of 
T IS reduced to that of the angle 6 between a line OA in Vn,/ 
and the flat space Yp containing p other lines drawn inde- 
pendpntly through the origin Tlie distribution will be unaffected 
if we suppose fixed and OA drawn at random, with spher¬ 
ical symmetry for the points A ^ Let us then, abandoning the 
coordinates hitherto used, take new axes of rectangular coordin¬ 
ates y , y I cf which the first p Ire in Yp 

A umt Kypersphere about 0 is defined in terms of the general- 


^This geometrical interpretation of T shows its affinity •v<'ilh the multiple 
correlation coefficient, whose interpretation as the cosine of an angle of 
a random line with a enabled R A Fisher to obtain its exact 

distribution (Phil Trans, vol 213B, 1924, p 91, and Proc Roy Soc., 
vol 121A, 1928, p 6S4) The omitted steps m Fisher's argument may 
be supplied with the h^Ip of generalized polar coordinates as in the text 
Other examples of the use of these coordinates In statistics have been 
given by the author m The Distribution of Correlation^ Ratios Calculated 
from Random Data, Proc Nat Acad Sci, vol 11 (192S), p 657, and 
m The Physical State of Protoplasm, KoninkUjkc Akadcmie van Weten- 
schappen te Amaterdam, verhandlingen, vol 25 (1928), no, 5,^ pp 28-31 
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IzecI latitude-longitude parameters if we put 




sin 4,./ C03 

=Cos^^sw 

4 

Sini/>p.iCOS^^ 



sin^p., cos 4, 

^4 


sin 4,./ cos (jtp 




yp-t^r 


% ^ 

} i k 

5Ln^pSin^p4f' £6S0f^ 

y^r 

sinftpSin^p^f sm4f^ 


for the sum of the squares is unity Since 

we have 

= e ■ 

The element of probability is proportional to the clement of ifcii- 
eralized area, which is given bv 

slDd(f^, d d(t>ny 

where Z? is an r? -rowed determinant in which the element in 
the i til row and j th column is 
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For I, j , this IS ?;ero Of the diagonal elements, the first 
p-1 eontaiu the factor cos^^^, the /?th is unity, and the re- 
maining n-p elements contain the factor sin Since 0 

IS not otherwise involved, the element of area is the product of 

cos ^ Sin ^ d(pp 

by factors independent of (j>p The distribution function of 
Q is obtained by replacing 0p by O and integrating with 
respect to the other parameters Since Q lies between 0 and 
Tl/ 2, we divide by the integral between these limits and obtain 
for the trequency element, 

.p + /\ cos^ ^9 strj ^ ^0d 9, 

e ^ 

Substituting from (24) we have as the distribution of 7* ' 



zrj-^) _ T ^'[d T 

r(p/^)r(n^§ii)n% 


For yo = I this reduces to the form of Student’s distribution given 
by Fisher and tabulated In the issue of Metron cited, however, 
as 7’ may be negative as well as positive in this case, Fisher 
omits the factor 2 

For p~Z the distribution becomes 


OzL 

n 




Fforn tills It is easy to calculate as the probability that a given 
value of 7 will be exceeded by chance, 
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a very convenient expression 

The probability JiUegral for higher values of p may be cal¬ 
culated m various ways, the most direct being successive integra¬ 
tion by parts, giving a series of terms analogous to (2(5) to 
which, \l p is odd, is added an integral which may be evalu¬ 
ated with the help of the tables of Student’s distribution If p 
is large, this process is laborious, but other methods are available 

The probability integral is reduced to the incomplete beta 
function if we put 

for then the integral of (2S) from T to infinity becomes 


the notation being 


(/-cc) , 


■® (pi P)'I^ '(/-x) dx, 




i(p,q) 


Many methods of calculation have been discussed by H E Soper' 
iihd by V Ronianovshy ® An extensive table of the inLiiinpletf 
beta function being prepared under the supervision of Pmfessur 
Kail Pearson has not yet been published 

Perhaps the most generally useful method now available h 

^Tracts for Compiitera, no 7 (1921) ' 

^On certain expansion^ In scries of polynomials’ of incomplete B-functions 
(in £n£[lish), Becucil Math de la Soc de Moscou, vol 33 (1926), pp 
207-229. 
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to make the substitution 

2=1 log^ (n-p*l)T^-j tog^ np, 


n-p-i'/ 1 


reducing (25) to a {orm considered by Fisber Table VI m bi? 
book, Statistical Methods for Research Workers, gives the values 
of a which will l)e exceeded by chance in 5 per cent and iti 1 per 
cent of cases If the value of b olitained from the data is greater 
than that in Fisher's table, the indication is that the deviations 

measured are real ‘ 

If the variances and covariances are known a priori, they ^re 
to be used instead of the , the resulting expression T has 
the well known distribution of ^ , with p degrees of freedom 
For very laige samples the estimates of the covariances from the 
sample are sufficiently accurate to permit the use of the ^ dis¬ 
tribution for T This is well shpwn by (25), in which, as n 
increases, the factor involving T a])proaches 


T 



-tVb. 

dT, 


which la proportional to the frequency element for \ when 
IS put for T 

^s Pearson pointed out, the labor of calculating whrh 
vie replace by J* , is prohibitive when forty or fifty characters 

are measured on each individual With two, three, or four char- 

( 

acters, however, the labor is very moderatei and the results far 
more accurate than any attainable with the Pearson coefficient, 
The great advantage of using T li the simplicity of its distribu¬ 
tion, with Its complete independence of any correlations among 
the variates which may exist m the population 

To means of a single vanate, it is customary to attach a 


V 
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"piubable erroi /’ with the aisuniption that the difference between 
the true and calculated vainer is almost certainly less than a cer¬ 
tain multiple of the probable error A more precise way to fol¬ 
low out this assymptioii would be to adopt some definite level of 
probability, say P* 05, of a greater disci epancy, and to deter¬ 
mine from a table of Student’s distribution the corrcspondinj 
value of 1 1 which will dqrend on v I adding and subtracting 
the product of this value of t by the estimated standard error 
would give upper and lower limits between which the true values 
may with the glveii degree of confidence be said to lie With T 
all exactly analogous procedure may be followed, resulting in the 
deteimination of an ellipse or ellipsoid centered at the point L , 
^ rt Confidence corresponding to the adopted prob- 
abiliiy P may (hen be placed in the proposition that the set of 
true values is represented by a point within this boundary 
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SYSTEMS OF POLYNOMIALS CONNECTED 
WITH THE CHARLIER EXPANSIONS AND 
THE PEARSON DIFFERENTIAL AND 
DIFFERENCE EQUATIONS* 


iJj) 

Emanuel Henky Hildedrandt 


INTRODUCTION 

The problem of fitting mathematical curves to statistical data 
has commanded the attention of statisticians and mathematicians 
for many years The curves referred to the most by English- 
speaking bjoinetiicians and mathematicians are perhaps those de¬ 
veloped by Pearson from 1895-191&^ He showed that a senes 
of curves could be obtained by assigning various values to the 
parameters in a certain fiist order differential equation A few 
years later, Charlier^, attacking the same question from a differ- 

’*'A dissertation submitted in partial fulfillment of the requirenients for the 
Degree of Doctor of Philosophy m the University of Michigan—August, 
1931 

iKarl Pearson, "Mathematical Contributions to the Theory of Evolution," 
Philosophical Transactions, A, Vol 186 (1895), pp 343-414, also "Sup 
picment to a Memoir on Skew Variation," Phil TranS, Vol 197 (1901), 
pp 443-456, also "Second Supplement to a Memoir on Skew Variation," 
Phil Trans, A, Vol 216 (1916), pp 429-457 

V L Charlier, "Ueber das Fchlergesctz," Arkiv for Matematik, Aa- 
tfoiiomi och Fysik, Vol 2 , No 8 (1905), pp 1-9, also "Ueber die Dar- 
stellung willkucrlicher Eunktionen," Arkiv for Matematik, Astronomi och 
Fysik, Vol 2, No 20 (1905), pp 1-35 
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ent anglcj showed tliat any function could probably be approx¬ 
imated by using a ceUaiii function and its derivatives ni the terms 
of the senes. 

F(x)=Af^ fW-f Aj f(x}4-Aj, f''(x)-h ■ 
where the are constants 

Qiailier found that the constants A„ could be formally de¬ 
termined, the n th constant being dependent on the moments 
of F{ Jr) of ordei not greater than n He illustrated the method 
of procedure for the case where y*= f (x) was the equation of 
the normal curve of error, i e one of the Pearson curves In 
fact, the successive derivatives of this particular function gave 
rise to a well known system of polynomials, namely the Hemiite 
polynomials, and the coefTicients are dependent upon these poly- 
nohiials also 

111 recent yeari>, Roinanovsky^ has succeeded in obtaining 
similar results for the case in which some of the other of the 
Pearson curves are used as the f [x) in the Gram-Qiarlier 
senes The successive derivatives of these other special Pearson 
type curve functions also rebuU in systems of polynomials which 
bear fundamental relations to each other 

It is the object of this investigation to show 

(1) That the constants obtained by Charher for his Type 
A series can be much more readily obtained by making use of 
certain existing biortliogonality conditions, 

(2) That if the Type A senes be generalised to the form 


Romanovsky, ’'Gencralizalion of some types of the frequency curves 
of Professor Pearson," B'ometrika, VoJ 16 pp 106-117, also 

"Sur quelqucs cldsses nauvelles do. Polytiomes orthagouaux," Comptfcs 
Renclus de L’Academje des Scienccsi Vol 1B8 (1929), pp, 1023-1025. 
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wliere ffi ( x) IS 1 polyniimial of degree n iti X , then the 
can also be formally determined and depend upon the moments 
o{F(x) of order at most n, 

(3) That the form of the polynomials obtained by Charlier 
and Romanovsky for certain solutions of the Pearson differential 
equation can be found for any solution of this equation and that 
the relations existing between polynomials of the same system 
can also be generalized for the general solution and for the most 
prt obtained witliout having the explicit form of the solution, 

(4) That results analogous to those obtained in (1) and 
(3) can be derived for tlie Charlier Type B series and the analogue 
of Pearson's differential equation, finite differences replacing the 
derivative 

The writer wishes to particularly express his appreciation to 
Prof H C Carver for the valuable aid he has given both in the 
stimulating instruction characterized by frankness in indicating 
unsolved problems in his classes and through direct suggestions 
in the preparation of this paper 
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CHAPTER I 

Polynomials Connictlo with tiil GnAM-CHAmcR Scries 

1 III the ,11 tides entitled "Uebei das Eehlcrgesetz” and 
'’Ueber (lie D.irstellung willlaiiliLhci b uiilctionen"^ Charlier 
proves the following well Known theorem 

ClIAIlLll idN TircOULM 1 OR SLRirS OF TYPC A —If F(x) 
(ifty real volucd function of ‘X, lohich has finite inonicnts of all 
orders, then F (x) may be formally expressed in tenns of an¬ 
other function /" { X) and its derivatives n>j foUoivs 




zoherc (x) has the foUoiving properties 


(a) f {x} ond its derivatives arc continuous for all real 
values of pc, 


(b) f ( x) and its derivatives vanish for X^^ooand 


(c) x) 0 foi all m fljtrf n , 

(d) f ^ ^ x)dx^^ 


- atf 


The conditions (c) ,\nd (cl) are not given in Charlier's ar¬ 
ticles, but an eaxmmation of the proof shows that he assumes 
implicitly that they are satisfied f{x)= i ■& satisfies 

(a) and (b) without satisfying (c) and (d) 

In the first section of the latter paper, Charlier determr s 
the constants , A^, He takes i 

series (A), multiplies it successively by 1, ;k , , and 

integrates eadi result between the limits - tsc to + The fol- 


V L Charlier, loc cit 
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lowing equations result 


/ X F(x)dx =A_ / X f{x)dx -hA. j xf fx) dx 

La txa ^ ^ 


Ffxjdx =A„ f f(x)dx^A. f x^f /ydx-f-A, f x^f '*(x)dx 


Each of these equations contain a finite number of terms and 
the constants j , may readily be determined by 

solving them In fact we find that any constant may be ex¬ 
pressed as 

A^= f_J^j,(x) F(x)dx 


where ( a") is a polynomial in ;e oE degree not greater than 
77 An analysis of the underlying facts reveals that what Char- 
Iiei has actually done is to show that under the conditions listed 
m the theorem there exists a uniquely determined set of poly¬ 
nomials Po {x), Pj {x), , i H}{^) 

at most of degree v > biorthogonal to the set of derivatives or 
functions of f {x)j\ e satisfy the biorthogonality conditions 

J^^l%(x)f^(x)dx = 0 for ;77/r7 

* 1 for 777«77 


Further a study of the coefficients of these polynomials shows 
that 


d Pn (x) 
dx 



(^) , 


1 e we have the following theorem 
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Theorcw If f(x) satisfy the cojidiUojts (a), (b), (c), 
and (d) of Charter's Iheotcin for senes (A) and if 
Pi (x)t ' Pn(^) ' system of polynomials 

in X, (x) of degree at most n , zufnclt is biorthogonal to 

f (x) and its derivatives, i, c, satisfies the conditions 

/fp„M » 0 for u 

= 1 for tri’^n 


then 


dP^(rO 

dx 



(X) 


Tilts can readily be shown to be true directly from a use of 
the htarthogonal property. For integrating by parts we obtain; 


“'-M 



/ f4« 




The first half of the nglit hand side of this equation 
vanishes due to condition (c) of Charher's theorem for senes 
(A). For the second half we have 

« 0 for 777/77 
== 1 for 777-77 


But we know that 

- 0 for 777/77 

“1 lot m-d 


' determines uniquely the polynomials Pyj.j (x) It follows that 

dPj^(x)/dx -- 
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A corollary to tbs last theorem may be stated as follows 
Corollary 

If {^) ^ 0 for 77? ji7? 

for 777= 77 

(£*0,1,2, thm 

dP,U)/dt-^^^ P^.,(70 

The proof is similar to the one just given Integration by 
parts gives the following result 

~ (x)d)^ = ^ lorm^n 

- < 2 ^ for 777 = ^7 

But we know that 

(^cix ^ ^ for 777 / 77 

h/- ^ 

= for 777*77 




386 STSTBMS OF POLYNOMIALS 

J H^(x)g dx. ^ 0 mi T) 

^ for 777" 77 

and 

H„ U ^dx " 

Hence 

f^H^(x)d^(e^)/dX^ dX = 0 for 777/77 

= {-2)^T}f}/rr for 777= 77 

If then f and a^^{~2)^T}f'/rr our corollary 

applies, i e we have 

dJ/^ fx)/dx - 2 77(x) 

Wc might further observe that if -■ (-1)^77^ then the 
polynomials (x) form a system of Appell polynomials^ satis 
lying the relation 

the 77 th polynomial being the coefficient of h m the 

expansion of a (/j) where 

0'Ch)^4^ ^ Jf ~Tp 

The fact that differentiation of the 77 tli pol nomial results 
in the negative of the {77-l)th polynomial,-shows that the 77 ffi 
polynomial may be obtained by integrating the ( 77 - 1 ) th me, 


P AppclJ, “Sur une clause de Polynomcs,” Annalcs Scientifiques dc 
UEcole Normale Supenoure, Vol IX, series 2 (1880), pp 119-120 
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which will consequently determine all of the terms of the n th 
polynomial except the constant This constant may be found 
from any of the conditions of biorthogonality The simplest of 
these conditions is 

f PnM f(^) =0 

Setting 

(x) dx-hc 

o 

gives f l-f P„.j (x) dx-hcjf (x,) dx =0 

OO ‘^0 

[ / P-fMdxlt (x) dx 

O 7? 1 

CfMdx 


and so 






so that 




[ / P„,{x)dx'\f(x)dx 

ag __ 

/ 4DI1 

f{x)dx 


This gives a very simple and elegant method of writing down 
successively the polynomials associated with any funebon f (^) 
satisfying the conditions of the theorem 
Using the Charlier notation 

‘ 77 / 


and observing that we obtain the following 
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polynomials 


RM = -Jli(x)dx + 


[( f(x}dx 


/ tI-iW 


" 'X'" ^ 


1 


= - 


r [/^ ^ f(x)dx 

7 Pi(x}dXi^ -77^^- 

1 f{x)d.x 


X, 


l£^, 


—;- t —^ 


R^(%) = -[^H(x)dx-i- 




/■y«o 

f(x)dx 


Afx }\^X 7^1 

5a. A! 


2 Just as the Hermite polynomials, based as they are on 

_v a 

the derivatives of £ , are the starting point for expansions 

of th“ Gram-Chadier type and for the theorem just considered, 
so the Laguerre polynomials defined by d^(a-t-hx)^e ~^/dx ^ 
suggest an expansion of the type 


r('x)^CX^x)f{x)*Ci'^ fi pfx-) - 4 ^ ' 


where {x) is a polynomial in As a matter of fact wc 
can state the following theorem 
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Theorem If cp (x) a function such that 

(1) ^) dnd all its denvatwes are continuous for all 
real values of x , 

(2) ^ {x.) and its derivatives are zero at x =-too and - oo, 

' 0 . 

j-j a sequence of polynomials in x such 

then there eMst^ a unique sequence of polynomials (x), 
(x) at inost of degree m, such that 

J f^M ^ f^(x)<pCx)dx^ 0 for 777/r? 

= 1 for 777 = 77 

If (x) IS at most of degree v , then the determination of 
i X ) depends at most upon the moments of (f of order 77 ^ 
The method of proof is modelled on Charlier's proof for the 
preceding case By substituting in the rj th integration by parts 
formula 

Ju(x)v ^^^(x)dx^ Li / 

fu '^^'■Ux)vlx)dx . 

we have 


^Thc Lagutrre poljnoirnah are nol a special case of tins because there the 
inLcrvai of integration is ~ af b to 7 os 
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fy,<>t)'pCx)dx 


because of conditions (2) and (3) on ^ (x) As a consequence, 
li V>?!7 then ( x)=‘ 0, SO that for 77 >V7 

f_ “Hh ^ '“n . O 


that IS to say(ar) is orthogonal to (ar)(P(^) 

provided ti > m Hence ^ niust satisfy only the follow¬ 
ing Tt-hl equations 


/.v« 


j }^(x} — (x) <fiCx)dx d (d) / ---— (x) <p (x)dx * O 

•Ao» H'y J-f* TdX 


d P (X) 


J ~'d^ f^(x)<p(x)dx>>0 


Replacing now Pyj(x) by a^y-djX-f-a^x^-7- ■/-a^x'^-f' 

gives us the systeni of algebraic equations to be satisfied by 
' p ( 2 ^ , viz ' 



E H HILDEBRANDT 


391 


/ >D0 _ + to 

Cy9 otf 

■ha^! X^f^(x)^(x)dx+ -^^nf h(x)^{x)dx’^ O 

Hj fiM<A{x)dx-^Ba^ ^fj/'x,J^/'A')di;f -i-m.} x" ^/'^ffxJdx^O 

•^-tp ''-oB 

^-'-P“ “''O* 

(z ff „.2 (^) m)dx-t Jx f„ ^ M ^fx}dx 

i 77 - 1 ) J f„ J (x) ^(x) a,^J X J (xJ <p(x) dx - O 

-0# * -Dd 

(-l)^nfa^ Jj^ (X)<P(^)dx. ^ / 

We have here a unique deterinination of o„ if the determinant 
of the coefficients I'l 0 This is true since the determinant 
A = (-f)” {/ 4 95 )(/^i (/ C? IS^ 0 because of th& 

condition ( 4 ) on ^ If (:i;) is at most of degree n, it is 
obvious that the determination of the P^{x) resulting from 
the coefficients depends at most upon the moments of 
o£ order 77 

The first three polynomials of the type considered in the 
last theorem have the following form, the limits of integration 
being - CK» and + e.^ in each case 


p Jx^fx)dx _ _ _x _ 

' Jf,(x)ip(x)dxf^{x}dx Jf,(x)^{X)d)£ 

1 _ JX <p (x)c£x 

Jf,a)4)(x)dx \^Ji/>fx}dx J ’ 

fx-f,W(p(x)dxfx<prx)dx __ Jx^d^{x)dx 

^ Jf^ (x)^(x)dxjf^ fx)2>Jf^(k)ip{x)dxJ^^)dx 
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(x)(prz}rJ r ^ _ 

/4 m)dx J 4 <p(x}Ux ^ V4 C0{J^)dx 


I X f^(x) <p(x)dx}’^ 4 (^)<pU)€{x[x^(x)d X 
<x)(prxyxjf;> (x)(f(>)dxJf,fM)^(^)d%J</>rxm 

Jx% (x}MdfiJxd>fx)dx 

Tijfi (x)<ffx)dxj W^(xjdx0(x)dx 


J^f^Od((^fx)dzjx^<P(x)dx 

~'z>jf^ 


Jx‘^<P(x}dx _i^^4 (y) i)dxjxf, fj:} ^fx}d^ 

^fiaM Hy)dxJ 4 AV/^^4 (i}^(x)dxjf^ (xj^K)dx 


^ f ffj fx) tpfxjdx 'ljjf^'~^ft)dx jf^ (x) ipfxjdx 


_ _ 

3!jf^(x)^fi)dX 
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CHAPTER II 

PoLYNOMiAis Connected with Pcahson^s Dii rritcNTiAL 

Equation 

1 In the work in matliematicaJ statistics a large numbei 
of the problems that require study involve data properly classified 
into groups and about which further information is sought This 
data IS often classified to form a fiequency distribution The 
frequency distribution when giouped may appeal to he on a cer¬ 
tain curve If It can be shown that this curve is a mathematical 
curvCj 1 e one for which we are able to set up an equation, tlien 
this frequency distribution can be readily examined and studied 
There are \ery few frequency distuduitiaiis which actually 
conform to knoun mathematical equations However, there are 
ceitain curves which seem to lend themselves much better to 
stdtiatical manipulations than others Among tlie most commonly 
used of these are the so called Pearson type cuives Pearson^ 
shov/ed in a senes of three articles how lie obtained the equations 
of twelve distinct curves and this was done by considering the 
differential equation 

y dx 

and solving it, after assigning particular values to the parameters 
^ , Ay , and The equations of these curves and 
the differential equations from which they were deiived are as 
follows 


I Karl Pearson, loc cit 
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1 he curves most widely used are the normal curve of error, which 
Pearson calls Typie VII, and the Type III curve 

Suppose a Pearson curve / (x) has been found which 
seems to fit a given distribution fairly well The question may 
well be asked Is it possible by means of analytic methods to 
approach even nearer to the given distribution.'* For example, 


would it be possible to use this appioximate function 
as the ^ (x ) in the Cbailier senes (A) and thus obtain a closer 

I 

approximation to the observed frequency function 

Charlier m his paper "Ueher die Darstellung willkurlicher 
Functionen”^ considered this question for ^ ir<rs^^ 

1 e the normal curve of erroi He showed that using this 
(p {tc) reduced the senes (A) to the form 


() F(x) = -h 


the first and second derivative terms vanishing due to the proper 
choice of constants This senes (A^) is frequently referred to 
as the Gram-Charlier Type A series It is worthwliile to note 
that this f {x:) is the same one whose derivatives wc found m 
the first chapter resulted in the Hermite polynomials These poly¬ 
nomials have the following interesting properties® 

( 1 ) dH^ (■x)/cCx - S 77 (x) 

( 2 ) 

(3) (x)-i-’-O 

The first of these relations shows that the derivative of any Her- 

- / 

mite polynomial corresponds to the preceding polynomial multi- 
iC V L Charlier, loc cil 

2R Courant and D Hilbert, Methoclcn dcr Mathematischen Physik, 

PP 76 
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pJjed by 2v The second equation is a recurrence relation between 
the (v-f- \ ) thj 77 th and ( 77- 1) tli polynonnals, while the third 
ielation is a differential equation of the second order involving 
only the 77 th polynomial 

The use of the equations of the other Pearson type curvea 
as the f (x) in the original Chailier senes lias in recent years 
been studied by Romanovsky In tlie first' of two articles, he 
discusses the Peaison Type I, 11 and III curves as well as the 
Type VII—the normal curve refeired to 111 the last paiagraph 
Just as the normal curve of error requires the use of the Hermite 
polynomials, he found that the Type I curve and Type 11, which 
IS a special case of Type I, involved the Jacobi polynomials 




77 




X (I-:d 


The 77 'th Jacobi polynomial satisfies the second order differential 
equation ^ 


?c(l-z)G^(x)i- (X) -t (p-f n)77G^(x)’0 


which corresponds to property (3) mentioned for the Hermite 
polynomials above The Type III curve involves the Lagiieire 
polynomials^ defined by 

and these in turn satisfy the recurrence relation 

*V Romanovsky ‘'Genera1 12*1 lion of some types of the frequency curves 
of Professor Pearson" op at pp 106 117 
^R Cqurant and D Hilbert, op cit, Vol I, p 75 
Coiirant and D, Hilbert, op cU, pp 77-78 
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and the differential equation 

(X) - 77 (z). ~vL (x) 

In the second article^, Romanovsky reviews the cases of 
the Type IV, V and VI curves The generalization of the Type 
IV curve gives the polynomial 

where Q = arc tan 'x/a These polynomials possess properties 
similar to the other polynomials mentioned, viz 

(71-f-l, z)= \z(ml‘77?)z- 1/^0 f77,x) 

^£77£w/-m] (? 7 x) 


and 

(a^+x^)P^ - \/0 

^ (v,x)~ n(ml-2.(7})!^ ( 77 ^ x)‘0 


Similarly for the Type V curve he finds the polynomials 

''J , ri ^ 

P„(h,x)^x e « > 

Also the relations 


Romanovsky, "Sur quelques Classes nouvclls dc Polynomes othogonaiK,' 
loc cit 
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and 

x^P^(r7,x)-t \_:t:(^-p)^^'\P^(7i,z)- n(n4-l-p) Py, (ti^x) ^ 0 
hold, 

Finally lor the Type VI curve Romanovsky gets the polynomials 

Py} (' ^ ^^ 

and the relations ’ 

Pm t ^[Pp x\ ^ {^ xpx(^- cx)P^ ( 77, ^), 

'{x~a)P^fr?, p)-/-[/-p^JXx^(2)-f- (q-i^l)x\ fJ (71, x)-nfmlnq p)J^h, 0 


We note, therefore, that if a solution of the Pearson dif¬ 
ferential equation is used as the generating function f (x) m 
the Grani'Charlier senes, that a distinct set of polynomials re¬ 
sults in each case and that these poIynoiniaJs satisfy certain re¬ 
currence relations and differential equations, These properties 
are not found in the case of functions such as sech x, and 
sech ^X, which were discussed as generating functions by Char- 
her^ and by Roa® respectively The successive denvatives of the 

1C V L Charlicr, "Ueber dit Darstcllung wiUkurljcher Fuilktiaiicn,' loc 
cit, pp 18 22 

^Emeterio Roa, "A Number of new generating Functions with Applica¬ 
tions to Statistics," Doctor's Thesis, University of Michigan, 1923 
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sech X do not result \n polynorruals such as the Hermite or Jacobi 
ones 

Since the generalization of the solutions of the Pearson 
curves leads to distinct sets of polynomials and since these poly- 
nofnials satisfy certain fundamental relations, we are led to inquire 
whether these polynomials are not special cases of a general poly¬ 
nomial and may be ohtamed from it by spetuhzmg the coefficients 
and further whether such general polynomialSj if they do exist, 
will satisfy certain recurrence relations and differential equations 
These problems are among those which we shall consider in this 
chapter 

2 In order that we may develop the generalized polynomials 
let us consider the Pearson differential equation where the numer¬ 
ator IS of the first and the denominator of the second degree, i e 


y dx 


4 


■h a.,X 


For Lonvenience we shall denote the numerator by /Y and the 
denominator by D We then have the following theorem 
Theorem y w a non'idcnhcally scro sohUton of 

H-y 
dx D ^ 



then ^ ^ polyt^omal of degree at most p 

The proof will proceed by mathematical induction It is 
obvious that the theorem holds for 77 -1, ) being N 

Since It IS true that 


we obtain by differentiation 
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or using (1) and multiplying the equatmn thioiigh by D we get 

=(N’--ND'->N 'D)y 

Since D' is linear and A/’ is a constant, it is obvious tliat 
( - /YD -f- Z/ 'D) is at niost of degree 2 

Assume then that the statement holds for w t 77 and we 

have 

(2) D” " P„(x)y 


Differentiation gives 




d'^y 


J-.77 w D J. N/ 


Multiplying through by D we get 


and using (1) and (2), we have 

My - nD'P„ My ^ y 


'NP„ M~vD 'P M tD 

I J7 77 


y 


The coefficient of y is obviously a polynomial of degree at most 
77 V-1, Incidentally we have derived the relation’ 

(I) Pr,+tMhPvM(f^- + 

an equation which gives the ( 77V-1) th polynomial in terms of 
the n th polynomial and its first derivative ) 

3 More generally we have 

Theokfm If y is a non-idenhcally sera sotuiwn of (1), 
/ r.-n-k _* 
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ij a polynomial k, a:) , f^{K^z) is ai moJ< of degree 

V %n z In particular if k-v, tve have that 


is a polynoviuil in z of degiee at most v 

This theorem can be proved directly iollowing the hues of 
the preceding theorem, but it is simpler to obtain Jt as an irnme- 
diate consequence of this theorem and the following lemma 

Lemma If y satisfy the differential equation (t) then 
X) ^y j inhere k ts any real number, satisfies a differential equa~ 
tion of the same type, vis 


Let u ^ D^y 

Then logarithmic diffeientiation gives at once 

j_ ^ 1 ^ ^ N^kP' 

a d-z P y dx D 


It follows from this lemma that any result which we derive 
concerning the polynomials Pyj{x )=-^where y sat¬ 
isfies D dy/dx * Ny , is immediately extensible to the poly¬ 
nomials ^ y D N by 

N + kD' In particular relation (1) becomes 




dPjk-fl.x) 

dx 


which for k= V reduces to 


(W PJwl.xUD r>7/j 4 
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W 

We single out the case k=n because of the fact that this 
case parallels most closely the Cliarlier or Heimite polynomial 
case For jii this lattei case the 77 'th derivative of the generat¬ 
ing function e IS the product of the generating function and 
a polynomial of degree v So in //it cosc of any solution y of 
(I Peai^on diffcicuhal equation, the 77 th denvotwe of D^y 
iS the fnoduct of the generating function y and a polynomial of 
degiee at most v 

By means of relation (I)> we can write down the successive 
polynomials Pi(x), .^(^)) . The first five polynomials 

may be wiitteii as follows 


PJi)- (N-D'} p, n'd, 

3NN'D -MDD", 


P 4 (x) ~(N- 3P‘)P^ (X) i-D 

= N‘*-eN ^d‘i-6N‘N'o -I4NN'DP'-4N‘DP" 


~6NV'^->-6N'dd'"^-6NDD'd"-3N'’'o‘-3N'd*D'\ 


. dP^fTc) 

Ps P) - (N-^D)P„ (^) ^-D - 

= iV^- lON^^D ‘*10 HVD-f55H V'^O N V ^DD‘ 

s ^ 

-}0Pl'hD'-50N*'0‘-^TONN^DO' - 40 N^DD'd" 


“i^4-N0*^-^4N'D0' ^ 

-36N0D*))''6ND^J^‘ 
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4 Following the analogy with Herinite polynonual'i, we ob¬ 
tain next a recurrence relation involving the ( 77 -^i ) th, 77 'th 
and { 77 -I ) th polynomials 

Starting with the original differential equation 




we take the 7? th derivative of both sides, which by Leibnitz’s 
theorem on the derivative of a product gives us, since —=0. 










Multiplying this last expression by D and collecting terms, we 
get. 


.71^1 cL 




Replacing now by (^) y and dividing through 

by y , we get the recurrence relation 

(II) Mi-(vD'-N)P„ (X) * n D P^, (x)-0 


We note that the coefficients of ^n+i i^) and Pyj {^) are 

the same as in relation (1) which we found to be 

dF (id 

P„,, (x) * P„ (x)(-nP'-N'>-D - 


Hence 


(III) 
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or replacing 77 by 77 7-1 we write 


= fmJ/N'- 1 D ") P„ M . ^n^JXa, - n) P „M 


This equation is the generalized form of the one for Hcrmite 
polynomials, vi^. 



^ 2 n 


7J-1 


M 


5 Relations (I) and (HI) may now be used to obtain a 
second order differential equation. Differentiating (T), we get* 

vD ix) V77U i N) 

Substitution of the value d (x)/di: iTom (III) gives 
us 


(IV) 


D P"M (x) 


" rt 



Ctj-UD'' ' 

£. 



(>^) -o 


We readily see that the relation found for the Herrmte poly 
nomials 




IS a special case of (IV) 

Using the lemma previously proved and replacing A/ by 
N -t kD* we can write (IV) for the polynomials F^j (f<, ^ ) 


(IVfe) 


^P„VX. ’:)+ \_N-(v-H- 1)D‘\ P^(k, yL) 



fri'Zk-J) 

£ 



P„(K,^)^0, 
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fn-^)h(N-t^D')P^(-ii x) 



iHtlln " 

2 _ 




We recognize tlic second order differential equations niiiitioiLed 
earlier in this chaptti foi the polynomials of the Piiiison lypc 

1 Since D is any expression ot tlic second degree and N is my ixintssion 
of the first degree, it is obvious tliai ) satisfies a linear cqnatmii 

of the second order of the form 

where C ^ - ■n\(77'/) It may be shown tfint if >\ ililhi 

ential equation of the form coiisidcicd Ins as one solution a Liolyuoim d of 
degree 77 then C must t>c of the fouii specified For suppose ipj^f x ) 
satisfies the above differential equation for y i'thing the ri'th dtri\dU\c 
of this equation \ve get 

and solving for C that 

C - -T?\j77'0^z 

It follows from our work that if a diffcrcntnl cgiiation has iIil rojin 

f-(^g -f- 

" r? [y 77 - i ) a ^ ®j^ y ^ 

then one solution of this differential equation is a polyuomiil of dt^^iie M 
most 71 obtained by finding the solution y of the Pcarsor (iLlIcrLiiuil 
equa* ion 

dy _ B^xB,y - (A, y 

Q J ^ 

and determining the polynomial 
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m 

IV, V ami VI as will as I lie Jacobi and Lagiiene polynomials as 
spcLjal cases ol forniula (IV^) Some further illustiations of 
flVy.^) aie the 1 schehychelT^ and Legendre*^ polynomials The 
1 s( liebycheff polyiioimah aie developed from the differentia! 
ci|iiiUKin 

cix 1 - ^ 

and 111 this case loniiula (IV-^) becomes 

(1-X V Tix}-xP^(r7 %)+ nx) 


1 he Legendre polynomials 




_ 


dx. ^ 


have as a conebponding diffeiential equation 


c/y _ O Y 
die 

and in turn fomiiila (IVy^) is written 


})P^‘‘ (77z)i-^x Pj (rt, ?c)- nfnP) 

6 Just as 111 formula (II) we established a recurrence re¬ 
lation for the polynomials P (x), let us now obtain one for 
the |X)lynoniials P ( 77 , x) 

Consider once more the first derivative of -D y , i e 

CD (K^t)D' £1 y f D *"y' 


•\N*(K*l)D^D'y 


iR Coiiraiit and D Hilbert, op cit, pp 7^-74 
^Ibid, pp 66-69 
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Talcing the n th derivative of both sides of the equation we get 

-2* 

Multiplying both sides of the equation by replacing 

u y t)y )y' 

(V>.) 

+ p[N'*{/<*I)D"]z> P ^ CK, z) 

In case we set k-v,m may write 

a recurience relation similar to (11) and involving the poly¬ 
nomials ( 77/ i, ( 77 , ) and ( 77 , 2 r) 

7 Formula (Vf 7 ) may be written in still another form cor¬ 
responding to foimiila (I), 1 e a lelation consisting of the same 
terms as CVt/) except that the { 77-1) th polynomial 77, x) 

IS leplaced by the first deiivative of the 7? th polynomial 

In order to obtain this relation we return to formula (III), 

(z) 

CLX U £ J 

and substitute for N the value N / kV^ obtain 


(Till,) 


d (77, X) 

dx 




{77, x) 
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or 






d P„(n,z} 

- 


Subslitming the value for i Tf,^) we thus obtain 


(VI) 


(T7f-I x)^ ^f-((n X} 


Fiom symmctiy we might expect the fractional coeflRciciit of the 
clenvativc P^{ 77.^) fo unity, but unfortunately this is not 
the case 

8 III looking over the relations existing for the Laguerre 
polynomials wc find one consisting of the first clerjvatives of the 
77 til and ( 77 - 1J th [lolyiiojiiials, and the ( 77 '-l)th poly¬ 
nomial/ 1 c 

{v, 7 i) - vJ^,i { 7 i,x) f7?-}. x) 

Tins relation is a special case of another form of formula (VI) 
winch we obtain in the foll6wiiig manner 
Differentiation ol (VIJ gives us 


. N'*(nd}D’' 


P‘ 


dR, /n x) , /V ‘^fpdJP ' 

dix ~7n^^P" 


D 


(nx) 


Substituting the value for d^^ri ( ^ found m (V) 

changes tins last expression to the form 


IR Courant and D Hilbert, op cit, pp, 77-79 
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.NWntDD'^ aR,f77^x} . ' 


-(M^D) 


" dx 


^n(mD^N)pjnx)^ 

which reduces to 




(VII) 


The special equation mentioned for the Laguerre polynomials 
will be recognized as a special case of formula (VII) if we recall 
that for the Laguerre polynomials the differential equation is of 
the form 

dy p-x 

dz^ X ^ 

Substitution of X for D and {p-x) for N reduces (VII) 
to 

(T!fl, x) = - {77^J)P„(nx)-t ( 7 )^ 1 )( 77, x) 

9 In this chapter we have defined two general types of 
polynomials (x) =— 


and 


p„ayi)^ ^ 


The relationships for these polynomials {x) { k^ x ) 

were derived without using the form of the solution of the dif¬ 
ferential equation Two fundamental formulas were derived, 
for P^{x) 


(I) 


P„*/ M - (N- nD‘) P„ M ^ D 



SVSThM^ or POLVI^OMFALS 


and for P ( 77 , >i) tlic toi responding formula 

^ » z 


dPfjfni) 

dx~* 


Two fiULCcssivc [wlynomials were shown lo be related by the re¬ 
lations, for Pjj(z). 


(Ill) ABihl ^ (jid^£)“ 
' dx Z 




and foi ^ ( 77^ a;) 


(in„) 






Ill addition wc found that it was possible to set up recurrence 
relations involving the ( 7 ?/-l)th, 77 tli and ( 77-I)th poly¬ 

nomials and found these to be, for Pjyijt:) 

and for ( ??, ;i) 


Wc fiirthei succeeded in developing a second order differential 
equation foi the Ti'th polynomial T^(x) > 

(IV) DP„ '(x)f\N-(n-I)d\ P„'w ~r,\N‘-O 

and for ) 

(T^P>DP“(n.xh(N*DX(n,x)-n\N '* ^^D"]Pr, (v.x) = 0 
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We also showed that we could derive a relation between the 
derivatives of the polynomials { ti^I, Pjy { rj x ^ 

and the polynomial P C ?7, ^ ) 





Finally, we noted that all of these formulas and relations apply 
to the Hermite, Jacobi, Tschebycheff and Legendre polynomials 
as well as the polynomials derived for the Peaison Type IV, V 
and VI curves by Romaiiovsky 
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CHAPTER in 


1 So far the discussion m this paper has been limited to 
llie treatment of the Gram-Charlier series where the constants 

A' depend upon polynoiniala in 

X which are jndei>endent of the function and the gen¬ 

erating function f (x) IS a solution of the Pearson differential 
equation, the functions F'(x) and f ( being defined ns con¬ 
tinuous functions The work m mathematical statistics involves 
not only the use of the continuous variate and the continuous 
[unction but also the case of the discrete variate and the discon¬ 
tinuous function wheie this function is defined for equally spaced 
values 

In dealing with the continuous variate we make use of the 
theoiy of the differential and integral Calculus, or the calculus of 
limits, as It IS sometimes called. On the other hand, for the dis¬ 
crete variate we turn to the theory of the calculus of finite differ¬ 
ences, Fuithcr, it usually happens that there exists a parallelism 
between results based on the derivative and integral and those 
based on the finite diffetences and summations As a consequence, 
It seems natural to attempt to derive results for the finite differ¬ 
ence case paralleling those contained in the first half of this paper 
The second part of this paper is devoted to this purpose The 
first of the two following chapters considers matters pertaining 
to Charlier's Type B series which is the finite difference parallel 
to the Ty\ys, A senes, while the next chapter is devoted to the 
polyuoniials connected with the finite difference parallel of the 
Pearson differential equation 

Charher in the second half of his article* "Ueber die Dar- 
♦C V L Charliei, op cil, pp 23-35 
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stellung wilJkiirlicher Funktionen" considers a real valued func¬ 
tion P( and asserts that it may be formally expanded in 
terms of another function and its successive differences Stated 
as a theorem, this may be written as follows* 

ChARLIER S THEOREM FOR SERIES B' real Vollf^d 

fu)it /^( z) which vanishes for = oo and - , may be form¬ 

ally evpanded tti terms of another function ^ (x) and its: juc- 
cessive dtffertnces in the form 


(B) F(x) %(x)^ i-B^A 


zvhere g{x) possesses the properties 

(a) g (x) and tis differences are defined for all real values 
ofx , 

(b) g (x )und its differences vamsh for x ^ ico and - « , 

(c) g{x) values of wand n 

(d) A'‘gfx) I'tS)' 0 

Paralleling the theory of the first half of his paper, Chariler 
determines the constants 3^, Bt > -Bg^, . , 3^ , and 

finds that they may be expressed by the equation 

where Q^{x) is a polynomial in at of degree not greater than 
n Analyzing the answers that he obtains for z^), we find 
that these polynomials fonn a uniquely determined set of poly¬ 
nomials (?„(>:), Qj{x)f iQJix)* • Q^ix), .r 

X) at most of degree n, biofthogonal in the sum sense to 
the successive differences of the function ^ ( 7 ;), i e they sat¬ 
isfy the biorthogonality conditions for the inverse of differences 
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-I ^ ~0 for 77/ rn 

^ -oa 1 for m. 

Charlier does not observe that the polynomials Q^{x) bear a 
definite relation to one another, i. e. 


a relation similar to the one found for the polynomials { x) 
in Chapter I. We may state these facts in the following theorem: 

Theorem; If g{x) satisfy the conditions (a), (b), (c), 
and (d) of Charlier’s Theorem for series B and if 

■ ■ - C?„(;e), . . is the system of polynomials 

in X , Q„{ X.) of degree at most v, which is biorthogonal to 
f (»)and its differences, i e. satisfies the conditions 


-/ m 

AQ„rx)A gM 


- 0 for 77/777 
= 1 for n « m 


then 

A Q^fx) • -Q„.t . 

The proof requires the use of the finite integration by parts 
formula: 

-a-‘ . 


Applying this formula we get 

A M A"''^gfx) 

-A ^\AQ„rx) A^’^gfx+i) 


The first term on the right hand side vanishes due to condition 
(c) of the theorem of Charlier. Comparing the term which 
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remains, i e. 

with the biorthogonality condition 

we conclude that 

This theorem enables us to find the terms of the 77 th poly¬ 
nomial by taking the negative of the integral of the ( 77-I) th 
polynomial, except for the constant of integration. Following the 
suggestion in our first chapter, we may also determine this con¬ 
stant We have 

and the simple biorthogonality condition 

£^~^Q^U)g(^) |:“ = 0 . 

It follows that 

g(x.) |tX =0 

and solving for C we get 


ioT n A m 

for n = m 

for w 
for Tj = m 




We may therefore determine the polynomials from the 

polynomials next preceding by the formula 




A-^\A^^Q„.r(x+lj\l qfx) I'* 

A-^grx)Yz 


O 
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If we adopt the Charlier notation 

= F- A-^ l!il 

n I — ^ ' 

and the common notation xlx--l)(x-~E) • (X’-fn-hl) 

and observe that 


, (rn) _ 


(m+i) 

■m+J 


we may obtain the polynomials (, x), ( ^ )■ 

without much computation as follows: 

9r^>VX> 

Q/x) = -x 3 0 ^ (x+i) 1 , + - A-'grx.)\^.t 


X , £, 


q^Cx)^ -A'^QJxfl) ^ V- 

= - - 


1 

{A-^Q,(x+li\ 

^ g(^) \ 

1 

-f£,. 

A'^g(x) 

*■ v> 






orlA£^Q^(x) = C^x -£^x(EA,-£^) ^z^o'^i^o 

9 (^) It' 


Q,(x) = -A-^Qs^(x^-l) L + 








Z? <£■/ 




^ 


or i^£^g,Cx)^ 3 c^x^(€j£^) 


-£„x(z f/- «f,fo- 3S^e„*S£f^)F > 3E^el +^ <f„ 
-ee,c,E^-&e,^£^->-6€,^ 
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These results differ slightly from those obtained by Charlier 
in his article. This is due to the definition for differences used 
by Charlier, viz,: 

- gfx) -gCx.~l) 

while we have used the definition 

A gfx) = gfxEi) -g(. 

Denoting the difference 

g(x) - q(x.~!)^y 6g(x) 

Charlier determines a set of polynomials T^(x.) satisfjiiig the 
conditions , 

, = 0 for 177 / 77 

[ 7 „ fx) 6 

= 1 for Tn= n 

As a consequence by paralleling the reasoning above one proves 
easily that the T^{x) satisfy the recurrence relation 

T^(x.l)-T„(x)^-T„.i(x,) . 

By using this relation and the fact that 

6 ^gfx-hv) - A 

It can be shown without much difficulty that 

T^fx. + n-l) = Qjj(x) 

The theorem proved in Ch. 1 . par. 2 . could no doubt be 
paralleled by using finite difference theory Since the method of 
procedure is obvious there seems to be no need of taking it up 
in detail. 
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We have succeeded in showing in this chapter that the prob¬ 
lem of determining the constants for the Charlier Type B series 
closely parallels the work of the first chapter and that these con¬ 
stants are readily obtained by using the biorthogonality conditions 
for finite differences 



B H HILDEBRANDT 


419 


CHAPTER IV 

Polynomials Connected with the Pearson Difference 

Equation 

1 In Chapter II we referred to certain solutions f (x) 
of the Pearson diftercntial equation and noted that graphically, 
these functions represented types of curves used in statistical 
woric Paralleling this woik, we would expect to find that a dif¬ 
ference equation similar in composition to the Pearson differential 
equation would have as solutions functions g ( x) which could 
be used to represent data consisting of discrete variates 

Carver, in an article in the “Handbook of Mathematical 
Statistics,’’* suggests the use of a difference equation correspond¬ 
ing to the Pearson differential equation, i. e. ■ 

a^x 

A ^ f b x ' + bx , x ^ + ^ ' 

a difference equation with a numeiator of the first and denom¬ 
inator of any desired degree m x.. If we confine our work to a 
denominator of degree at most of the second in , we should be 
able to obtain results comparing very favorably with those ob¬ 
tained in the second chapter 

An illustration of a solution of this diffei'ence equation found 
in Charher’s article “Ueber die Darstellung willkiirlicher Funk- 
tionen,’”^ is the well known Poisson exponential function 

'H C. Carver, ''Frequency Curves,” Handbook of Mathematical Statistics 
(H. L Rietz, Editor), Chapter VII, pp. 111-114. 

2C V. L, Charlier, op cit p. 33 
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This function satisfies the difference equation 




A- X.~l 
yL4-l 


a 


X 


and this equation is recognized as a special form of the Pearson 
difference equation. If we take the successive differences of this 
Poisson exponential function, we find that these give rise to a 
unique set of polynomials. These polynomials may be written in 
the following form: 

QiW’= ^-{y^+0 , 

or making use of the usual difference notation for 

x{x.-iXx-z) ■ (P6-T77-/-1) , we write 


0^= 2 Pi (x+Z)->■ (x+a) 


t?3 3X'(x+3)+3A(x+3f^^-(x + 3/^\ 


or Q^(x-3) = 


Q^Cx)= . . +(-1) 

These polynomials have the same form as that for the bi¬ 
nomial expansion {A-x )” , particularly if we use the differ¬ 
ence notation for representing powers of x In other words, we 
might look upon the n th polynomial as being defined as 
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A careful examination of these polynomials brings out the 
fact that consecutive ones are related to each other, viz., that we 
have, 


Q„CX’)= - nQ„_^fx-hl) 


This relation is similar t^ the one found for Hermite polynomials. 

The fact that the Charher Type A series in Chapter II 
consisted of successive derivatives and that the derivatives of the 
solutions of the Pearson differential equation led to a system of 
polynomials definitely related to one another, gave rise to the the¬ 
ory developed m that chapter We found that it was not neces¬ 
sary in this theory to consider the form of the solution of the 
equation, but that a set of general polynomials could be set up 
which satisfied all the properties of the special polynomials, The 
Charlier Type B series consists of successive differences of a func¬ 
tion 9 () and It is quite natural for us to suspect that we can 
develop for the solutions of the Pearson difference equation a cor¬ 
responding theory on polynomials. 

This question of obtaining a system of polynomials from the 
solutions of the Pearson difference equation 


( 1 ) 




do + <7^ AS 

b ^ b X y* Zo Hi ^ ^ * 


numerator of the first degree and denominator of the second 
degree, will concern us in this chapter. We shall further show 
that these polynomials are related to one another by means of 
first and second order difference relations and by means of re¬ 
currence relations involving the ( th, 77 th and ( 77- 1) th 

polynomials, and shall illustrate these equations with the Poisson 
exponential function. 
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2. For convenience denote the numerator + a^x) in equa¬ 
tion (1) by and the denominator ( + bjX -h ) 

hy . We may then define a set of polynomials by the follow¬ 
ing theorem' 

Theoeem: If a is a noH'identically zero solution of 
23 u, = -— a 

then P^hnomial of degree 

at most 77 , i. e. (x). 

The proof will proceed by mathematical induction. If we 
recall the formula for the difference of a product 


we obtain by differencing 

Z^^Zl - /V, (x)u^ 


the equation 

DxH 2^ ^ Z! (?/ x)] Au^-h (x) 


Using the value for from the original difference equation 

and multiplying the equation through by , we obtain; 

Q, Q/z)+ 
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Since the coefficient of u.^ is a polynomial of degree at most 2 
in % , wc write 

Let us now assume that the statement holds for 777 ^ ?7 , i e. 


^x+n-l ^ 


Diflerencing both sides of this equation gives us 


DA A, ■ ^ "Amaa 4 J 


= Q^l')c)u^-i-{u^+^u^)AQ^(x). 


isi'ow 

^X+l^X+Z ^X + Tl~^^x+1 ^C.+V-l 

~(^X+1 An A 

Hence by the dehmtion of Q„ M 

a{da 

Sub.,tuutmg these values m the above equation as well as the 
value tor /I from (1) and multiplying by , the equation 

reduces to 

^ /V^Zle?^ (Prj 

The coefficient of on the right hand side is a polynomial of 
degree at most 77 m x . We therefore conclude that 
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We have also succeded in deriving a relation similar to relation 
(I) of Chapter II, i. e. 

(XI) 

+ (N^^D^)AQ„(xX 

a relation which shows that the ( 77+-1) th polynomial is made up 
of the n th polynomial and the difference of the 77 th polynomial. 
This relation differs from relation (I) in the fact that the co¬ 
efficient of AQ^(x) IS + instead of . This 

change seems to be connected with the fact that the original dif¬ 
ference equation 

can also be written 

Formula (XI) may also be written 
(XI ) Q„(x) 

since fx) ■^AQ^ (x) = Cx.). 

It seems advisable to adopt a notation for the term 

-4 ^x+i 4;/a ’ ’ ' ^x+n-i 

since it will continue to be involved in the work that is to follow. 
The difference notation tc^^^^xLx-IXx-Z) ■ • ■ ■ Cx-Tn-hl} 
suggests that we use the symbol JX , i. e. 
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D. 


z-m+l 


Then we will have 


^X^X-hl ^x+2 


D = 


and 




■^/77'i ^n-n-z 




3. We may also define the general polynomials Q^(Tr]^x) 
where m is any integer, by means of a theorem as follows: 

Theorem ■ // u.^ is a noti-tdcntically zero solution of the 
difference equation (1), then 




7-1 

is a polynomial (td, x.) , and Q^C 

of degree n in x In particular if 777= 77 , we have 


IS at most 




is a polynomial in x of degree at most 77 . 

This theorem may be proved by using the following lemma' 
Lemma: If u ^ satisfy the difference equation ( 1 ), then 
u.^ , where 777 is any positive integer, satisfies a differ¬ 

ence equation of the same type, viz. 

^x-m 

The proof proceeds easily by mathematical induction. 

For 777 = 1 we have 
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‘ ^L-1 ‘^X 




D. 


x-t 


For 777 = 2 , we get 


-Gc^zDj^.i u^ 




D. 




or 


4 to™ 


*■ Dx ■ -C'x - 2 




Let us assume that it holds for the 777th case, i. e. 


4 [ 4 r“j- 4 %. 


N^-hD^-I>. 


X. X ^X- 77 ? 


a 


Z‘rn 


Then 


-a [ 4 - ^.i 4-7 “J - 4 .., d‘A 


= ^x-J 


~^X-rn-l 


D 


x-m-1 


Making use of this lemma in proving the last theorem, we 
note that 


A%T’‘^) - Djr’u, 

■^x-TTj ^x-jn+l 
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and m general that 


x-J X4 


nr 


In particular, if 777 = 77 , we define the polynomials ('n,)i) 
as A^\P J = (to.x.) u-^ which relation is of in¬ 

terest because the A ^ has no as multiplier. Any result de¬ 


rived foi the polynomials ^x+n-J ^ '^x where 

IS a solution of the difference equation (1) can now be extended 
to the polynomials (rn^x) ^ replacing 

by ( and by . For ex¬ 

ample, relation (XI) becomes 




(XI^) 


^(N^+DJAQ^C-rT,x\ x) 


and when 777=77 , this relation reduces to 

(XI„) 

4 In analogy with the work of chapter II, we next proceed 
to find a recurrence relation involving the ( r? f 1 ) th, n th and 
( 77 - 1) th of the polynomials (? ( x; ) We take the 77 th differ 
ence ot both sides of the equation 


A ■= 
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by making use of the formula for the ri th difference of a product 






■nfn-l) /,a., ^ "-a 


~ir 


We then obtain the equation 

^ 7/7/ . _ . /7 T7T77-I) .Z -r^ ^ 7/-/ 




4 and being equal to zero. Multiplying through 

yn) 


•'y 77 






- ”"‘^7/// 


But and 


■ u -t-ZAHy^ 7- 


J, 7 - •_■ . 

Substituting these values in the last equation and using the defiin- 
ition for the polynomials Q^(x) , we obtain: 

Qn.n(^^^x* \Px4r, ‘P// (^> ^ ^n*S 


rt(v-i) A Dt r-r^rA ixj _ ^ , -n 

^ -IT T^. \Px-,n <J’„-/ Q„ 


Dividing through by and collecting like terms, this expression 
reduces to 
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• ■ - 

^ r 


nD^^„AN^ 


J 




lp„M + 


nfv-l) „ ^ 

2/J3 


Now we know that 


^ 77(77-1) 

■*■ -nn -f- —j7— A LC^ -t- - 


and so we may write and in this same torm, i. e. 


AD,*nA-n,. 


and 


A/. 


= N -h T7 A Nv 


the third and higher differences of and the second and highei 
differences of A/„ being e(|ual to zero. The coefficient of 


Q 


U) 


being etiual to zero, 
reduces to 


_and the coefficient of 

rt-l-! D;c 

Q (ic) also reduces to a simpler form. Dividing through by 

^^xtn firuilly get the recurrence relation: 






(XTl) 


I 




■ jD„ - zi A/. 




M-O 


i. e. the ( 777- 1 ) th polynomial may be obtained from the 77 til and 
( 77 - 1 ) th polynomials. 

In Chapter II we found that relations (I) and (tl) were 
identical for the first two terms, and as a consequence we equated 
the third terms and obtained a relation between the deinative of 
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a polynomial {x) and the polj-nomial preceding it. In order 
that we may obtain a similar expression for the diffeience poly¬ 
nomials, we must change the appearance of formula (XII), 

By lowering the degree in formula (XI ) from r? to n-\ 
and solving for j Cx) we fihd that 

^n-J (^)' fx). 

Substitution of this relation in formula XII gives 

Qr,.t (>^)- fv 

Just as in Chapter IV, paragraph 3, the coefficient of Q fx) re¬ 
duces and becomes the same as the coefficient of Q (x.) in 
formula (XI) and we have 

da.;- 

(XII') 

We therefore conclude that 

(XIII) AQ„(x)-^ t,{AN^ - (x+1), 

a relation expressing the difference of a polynomial (x) in 
terms of the next preceding polynomial in (x+l), i. e. 
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Qj,_j (jry-l). For the polynomial 77 , ;ir), formula (XII) 
may be written in the form 

(XIII^) (77,;.)- Qr,-i 

tliis relation being obtained by replacing by (^x'''^)c~^x-r^ 
and by i: . 

Formula Xlil which was just derived is the general form of 
the relation we found to hold for the Poisson exponential function 
polynomials, i. e. 

Xlf?„i4r; = - fx+1). 

We find further tliat these polynomials satisfy a special form of 
(XI), i. e. 

Qr,+ i 

and for formula (XII) we get the special form 


This recurrence relation is also similar to the one given for La- 
giieire polynomials. 

5. Turning now to the problem of obtaining a second order 
difference relation for the polynomials (x) , we proceed to 
difference formula (XI), i. e. 
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and get 

A4 *YiV,-AD,,„ ) M 

.(A N^ ^AJ0JAI?„ MI 21 " (^). 

Substituting for M the value 

[A/V^ - [t?„ . A t?„ 2^;] 

found in formula (XIII), gives us 

(r,W [a/V^ - i& X] - 

p5/V^ . [Ai,, -4^ ^(P„M 

+ ga 4 v./)4] ^ [4;^. 4^^ ^ V. . 

Collecting the coefficients of like terms and simplifying them, we 
finally get 

Yr7-/;214] 

(XIV) 

- ;7 [ 2 ! 4 - A'‘jA^ 0„ . O, 

a relation very similar in form to formula (IV) and consisting 
of the first and second differences of the polynomial Q„I>‘) 

This relation when applied to the Poisson exponential function 
gives 

^A^Q„ ?^-y--l)AQ^(x)+ r,Q^ Cx) , 0 ^ 

an equation which can be checked by substituting the value of 
the general Poisson polynomial in it. 

The extension of formula (XIV) to the polynomials Q^C'<n,^) 
and Q^Cn,)^) by making the proper substitutions for 
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and results in the following expressions: 

- n\ArJ^(m, O, 
which may also be written as: 

* |}%-? 7 +-/ * AQ^f m^x) 

- n [aA/, - t?, = d? 

In particular if m^n we have: 

(XIV„ ) .AI>,~^A^Ii'^AQ„ (r,,x) 

-n\AN,-^ %] <7, rn x=)= O. 

6. The next set of relations we shall derive are recurrence 
relations for the polynomials Q„('rn,x) and Cn,x) 

In the lemma proved in this chapter we found that 

^ \^x -^x. • 

Taking the r) th difference of both sides of the equation gives: 

+ n(AN^-AV^-AD^_„_j)A ^ 

the second difference of the trinomial fN^ * being 

equal to zero. Multiplying this last expression through by 
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substituting for 

the value we get 


*T7(AN^*AJI-AD^.^^ 


-- rAi 


Dividing through by 'fit get a recurrence relation 

involving the polynomials '?n 

and (t77,i:+1) , i. e. 


(XVto) 

V tF^AN^-( niiDA^D^ ( r77 -x-i- / ) . 


For m- rt, this expression reduces to: 

Q-nxi ^r, 

(XV„) 

J 77 + fnA)A^D^ (N^ +D^)Q^ J ( 77 ^ Xf}). 

7. Another form of this relation is obtained by substitut¬ 
ing the value found in (XIII^) for Q„_j (n, xi-T) , i. e. 


Qn-i (' 


1 __ 


(t?^ , 


in fonnula (XV^j), which g^ves 

Qt,M ~^x- „A 'fQnfnxl) 


(XVI) 




A fC7n-])A^2)x . 


AQ^ (n.x), 
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a relation very similar to formula (VI). 

8. There remains one more formula in Chapter II for which 
we have not yet found a parallel in this chapter, i. e. formula VII. 
To obtain this parallel expression, we difference formula (XVI), 
thereby obtaining; 

6N^ + (-n-tl)A^D^ y. 

In formula (XIV^ ) we found a value for 


which when substituted in this last expression gives us: 

^ ^ AN^+(r,3-j)A‘'l>^ , (7,3-1) ^ , 


Collecting coefficients we get 

AQ^^.^(-n3l^x)’\AN^3nAN^-AD ,.„^* nfrjiDAQ„(n,x) 


&NB±rD}^^ 

AN^*D3^ Afi 


Ul'V,-A(„ 


Z ^ X 


AQ„(71,x) 
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and by simplifying the coefficients this expression finally reduces 
to the formula 


(XVII) 


\an^^C^)a^dJ\ 






a relation which is also similar in form to formula VII. 

Before concluding this chapter, we might examine the char¬ 
acter of the polynomials (n, x) when the original func- 

g 1 ^ 

tion is the Poisson exponential function — 

We find these polynomials to have the following form; 

, - 71 . X 

1 ^T-e >\ _ , , . 

-Q,(l,x.) = A-x, 


} 




-Q^f2,x)= 


(2) 


fM x! 

1 3 (i) -X^ 


.A - a” ^ - / 11 ” rt^TV-Jj^m-e /’l) 

tM xl -77A z +■■ -f-f/Jx , 


i[/l = Cp^ (x r,) . 


Substituting the proper values for and in formula 
(XIV^) we get 

^i^Q-n(n.x)+(^-Yi-n-l)dO^(Ti/x)4-n (n,x)=0 
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In the same way we find for formula (XI the relation 
Orn-t ('n')Q„(n^x.)+^AQ^( 


and for formula (XVII), the reduced relation 

(v,x), 


which is somewhat like the relation obtained for (XIII,,). 

We might call attention to the fact that these polynomials are 
identical with the polynomials obtained by Charlier^ satisfying the 
relations 


5'‘\r^(x)S 



=. 0 for r77 ft r? 
= 1 for n 


9. Summarizing the results of this chapter, we have found 
that if the general solution g of the difference equation 

b ■i-b^y. + b^ 

is used as the generating function g (x) in the Charlier Type B 
series, that the successive differences give rise to two general 
types of polynomials which we defined as follows: 

and 

With the aid of the properties of the dl operator, we derived 
a set of relations and equations for these polynomials of the fol¬ 
lowing form; 


la V. L. Charlier: “Ueber die Darstellung willkurlicher Funktionen,” p. 34. 
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(XI) d a;, 

(XI„) d^/wj,x).^fnjc), 
(XiJ^ 

<P„., M, 

(xii^) 

(XIII) A (x) = r7\AN^- A ^Z)J d-j 


(Xlll^)Ap^/-77,x;^ n[a/V^ * ^A^D^'j d.s (-n.x+l). 


(XIV) 

(XIV„) 

CXV„) 

(XVI) 


(^Qr, ^^^A.^x-r,xJ (^) 

- f^x - Q, 

■v\aN^-^^A%] d Chx)^0^ 


r7\AN^ + {n^l)A^D^C N^+DJ Q^^An^HX 

A A/ . <n->-ij ;x 7 r xi£?„ rnx), 
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n^rH-l) 




AN^ 


^ (n-i-vA i 4 ir 
^ (J2^A^VX 


K^, 


AOJvn) 


Each of these formulas corresponds and is similar to a for¬ 
mula found in Chapter II. In fact, it seems probable that if we 
developed the formulas in this present chapter from the equation 


A y. 



u 




and permitted the A^. to approach zero as a limit, the formulas 
of Chapter II would result, the above formulas being the case 
where A^= 1- 





A NEW FORMULA FOR PREDICTING THE 
SHRINKAGE OF THE COEFFICIENT 
OF MULTIPLE CORRELATION 


By 

Dr. R. J. WiIf.rry 

Cnnibcylcind Uni't'crsity, Lebanon, Tennessee 


With the perfection of the Doolittle Method for the solution 
of the constant values nece.ssary for the multiple correlation and 
prediction technique, we may expect a constant increase in the 
use of this method in statistical practice. Theoretical sfatisticians 
have recognized for some time however that the multiple correla¬ 
tion coefficient, derived from a large number of independent vari¬ 
ables, is apt to be deceptively large due to chance factors. When 
prediction equations derived in this manner are applied to sub¬ 
sequent sets of data, there is apt to be a rather large shrinkage 
in the resulting correlation coefficient obtained, as compared with 
the original observed multiple correlation coefficient. In order 
to avoid over optimism it is necessary to have some equation 
which will predict the most probable value of this shrinkage. The 
development of such a formula is the purpose of this paper. 

The most promising formula of this type so far developed 
is the B. B. Smith formula, presented by M. J, B, Ezekial at the 
December, 1928, meeting of the American Mathematical Bociety 
held at Chicago. This formula is 

NTS^-M 
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where G = the estimated correlation obtaining in the universe 
J3 ~ the observed multiple correlation coefficient 
M= the number of independent variables 
N= the number of observations (the statistical popula¬ 
tion). 

This formula was evidently developed by B. B. Smith by an 
application of the method of least squares as follows (the deriva¬ 
tion is that of the author, since he could not find it given else¬ 
where) : 

The customary formula for the coefficient of multiple corre¬ 
lation may be written in the form 



where 

( 3 ) 

where 



The method of least squares, however, says that the most 
probable value of the standard error of estimate is not that given 
in equation (3) but 


Now, if we substitute the value of (5) in place of (3) in 
equation (2), we have at once 

iSee Merriman, Method of Least Squares, John Wiley & Sons, London, 
8th Edition, pp. 80-82. Also see derivation later in this paper. 
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(6) 




/V 

/V- M 


and since , by (2) above, \vc have ^ 
we have ^ 


equal to (1 - }, 


(7) 


X? ^ J- 


N- M 


-- 1 - 


1-12 

£1 

■' /V 


which is, exactly, the B. 11, .Smith formula (I). 

This formula has been widely used during the last few years, 
but up until recently had not licen subjected to much critical ex¬ 
amination. However, in a recent article in the Inurnai of liduc^- 
tional Psychology . S, C. Larson actually tested the formula em¬ 
pirically on some data alitaiiied from the Mis.sissippi Survey con¬ 
ducted by II. V, O'Shea, ohtainint; the results indicated in the 
tables and graphs below, and on the basis tjf which he reached 
the following conclusion: 

"The .Smith Shrinicagc-Rednctioii formula parallels all of 
the empirical findings hut quite consistently give.s values whi"'- 
are in excess of those obtained under present experimental con¬ 
ditions.” This meant that the Smith formula pretlicted shrinkages 
consistently greater than tho.se actually obtained. 

It was in view of this reported empirical difference that the 
writer started his attempt to derive the Smith formula and hit on 
the method given above. The question at once arose in the writ¬ 
er’s mind as to why, when the standard error of estimate had been 
corrected to correspond to the most probable value by a least 
squares criterion, the standard deviation of the dependent vari:. ile 
had not been treated in the sanie fashion. 


r“The Shrinkage of the Coefficient of Mulliide Correlation," Jan., 1931, 
pp. 45-55. 



R. J. WHERRY 


44J 


Merriman, whose formula we used above in correcting the 
standard error of estimate (S), likewise, and by identical reasoning, 
shows that the most probable value of the standard deviation of the 
dependent variable existing in the universe, should really be rep¬ 
resented by the following relationships: 

Where 


( 8 ) 

we find 

(9) 


^4/ 

N 




A/- 





which reduces formula (6) to the form 


(10a) 


2 JL- 


-TT 
N-: 


and when the same substitution is made as in step (7) above, we 
have 

( 10 b ) e = ■ n-m 

which is, by a more correctly applied criterion of least squares, 
the formula we have been seeking, and is a closer approximation 
than that given by the Smith formula. 

The reasons for the substitutions made above in our formulae 
may not be entirely clear to all readers, so we now present the der¬ 
ivations of the formulae given in (S) and (9) above. The deriva¬ 
tions given here are directly adapted from those of Merriman 
referred to above, but have been translated into the customary 
statistical notation whenever possible. 

First, let us consider the derivation of the value in (9). As 
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stated in (8) the most customary form j)f Sigma is 


( 8 ) 


z 

cr,. = 


Z. X. 


z 

O 


N 


where 

( 11 ) 

Each value x.^ has a certain error, however, due to the 
fact that the value of the mean is merely the most probable value, 
not the true value. So for each value there is a small un¬ 
known error , so that if we take to be the true value 
of a deviation we have 

( 12 ) 

and, squaring and summating, disregarding the terms involving 
second power delta terms as small in comparison with the first 
power terms, we have 

(13) z; Sx, 

Now, by the laws of probability, we know that the probabil¬ 
ity of the occurrence of an error , whose measure of pre¬ 
cision is “h,” is 

-X 

(14) Jl^hdx n ’ 

multiplying both sides of this equation by and summating 
between the limits plus and minus infinity, we have 

ZLTl^^ hxrr^e - 

-f- OO 


(IS) 


1 

Zh’- 
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and since ZJJTji is the same as — , since in our work we 
assume the weight of each value £ , for each of the N observa¬ 
tions, to be ~ , we have 


(16) 


J 

N 2/7 


or 

(16a) 


Likewise, if we let 


(17) 

the probability of the system of errors, u^, is 

(18) U< =h duTT'i 

and the mean of all of the possible values of is 


(19) 


h_^ 

rri 




,e z 
z -h u. 
e 


du = 


2h' 


and this must be taken as the best attainable value of u. . But it 


was shown that the quantity equal to 

Hence 


(16). 


( 20 ) 


Z£ 


■-FT 


from which 


a. 


2x 

N 


N-1 


= CL 


(9) 
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whicli was to he proved. 

To derive (5) we proceed in much the same manner, After 
our normal equations have iieen solved for the most probable 
values of for our set of data, 

we know that these aic not the tme values,hut that they err by 
small unknown corrections ^/^arr,’ 

the coiiesponding true values for the universe being (/3^j e^^), 


Now, if we substitute the most probable values of the Betas 
in our oiiginal observation equations, they will not reduce to zero, 
bus will leave small residuals ^ > • ■ • • thus 

^01 ■ -A, ^ 


^0^' '‘Ax '*'As ' 

^ Am 


' • r-/5 a; -X 


while if the corresponding true values be substituted, we obtain 


i'Ax ^ - 


(Ai * ^Aj) % A As " ^As ^ ^sz ^ 


(A ■ 

w om ^ 
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Subtracting each of the former equations from the latter, we obtain 


1^ ^ ^ d/3^^ ^ 


X = i? 

^ J^p £■ 


c 5 j 3 ^, + • V-4A ;c « v? 

N t^oi r'aa ^ r^o-n? 

Now the principle of least squares provides that £, shall 
he made a minimum to give the most probable values oi /3^j , 

, /^a 777 ’ solution of the normal 

equations by the Doolittle method its minimum value is found to 
be Z} From the residual equations we may find the re¬ 

lationship existing between the values Ziv^ and Z1 . Thus, 
if we square each equation immediately above and then summate 
we have (if we neglect squares and products of the delta values 
as small in comparison with the first powers). 




which we may write as 

( 22 ) E v^-i- uf+ u^-f- ■ 


■ V- a. 


■i;' 


2 


Now, by analogous reasoning to that in steps (14), (15), and 
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(16), we may set 
(23) 

Further, if there he but one independent variable, there will 
be but one 26/3^^ process 

used in steps (18) and (19) can be shown to be 


(24) 



and since that is true whichever unknown quantity be considered, 
the values of each Value must be ; and as there 

are /V/ of these values the above equation (22) becomes 





IN 

Zh^ 


from which 
(25) 


/7 = 


W- A7 

2Z 


Therefore, from the constant relationship which exists be¬ 
tween the value "h ” and the Probable Error, we have 


(26) 


PE_ 

V 


-O &74-5 


N-M 


gnd therefore, by the relationship existing between the probable 
error and the standard deviation we have at once 


(S) 


V o /V-AT 


which was to be proved 

The next step was to test out the formula empirically. 
This was done by using Larson’s material, with the results in¬ 
dicated in the tables below, and in the graphs which show the same 
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set of facts, but which make the results much more apparent. 

An inspection of the tables and graphs will show at once 
that the new formula predicts what will actually happen much 
more accurately than the Smith formula did. In graph 1, for 
example, the agreement is so good that the results appear almost 
to have been a regression line fit to the particular set of data. 

It was to have been expected that if the formula actually 
predicted the most probable values of the correlations obtaining 
in the universe that the errors incurred by the use gf the formula 
would be normally distributed around zero as a mean value. Graph 
3 presents a comparison of the error curves obtained by use of 
the Smith and the Wherrj prediction formulae, together with an 
approximation to the normal curve. As a further and more sci¬ 
entific check the criteria for a normal curve as set forth by Rietz^ 
were applied to the data. His criteria are 

where ^ 

The results for the two formulae are given below. 


(Results based on an expectancy of zero) 



Smith Formula 

Wherry Formula 

Ml 

.00138 

,00038 


223 

025 


3.004 

3.703 


iRietz, H. L Mathematical Statistics, Carus Mathematical Monograph 
No. 3, Mathematical Association of America, Chicago 1927, pp. 58-S9. 
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It is apparent therefore that the Wherry formula gave much 
better results for both the first criterion (mean error) and the 
second criterion (skewness), but that the excess was greater for 
the Wherry formula than for the Smith formula. However, one 
cannot quarrel too much with getting errors actually smaller than 
would be expected by assuming normality. Even this superiority 
is seen to be fictitious if the distributions are measured from 
their own means rather than from an expected mean of zero. 
When this is done, which is the manner in which the criteria are 
customarily used, we have 


(Results based on means of distributions) 



Smith Formula 

Wherry Formula 


.000 

.000 


1.712 

.025 


S.524 

3.753 


Thus,we find that the Smith distribution has, in reality, even 
a greater excess than does the Wherry formula, but has it at a 
point farther removed from the desired value. 


SUMMARY AND CONCLUSIONS 

1. Larson has shown that the theoretically expected shrink¬ 
age IS an empirical fact 

2. Larson has shown that the Smith formula, when tested 
empirically, consistently over-estimates this shrinkage as deter¬ 
mined empirically. 

3. It has been demonstrated that the new Wherry formula, 
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lioth by a least squares criterion and by actual application, is more 
nearly true than the corresponding Smith formula. 

d The correct formula for the shrunken coefficient of mul¬ 
tiple correlation is 

( N- 1 ) (M-1) 

jp _ - 

/V- M 


ivhei e 


the 


?? = 

the 



the 

■iiid 


the 


estimated correlation obtaining m the universe 
observed coefficient of multiple correlation 
number of independent variables 
niiinher of observations (statistical population) 
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GRAPH 1. 


Shrinkage as Obtained by Use of the Formulae and Also as 



Number of Variables 



Shrinkage in R 
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GRAPH 2 

Shrinkage as Obtained by Use of the Formulae and Also as 
Obtained Experimentally 

(Data from Table II) 



Number of FomoWm 
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GRAPH 3 


Ogive Showing the Distribution of Error in Predicting Shrinkage 



Magnitude of Error 



Showing the Actual Shrinkage in Q Found When the Prediction Equation Found on One Group of Suh- 
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*The article by Larson reported the values for the Smith formula errone¬ 
ously, due to a misconception of the meaning of m. Those in the present 
tables are the correct values. 
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TABLE III 


Showing the Mean Error Attained by the Use of the Smith and 
Wherry Shrinkage Foimiilae. 


Forimila 

Tablet 

Table II 

Tables I and 11 

Smith 

00097 

00180 

00138 

Wherry 

H^jjj 

OOOS7 

00038 

N 

10 

10 

20 















THE USE OF THE RELATIVE RESIDUAL IN 
THE APPLICATION OF THE METHOD 
OF LEAST SQUARES 


By 

Walter A‘ Hendrick". 

Jiiiiioi' PiolotpsI, Bureau of Anwial Industry, 
U, S Department of Agncullui e. 


The method of least squares offers a precise method of fitting 
a cuive descnbing the relation between two or more related, meas¬ 
urable vaiiables, but certain criteria must be fulfilled to justify its 
application First, the type of equation selected for fitting must 
be the true mathematical expression of the law governing the rela¬ 
tionship of the variables Secondly, all error*; of measurement, 
made in obtaining the observed values of the variables when the 
data were collected, must be distributed according to the well- 
known laws of probability^ 

This paper is concerned with the latter of these two criteria. 
The fundamental theory upon which the method of least squares 
is based can be found in any text-book on the subject and need 
not be elalx)rated upon here, However, it may be well to point 
out a veiy pertinent, if somewhat elementary, aspect of the theory 
which facilitates the leady visualization of the fundamental con¬ 
cepts involved 


^Steinmetz, C. P Engineering Mathematics, McGraw-Hill Book Co,, 
New York (1917). 
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Tlic iqiplication of the method of least squares to curve fit- 
tinjj, at, ordinalily descnhed in woiks on the subject, is perfectly 
analoftous to the calculation of the arithmetic mean of a numbei 
of measurements made upon a single, constant quantity This 
may he easily rlenionstrated as follows' 

Let = f (X) descrilie the relation existing between an 
indcjiendent variable, X , and a dependent variable, Y" If it is 
desired to find the most probable value of the dependent vaiiable 
when X has some definite value, X^, the most diiect method of 
prnceduie would be to make a number of measurements of X 
at tins value of X and calculate their aiit'unetic mean, provided, 
of com sc, that the enors of measurement were distributed accord¬ 
ing to the laws of piohahility in a noimal fiequency distribution 
v\ccording to the elementary theory of statistics, the most prob¬ 
able value of the de[K;ndcnt vaiiable, f (Xi) , would be such 
that the sum of the squares of the deviations of the actual meas- 
urememts from tins value would be a minimum. 

If X is conceived to be varying in value so rapidly that it 
IS im[i 0 ssihle to make more than one measurement of Y at any 
value of X , this direct method can not be employed. However, 
the most proliable I'alue of f fXi) can still be determined. 
Let y) , , Yj . . each represent a measured value 

of r'at values X,, , X^, . . X„, respectively, of 

the independent variable Since the errors of measurement are 
assumed to he distributed according to the law of chance, an 
error of a given magnitude is equally likely to occur at any value 
of X . In other words, exactly the same errors would be made 
ill obtaining one measurement of each of the quantities , 

y Y^asif ffXi) were measured 77 times. These 

errors may, therefore, be cnusideicd as having been made in meas¬ 
uring a single, constant quantity, Therefore, if toiotes 

the most probable value of Y at any value of X and r de¬ 
notes the corresponding observed value, the most probable values 
of the dependent variable which can be calculated from any set of 
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data are such that the sum of the squares of the differences. 
fCK)~Y > 'S a minimum. 

It is important to bear in mind that this conception of the 
distribution of errors of measurement is justified only when an 
error of a given magnitude is equally likely to occur at any value 
of X . In actual practice it often happens that this ideal condition 
is not realized The magnitude of the eirors of measurement is 
often influenced by the magnitude of the quantity which is being 
measured. In obtaining the live weights of animals at different 
ages, for example, it is common practice to use a less delicate 
balance in making the weighings as the animals become larger, and 
the magnitude of the errors of measurement increases as the 
sensitivity of the balance decreases. Other factors which tend to 
increase the magnitude of the eirors may also be in oppiation. 
The error, or rather the unreliability, of the weight of a 1,000 
pound steer would be greater than that of a 100 pound calf, even 
though an equally sensitive balance were used in making both 
weighings, because of a greater content of material in the digestive 
tract and excretory organs and the increased effect of the move¬ 
ments of the animal. 

It is highly probable that in many fields of investigation such 
disturbing influences are encountered more frequently than the 
ideal conditions which justify the application of the method of 
least squares as ordinarily described. 

Pearl and Reed recognized the need for modifying the ap¬ 
plication of the method of least squares to compensate for changes 
in the probability of the occurrence of an error of any given mag¬ 
nitude and suggested, as stated by Pearl,^ that it would be more 
logical in many instances to employ residuals of the type ■—^— . 
The use of such residuals was based on the assumption that if 
the errors of measurement were expressed as percentages of the 


iPearl, Raymond. Studies in Human Biology. Williams & Wilkins, Bal¬ 
timore (1924) 
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magnitude of the quantities measured, the percentage errors would 
be distributed at landom according to the law of probability. In 
many practical problems this assumption appears to be justifiable. 

The study herein reported was made to determine the extent 
of the error made when the method of least squares as ordinarily 
described is applied to data in which the percentage, rather than 
the absolute errors of measurement are distributed according to 
the law of chance. 

The writer desired a hypothetical set of errors of measure¬ 
ment which, when expressed as percentages of the quantities meas¬ 
ured, would come as near as possible to forming a normal fre¬ 
quency distribution. 


TABLE I 

Ideal Frequency Distnbution of 41 Throws of 12 Dice in Which 
a Throw of 4, 5, or 6 Points Is Considered a Success. 


SUCCESSES 

FREQUENCY 

2 

1 

3 

2 

4 

5 

5 1 

8 

6 

9 

7 

8 

8 

5 

9 

2 

10 

1 

Total 

41 
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Mills^ gives the results of fitting a normal frequency curve 
to Weldon’s distribution of 4096 throws of 12 dice, described by 
Yule,^ in which a throw of 4, 5, or 6 points was consideied a 
success. If each frequency, calculated from the fitted curve, is 
divided by 100 and the results rounded off to whole numbers, 
the frequency distribution given in Table I is obtained. 

If hypothetical errors of measurement are substituted for 


TABLE II 

Ideal Frequency Distribution of 41 Hypothetical Percentage 
Errors of Measurement. 


ERROR 

(Per cent of quan¬ 
tity measured) 

FREQUENCY 

+ 8 

1 

4- 6 

2 

4- 4 

5 

4- 2 

8 

0 

9 

- 2 

8 

- 4 

5 

- 6 

2 

- 8 

1 

Total 

41 


'Mills, F. C Statistical Methods Applied to Economics and Busine's. 
Henry Holt & Co., New York (1924). 

“Yule, G. Udny. Introduction to the Theory of Statistics. Charles Griffin 
& Co., Ltd., London (1927). 
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.successes in this frequency table, the resulting distribution may be 
considered to leprcsent a distribution of random errors of meas- 
uieinent which nnglit lie made in obtaining a series of 41 meas- 
iirenients of a vaiiahle. The most probable error should obviously 
he zero. If the total range in magnitude of the errors is assumed 
to he fioin 8 jier cent to -8 per cent and the precision of meas¬ 
urement is such that each error differs from the next larger or 
smaller enor by 2 i>er cent, the distribution of these hypothetical 
errors of nieasuremeiit should lie as given in Table II 

From the simple ecpiation, Y^IOOX^, 41 values of Y were 
calculated, using values of X from 1 to 41, inclusive, Each 
calculated value of Y was then changed by algebraically sub¬ 
tracting tlie hypothetical enors of measurement given in Table II. 
All the peiceiitage enors of each magnitude were arbitrarily dis¬ 
tributed as uniformly as i>ossihlc throughout the data. These altered 
values of Y will hcicaftcr be termed the “observed” values and 
the oiigiiial values, from which they were calculated, the “true” 
values. The observed values of Y, together with the true values 
and the assumed orrois of measurement from which they were 
calculated, are given in Table III. 

In order to lie certain that the errors were actually distributed 
in such a manner tliat tlie probability of the occurrence of a per¬ 
centage error of any given magnitude was the same at all values 
of X , the writer enijiloyed Pearson’s method of square contin¬ 
gency as described by Yule.‘ A 16-cell contingency table was 
con.striicted in which the percentage errors were classified accord¬ 
ing to the values of X at which they occurred The chi-square 
test for contingency was applied to this table. 

Table IV .shows the actual distribution of the percentage 
error.s, together with tlie corresponding theoretical frequencies. 
Since there are 4 rows and 4 columns of cells m the table, the 
number of algebraically independent differences between theoret- 


^Loc. cit. 
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48400 

52900 

57600 

62500 

67600 

72900 

78400 

84100 

90000 

96100 

102400 

lOSOOO 

115600 

122500 

129600 

136900 

144400 

152100 

160000 

168100 
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ical and obseived frequencies is (4 - 1) (4 - 1) + 1 or 10 The 
value of calculated from the data in Table IV, is 1 3171, The 
corresponding value of P , which is the probability that as bad, 
or worse, an agreement between observed and theoretical fre¬ 
quencies could occur from the fluctuations of random sampling 
is, according to Peaisoii’s Tables,^'0996911 or almost certainty 
The percentage errors were, therefore, distributed in such a niaii- 
nei as to be uncoi related with the values of X at which they 
were used 

The equation, Y=AX^ , was fitted to the hypothetical set 
of data 111 Table 111 by the method of least squares as ordinarily 
described. If represents a calculated value of the depen¬ 

dent vai iable and Y represents the corresponding observed value, 
the difference Iietween these two values is AX - Y and the 
squate of the diffeience is 2AX Y^Y Ihc sum 

of the squares of all the dilTerences is -^ZY 

The value of this expiession will be a minimum when its deiiva- 
tive with respect to A is equal to zero. Differentiating and 
ecpiating to zeio yields the following equations foi the determina¬ 
tion of A: 


( 1 ) 


2ai:x'^-zzx^y- o 


( 2 ) 


A = 


The value of A calculated from the data m fable Ill by 

means of equation (2) is 1006250. 

If residuals of the type suggested by Pearl and Reed are 
eniplovcd, ^ is calculated as follows Let AX represent 
a calculated value of the dependent variable, as before, and let Y 
represent the corresponding observed value Then the diffuenc 
between the two values, expressed as a fraction of the uiserwi 


iPearson, Karl Tables for Statisticians and Biometnerans. 
University Press, London (1924), 


Cambridge 
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TABLE IV 


Chi-square test foi contingency apiilied to the distiibution of the 
percentage errois of ineasuienient. The theoretical frequencies 
for each compartment aie given in parentheses. 


"Value oiX 

Magnilutle of Error (Per cent) 


0.0 to+19 

±20toi39 

14.010 + 59 

1 60 anti over 

Total 

1 to 10 

2 



2 

10 


(21951) 



(1.4634) 


11 to 20 

2 

4 j 

3 

1 

10 


(2 1951) 

(3.9024) 

(2 4390) 

(1.4634) 


21 to 30 



2 

2 

10 





(1.4634) 


31 to 41 

3 

4 

3 

1 

11 


(2.4146) 

(4.2926) 

(2.6829) 

(1.6097) 


Total 

9 

16 

10 

6 

41 


1.3171 
77 ' = 10 
P = 0.996911 
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value, IS - 1. The square of this relatm 

deviation is + 1 and the sum of the squares of the 

41 lelalive deviations is >■ 41. This exprcb 

bioii Will IiUlw ibC h<ivti itb niitiiniuni value when its derivative with 
lespcet to A IS eiiual to zero. Differentiating and equating tc 
/eio, as liefore, leads to the following equations foi the deter 
iniii.Ltion of-A : 

-22:y=o 

(4) 

i: 

Aindying eiluation (4) to the given set of data gives a value 
of f)*).757d for A . This value of A is closei to the true value 
KK), than the \aKie winch was calculated by means of equation 
(2) imt tin; iiii|)K)vemc'nt was not as great as might be expected 
I( oreuiu'd to the writer that if the deviations of the cal- 
vultLicd, fioni the observed, values of the dependent variable were 
exiHcsst'd as [i.ietions of the calculated values, a more atcurati 
value of A could lie. obtained. • 

Tin; I dative deviation expressed in this manner 
01 J ~ ~ ^S ■ "I'be .square of this deviation is 7 —*■ — 
and the sum of the squares of the 41 relative deviations is 

41 Differentiating this expression with 

yi A 

u.S[iecl to ^ and eciuatmg to zero yields the following equations 
toi the determination of A : 

(5) 

y-3 

tO) A - 



( 3 ) SAZ 
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The value of calculh.tetl from the data liy means of aiua- 
tion (6), IS 100.1210 which i.s nearer to the true value than either 
of the values calculated hy the two prccediuf; methods. However, 
It is evident that equation (0) (ailed to give results as precise as 
one would exi>cct, in view of the method hy which the oh.served 
values of Y were obtained. 

The reason for this discrepancy can he made most apparent by 
returning to the analogy existing betsveeii the application of the 
method of least squaies to curve fitting and the calculation of the 
arithmetic mean of a luimher of measurements of a single, con¬ 
stant quantity 

Let mj. rn^, . . rn^ lepiesent measured values 

of the same constant quantity and let then anthmetic mean be 
represented by M If each measuicment i.s divided liy the' aiith- 
melic mean of all the measurements, the i(’suiting distribution of 
these relative values will be normal if the original measurements 
were distnhuted normally, The arithmetic mean of these, relative 
values will obviously be unity. 

Let . . ^^represent the relative values of 

the measurements. The arithmetic mean of these values is unity. 
Therefore, the deviation of any relative value, , from the 
mean is 1 - ^ . 

Let it be assumed that the value of the arithmetic mean of 
the original measurement, /V p <s unknown and is represented 
by Z. . Then any measurement, m , expressed as a fraction of 
2 , is ^ , According to the discussion in the two preceding 
paragraphs, it might apjiear that Z must have such a value that 
the sum of the squares of the deviations. 1 - , is a minimum. 

However, this is not the case, It may lie demonstrated that the 
value of the expression IZ (1-^^+ ), is a minimum when 

2 has some other value than the arithmetic mean of the original 
measurements. The sum of the squares of the residuals may be 
written, 77-22 ^ZZ ni+Z. ^ZZ ttZ. Differentiating this expres¬ 
sion with respect to Z and equating to zero yields the following 
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(7) 


( 8 ) 


z= 


H TT) 


The value of Z , calculated by means of equation (8), is 
obviously not the arithmetic mean of the original measuicments. 
The fallacy in the deduction of this equation is readily apparent 
Instead of using residuals of the type, 1~ ^ , and differ¬ 
entiating the sum of the squares of the residuals with respect to 
Z , one should use residuals of the type, V- , in which V 
represents the arithmetic mean of the relative values, ■g', of the 
measurements The sum of the squares of the residuals should 
be differentiated with lespect to V , The square of the residual, 
V^“ , is V^- and the sum of the squaies of all 

the residuals may be written vV --^Z m+ -^71 m 
Differentiating with respect to V and equating to' zero yields 
the following equations for the determination of V . 

( 9 ) ZrjV-^ ZL7n=0 

( 10 ) 


Since the value of V is known to be unity, equation (10) 
may be written: 


( 11 ) n = -^ZLrr} 

from which Z may be readily calculated as follows 
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( 12 ) 


Z1 m 
ri 


Equation (12) is obviously nothinjf more tliari the simple 
formula for the calculation of the arithmetic mean of the orig¬ 
inal measurements, which is sufficient evidence that the reasoning 
involved in its deduction is sound. 

It is now readily apparent why equation (6) did not yield 
results which were consistent with the data in Table III. The 
ratio, , is analogous to the ratio, and lesiduals of the 

type, , should have been used in fitting the equation 

instead'of residuals of the type, 1 .* The square of the 

residual, -is + The sum of the 

squares of the 41 residuals is 4-1 ^ ^ ^ ^ 

DifTeientiating this expiession with respect to V and equating 
to zero yields the following equations for the determination of / : 


( 13 ) azv-^2:^z=o 

(14) , 

41 


Substituting the known value, unity, for 1/ in equation (14) 
yields the following equations for the determination of A . 


(15) 


(16) 



41 

^Residuals of the type, - 1, are analogous to those of the type, 

" 1, which also lead to incorrect results. 
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Applying equation (16) to the data in Table III gives A a 
value of 100.0000, which coincides exactly with the true value from- 
which the data were originally calculated. Equation (16) was, 
theielore, the correct equation to use in interpreting the data given 
111 Table III Although the use of residuals of the types, 1 

and 1 - ■ gave better approximations to the true values of 

A than the use of the simple residuals, A.X -i, neither of 
the two gave results which weie entirely in accord with the deriva¬ 
tion of the data 

Yule^ suggested that the geometric mean might often prove 
useful in comparing the frequency distributions ot different sets 
of data, in which the dispersion of the individual measures about 
their means was influenced by the magnitude of the means It 
appeared to the writer that the use of residuals of the type, 
\ogAX- logY”, might give a good approximation to the true value 
of A m fitting the given equation. It is evident that the ratio, 

' , approaches unity as the residual, log logy, ap¬ 

proaches aero. 

Thi.s logarithmic residual may be written, log/I +2 log x-^ 
log Y , and its square is (log A ) 4-(logJf^) v- (log Y) 

^ A{\og A) (log X )' 2(iog vi) (log y) - 4(iog X) (log y )^ 
The sum of the squares of the 41 residuals is 41(logj4 ) 

+ A L (log^ f ^ X (log y f ^ A{\ogA ) x: (logX) 
- 2(log ) Z (log y) - 4 z (log X . )■ Differentiat¬ 

ing this expression with respect to log A and equating to zero 
yields the following equations for the determination of^ . 

( 17 ) e^CiogA)^ 

("log Y ) 

(18) log.^=“ 4] 


iLoc. cit. 
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The value of log^ , calculated from the Kiven set of data by 
means of equation (IS), is 1.9W3fiO, whicli gives A. a value 
of 99,9394, This value olA comes clo.ser to the true value than 
those calculated by means of residuals of the types, 1 - 
and - 1. However, since the use of the geometnc mean 

is not rigorously justified when the distriliution of the measures 
about the arithmetic mean is symmetrical, the use of logarithmic 
residuals in curve fitting can not give precise results when the 
errors of measurement aie distributed a,s they were in the given 
set of data. 

In any application of the method of least squaies to a prac¬ 
tical problem, the procedure of the investigators should be gov¬ 
erned by the nature of the data to which it is being applied. In 
many instances the correct procedure can lie deduced by a careful 
consideration and evaluation of the accuracy of the methods of 
measurement used in obtaining the data. Unfortunately, however, 
some sources of error are not always readily apparent at the time 
the data are collected, and occasionally can not 1)C quantitatively 
estimated even though they are known to exist. If the nature of 
the mathematical relationship existing between the dependent and 
independent variables is known, all that remains is to find the 
most probable values of the constants in the equation 

A statistical study of the deviations of the observed values 
of the dependent variable from the corresponding calculated val¬ 
ues, obtained after fitting the equation by several different meth¬ 
ods, may be of much help in, deciding which method of fitting was 
most consistent with the nature of the data. For example, Table 
V gives the results of applying the chi-square test for contingency 
to the distribution of the deviations of the observed values of Y 
from the calculated values obtained when residuals of the type, 
Y , were used in fitting the equation, Y to the 
data in Table III, The value of is only 0.005061 and a mere 
inspection of the table itself shows that large deviations tend to 
occur more frequently, and small deviations less frequently, as 
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TABLE V 


Chi-square test for contingency applied to the distnbution of the 
deviations of the type, AK^~Y^. The theoretical frequencies 
for each compartment are given in parentlieses. 


Value of 

V" 


Magnitude of Deviation 



10 to 

± 1999 

±2000 to 

± 3999 

± 4000 to 

± 5999 

± 6000 and 

OVCl 

Total 

1 to 10 

10 

(73171) 

0 

(1,2197) 

0 

(0.9756) 


10 

11 to 20 

10 

(7,3171) 

0 

(1.2197) 

0 

(0.9756) 

0 

(0.4878) 

10 

21 to 30 

6 

(7.3171) 

1 

(1.2197) 

3 

(0.9756) 

0 

(04878) 

10 

31 to 41 

4 

(8.0488) 

4 

(1.3415) 

1 

(1.0732) 

2 

(0,5366) 

11 

Total 

30 

5 

4 

2 

41 


= 23.5989 
n' = 10 
p = 0 005061 
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the values of J[ inciease. If tlie true nature of the values of 
Y in Table III \ve\e nut known in advance, this distiibution of 
the deviations would he suHicienl evidence that the method of 
fitting the equation was not consistent with the acciiiacy of the 
measurements made when the data weie collected. 

Tables VI, VII, and \'III give, u‘S]iectively, the di.stributions 
of the deviations of the types, - 1, 1 " 

log lug y , when the coiiospoiuling icsidiials were used 

in fitting the equation ‘ The value of is high in each case, in¬ 
dicating that, although the use of lesidual.s of these types did not 
give results which were piccisely accuiate, ueveithele^.s, ihey 
yielded values of A which weie well within the limits of the 
probable eiior to be expected in any pi actual investigation 

As a maitei of fact, tins is a rathei foi lunate circumstance, 
since the only method of filling the eiiuation given above which 
yielded exactly the correct value of A caminl be aiqiiied to 
fitliiig an equation containing more than one undeierinined con¬ 
stant. The applicability of residuals of the types, 1 - and 

log fpfj- log r is also somewhat limited. However, any 

equation which can be fitted by the method of least squares at 

•f ^x) 

all can still be fitted when residuals of the tyjre, —'-y -1, are 

employed. 

SUMMARY AND CONCLUSIONS 

The method of least squares can be a more valuable tool in 
statistical work when the furtdamental theory upon which the 
method is based is taken into consideialion The use of residuals 
of the type, 'f(X)~Y, is probably justified in fewer practi'-al 

iThe distribution of the deviations obtained when the equation was fitted 
to the data by means of equation (16) is identical with the distribution of 
the errors given in Table IV. 
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problems than the use of residuals of some other form The type 
of residual to be employed should be governed by the nature of 
the data to which the method of least squares is being applied, 

The use of relative residuals of the type suggested by Pearl 
and Reed may be of much value m many instances but will not 
give results which are precisely accurate, even though the dis- 
tiibution of the percentage errors of measurement is strictly nor¬ 
mal. The results can be improved by expressing the deviations 
of the obseived from the calculated values of the dependent vari¬ 
able as fractions of the calculated, rather than the observed, value * 
The use of logarithmic residuals may give more accurate 
results than the use of residuals of the type suggested by Pearl 
and Reed, even though the distribution of the peicentage errors 
of measurement is normal. 

The chi-square test for contingency may be of much help in 

* 

selecting the type of residual most consistent with the errois of 
measurement made in obtaining the data when sufficient informa¬ 
tion regarding the accuracy of the measurements is not available. 


'Resifluals of this type have been used by Hendiicks, Lee, and Titus at the 
U, S Animal Husbandry Experiment Farm, Beltsville, Maryland, m the 
liUing of growth curves 

Hendricks, W, A, A R Lee, and H W Titus Early growth of White 
Leghorns, Poultry Sci. 8 (6); pp 315-327 0^29). 

Titus, H. W., and W A Hendricks The Early Growth of Chickens as a 
Fii.iction of Feed Consumption Rather Than of Time, Conference Papers 
of the Fourth "World’s Poultry Congress, Section B (Nutrition and Rear¬ 
ing) : pp 28S-293 (1930). 

The use of such residuals leads to results which appear to give a better 
description of the data than when simple residuals of the type, f(X)-Y , 
arc employed. 
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TABLE VI 


Chi'Squaie test for contiiij'ciicy :ii)i)Iied to tlie distnlmtion of the 

A ^ 

deviations of the type, —y?— - 1. The tlieuietical frequencies 
for each conipartment arc given in parentlieses. 


Value of 

Maffnitudc of Deviation 

JK. 

0000 to 

± 0 019 

i 0.020 to 

± 0.039 

i 0 040 to 

± 0059 

± 0 060 and 

over 

Total 

1 to 10 

4 

3 

2 

1 

10 


(4.1463) 

(3.1707) 

(1,7073) 

(0,9756) 


11 to 20 


4 



10 



(3.1707) 




21 to 31 

4 ' 

3 

1 

1 

2 

10 


(4 1463) 


(1.7073) 

(0,9756) 


31 to 41 

5 

3 

3 

0 

11 


(4.5610) 

(3.4878) 

(1,8780) 

(1,0732) 


Total 

B 

13 

7 

4 

41 


X^= 3.8182 
r>' = 10 
P = 0,921027 
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TABLE VII 


Chi-square test for contingency applied to the distribution of the 
deviations of the type, 1 ■ The theoretical frequencies 

for each compartment are given in parentheses. 


Value of 

Magnitude of Deviation 

X 

0 000 to 
±0.019 

±0.020 to 
± 0.039 

± 0.040 to 
±0.059 

± 0.060 and 
over 

Total 

1 to 10 

3 

4 

2 

■ 

10 


(3.9024) 





11 to 20 

4 

3 

2 


10 

1 

1 

(3.9024) 

(3.4146) 




21 to 30 

4 

3 

1 

2 

10 


(3 9024) 

(3.4146) 

(1 7073) 

(0.9756) 


31 to 41 

S 

4 

2 

0 

11 


(4.2927) 

(3.7561) 

(1 8780) 

(1.0732) 


Total 

16 

14 

7 

4 

41 


= 3.0984 
= 10 

p = 0.9S9091 
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Chi-.scjnaro test for cf)iilin|'uiK'y ai)|)lie<l to the clistrilnitinn of the 
deviations of the type, loj^ y4X’-log X . The theoietical fre¬ 
quencies for Ciicli coiiqiailnieiit aie given in paientheses. 


Value ot 

MaKiiitiide eif Devialimi 

X ■ 

0,000 in 

-to 000 

±0010 to 
±0010 

±0020 to 
±0 020 

*0 030 ami 
over 

Total 

1 to 10 

(') 

2 

2 

0 

10 


(6,0970) 

(2 4.3W) 

(0.9756) 

(0 4878) 


11 to 20 

6 

3 

0 

1 

10 


(6.0976) 

(2.43<X)) 

(0,9756) 

(0.4878) 


21 to 30 

6 

2 

1 

1 

10 


(6 0976) 

(2 4390) 

(0 9756) 

(0 4878) 


31 to 41 

7 

3 

1 

0 

11 


(6 7073) 

(2,6829) 

(1.0732) 

(0.5366) 


Total 

25 

10 

4 

2 

41 


4 4989 

77 ' = 10 

P = 0.872945 


























EDITOR’S NOTE 


It is with great pleasure that the Annals brings to its readers 
information concerning the Nordic Statistical Journal, edited by 
Dr. Thor Andersson. Tnis publication is of great merit, and the 
work ‘of its contributors compares very favorably with that found 
in Biouietrika and Metron. Americans will do well to study care¬ 
fully the contiibutions which Scandinavians are making to statis¬ 
tical methodology. 
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WordiBk Statistlsk.Tidskrlft staited in 1922. It ia chiefly written 
in Nordic tongues. There are also published articles in English 
and Oernian. To some articles in Nordic there are summaries 
ill ICnglish or German. Now the chance is taken to realize the 
orig,inal scheme of publishing two editions, one in Nordic tongues 
and the other in English. The edition in non-Nordie tongues 
is published in English also because of the fact that the millions 
ol descendants of the Nordic peoples, now living beyond tbe 
boiinduries of the Nordic states, are mainly working in English- 
speaking countries. 


Nordic Statistical Journal has five departments, articles, reviews 
of books, minor communications, bibliographical lists of Nordic 
Ltidihticfl, and recent periodicals and new books. In general, all 
departments will be represented in every number. 

Nordic Statistical Journal is published quarterley, the four 
iiutiiliers making a volume of about 640 pages. The subscription 
lati lor a volume — post free — is 30 Swedish crowns 

Sufiacriptions may be sent to Nordic Statistical Journal, Stock¬ 
holm, Sweden. 

11 le Hubscription rate through booksellers is 35 Swedish crowns. 

L'lditoi'ial communications and all publications should he adressed 
i,. TiiUK AndeeSSON, Dr. Ph., Stockholm, Sweden. 
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Nordic Statistical Journal. Volume 1. Edited by THOR Andeks- 
0ON, Stockholm 1929. Pp. 639. Reviewed by Dr. phil. Carl 
BUKRAU 


We, the inhabitants of the Nordic countries, are perhaps 
somewhat inclined to take a certain inner pride in our — 
as it seems to us — high civilization and to attach still more 
importance to ourselves in this respect during the later years, 
when the ’’Ragnarok” of the great war had devastated most 
of the other civdized countries and handicapped them in their 
competition with us. Let us hope that there are some good 
grounds for our selfsatisfiod opinion! It is not difficult to 
find some facts inclicatmg that we are right m this self-respect, 
even it we go to the very summits of civilization — let us 
think of the "Acta matematica", for instance. But if we 
ai'0 right, it may be very necessary for us to be on our 
guard against the danger of stagnation, of the standstill, 
wliore we begin to lull ourselves into the pleasant dream that 
our position is unshakeable, and that we may now repose on 
our laurels. Therefore, we must honour the persona who do not 
allow us to go to rest, the persons who spm’ us on to do our 


very best 

Tho 7 Andersson is one of those whom we must honour for 
such an influence In the field of statistics he seeks to be our 
scientific conscience. He swings his whip over our heads 
mercilessly and drives to activity everybody who is able o 
produce something, however small or great, within the field 
of statistics. But he is not content with that! He is not con¬ 
tent with the achievement of having filled ^ 
nosing row of volumes of the "Nordisk Statistisk Tidskrift 
with valuable essays and treatises written by Scandinavian 
as well as by leading foreign authors - all the 
navian countries are now to see and feel the warmth of the 
light from the North. His }Oumal is now to become an inter- 
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national publication, but still with an indication of its Nordic 
origin in its title. The first volume of the ’’Nordic Statistical 
Journal" — simultaneously forming the 8th volume of the 
original journal — has appeared. And it is not a trifling thing, 
this volume of G39 pages in great octavo 1 It is gi'cat in its 
composition, still more soai'ing in its purpose.s and ends for the 
future, and promising, when we consider what "Lho man at 
the wheel" has collected in these 639 pages by means of an 
unusual perseverance in unfailing love for the ta.sk and in 
spite of many — too many — external adversities 

The leading thought of the work is tlie same as, now soon 
a decennium ago, led Thor Anderssoii to found the NordisJc 
Siatutish TidshHft. It is a cliild of the Greeks' idea of 
chaos and cosmos, or rather a consequent, modern continua¬ 
tion of this idea. Statistic.a is the most imi>ortant means for 
bringing our existence over from chaos to cosmos. Statistics 
acquaints us with the real circumstaneas, and the knowledge, 
the real knowledge of the thmgs, will then show how to 
bring things m thoir right places, so tliat tlio entirety becomes 
the arranged cosmos. But there is still much to dol Wo have 
not yet been able to elevate statistics to the rank of an observ¬ 
ing natural science it should have, to be able to give us 
the real scienoe of the things, alluded to above. In 1921! the 
thought was to be in the front-rank in the work for this pur¬ 
pose, And we have to be obliged to Thor Andersson for the 
strenuous work he has performed for his idea during the past 
years, and now it will be done on a still broader basis, i. e. 
for an international public, yet under ISorclic leadership. 

Let us study a little more closely how this new volume 
I seeks to perform its work in the service of the mentioned 
idea. 

With, in a good meaning, a journalistic feeling for actualities 
the volume appears as a sort of jubilee-gift to Bortkiewieg 
on his sixtieth anniversary and it is thei-ofore opened by a 
good full-page picture of this scientist who has given so 
valuable contributions to the original journal. To the readev, 
the foUowmg essays seem to arrange themselves into three 
groups which — just in order to give a name to the special 
groups — could be designated as olden times, present times, and 
fidure times. 
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In the gi’oup belong^ing to the olden times, the editor seeks 
to show how deeply rooted the statistical science is in the 
Nordic peoples by introducmg a number of great men of 
Nordic origin, each in hia way, a pioneer. These men are 
represented partly in full page pictures, partly in the text 
It may not surprise us that none of them is a ’’professional 
statistician", for the profession is only now being created. 
But they belong, each in his way, to the founders of this 
branch. In the eightteenth oentury Warffmhn, the astronomer, 
founded population statistics which is of fundamental im¬ 
portance to demographics. The essay on him is particularly 


well written by NordmmarTc 

The memory of the now nearly forgotten Etlert Sundt, who, 
hy his activity as a clergyman, was brought to make scienti- 
ficai investigations of the society where he lives, and who 
gradually becomes a social-statistician of high rank, is re¬ 
vived both by a reprint of his peculiar essay of 1858. ’’On 
Piperviken and Ruselokbakken (Investigations of the condi¬ 
tions and morals of the working-class in Chnatiania)’’ and 
by a scientific estimation of him ("Eilert Sundt’s law") by 
Jlt/gg who also gives an instructive account of how Sundt 
was disfavoured by his contemporaries, naturally in the first 
place liy the politicians who had to do with the granting of 
money for his investigational Unfortunately the politicians 
of the present times are not better; about that Thor Andersso-u 


himself could write a sad chapterl 
Then follows Thiele, whose principal scientific passion, "the 
theory of observations”, is simply the foundation of what is 
now more generally called mathematical statistics, and finally 
Johamsen, the investigator of heredity, who is oommemorated 
by a picture as well as by a reprint and a translation into 
English of his contribution to the first volume of the original 

louimal; "Biology and statistics . , i. i j. 

Several other essays like those mentioned, also belong to 
llio olden times. Thus S. Falmtrbm’s essay on the first census 
in Norway in 1769 and that of Thorsteimson on the census of 


Iceland in 1703 


The essays which the reader naturally refers to the "present 
times" are evidently caused by the editor in order to 
3how the non-Scandinavian world the conditions in the 





MOBDIC BTATISTlOAt JOURNAL 


Nordic countries in two respects, botli extremely important 
from a statistical point of view: tho population repstration 
and tlie industries, thus, firstly, how we gain our knowledge 
about the number and tlie composition of tlie population, 
and, secondly, how these people supiiort themselves. 

The editor could not have found any person more lit to 
write the "general" article about population registration than 
Amn&us, the director of tho Oslo population register, whose 
institution is up to the standard and also has served as a 
model in many places, among others in Denmark. The condi¬ 
tion of these matters in the different countries is further 
treated by the editor as far as Sweden is ooncorned, and as to 
Denmark by not less than two authors, Bonds and Dal^aard, 
and with regal’d to Finland by Kovero. These are very 
instructive essays which illustrate tho importance of these 
things in the right way. One learns how even the "torso" 
(a not unjustified epithet for the arrangement introduced 
in Denmark, which was originally excellently planned, 
but which has been more than half-way broken to pieces by 
smallminded and short-sighted politicians, of course under the 
pretext of economy) of a population register, as that of Den¬ 
mark, thanks to tire fact that it is obligatory, gives on ex¬ 
cellent support m many ways, among others for the S-year 
censuses. One learns how deplorably far behind matters are in 
Wargentin's native country, whore it was naturally necessary 
to perform registration in the large towns, but how the 
acclomplishment of the work is hazarded by the rather an¬ 
tiquated and burdensome obligatory collaboration with the 
clergy — and by still many other things. A survey like this, 
presented to an international audience is perhaps more than 
anything else suited to advance the population register mo¬ 
vement, which shall, however, once triumph by its inner 
necessity. 

Next the editor has intended to give a picture of the 
industrial statistics of the Nordio states. He has himself 
undertaken to treat the most important part: "the mother 
industry", agriculture. 

Aage I, C. Jensen treats fishery, SMien shipping, Oeijer the 
ore resources of the Nordic countries, Velander the water 
powers of the Nordic countries, and, forestry, finally, is treated 
by Aminoff (Sweden), Samdmo (Norway), and Gajander (Finland). 
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To the "present times" we may also count Storsteen’s, to us, 
the inhabitants of the Nordic capitals very interesting article 
on "The expenses of living in the Nordic capitals”, a subject 
f ull of pitfalls for a less experienced statistician, but here 
treated with excellent fineness and with a clear prescience of 
the difficulties. 

To the same group belongs Thorlerg- Statistics and trade- 
union movement”, a rather short but extremely interesting 
essay, not least on account of the author's position as 
president of the national organisation of the Swedish trade- 
unions. Here fall the weighty words about the social-political 
institution erected by the League of Nations for internatio¬ 
nal labour organisation, that "the work of this orgamzation 
is rendered extremely difficult by the fact that it has hitherto 
been almost impossible to arrive at any comparability between 
the statistics of the different oountnea” 

Finally there is Linder’s. "Some remarks on the inconfe 
statistics of the census in 1920”, which, according to its title, 
seems to belong to the present times, hut which, according to 
its contents, is in the first place, a soientifical arithmetical 
example for the illustration of the applicability of Pareto’s kw, 
ooncluding in some wishes with regard to the future official 
investigations of income. This essay can therefore be said 
to form the transition to the last group. 


When I have permitted myself to designate the third group 
of essays as "future”, there may thereby, as a matter of fact, 
not be understood any paradoxical possibihty of prophesying 
the statistics of the future. I have only wished to emphasize 
the editor’s desire that his journal may also be one of the 
laboratories where the instruments for the treatment of the 
future statistics are created. This side of the matter has al¬ 
ways had the editor’s supreme mtereet; you may think only 
of the contributions to the previous volumes, which Bortoe- 
wicz, Tschuprow and others have brought. We can call this 
side the theoretical or perhaps the mathematic-statistioal one 
It has been an urgent need in this volume I to show, that 
also we, in the Nordic countries think of this side of the 
matter, and among the authors of the six essays of which 
this group consists (besides the above mentioned oontnbution 
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by Lindci'.sj we alao find all llie f<>iir Nordic; coiiiifj-R'.s rcpre 
seated. 

Altbovigh the cbief iiiiiiortancv, of Iroidiscc of iln.> ls.ii'.(l 
would sceui to fidl witluii thu roalius of th'Mrv, still one of 
thia eaaaya, namely NyMl(''s ’'Itilcriiolalion in stati.stie.s" us 
of rather enunent praetirat iniimrlanci* and n^e lie,side - 

or rather because of Ins clear and Khur[) diflenuiluilion hel- 
woeii the purely nuitheiuatical and the stalislicMl iticauim,'' ol 
the word mteipolation and the very near eonneetion of tho 
last mentioned notion with that of adju'-lim'nt, lie lion; gives 
exclusively practical advice and instructiou.s u.M'ful in cir¬ 
cumstances which, .so to say, belong (o (lie every day Ido 
of the statistician, Thus treatise will be very ui’hxmui to 
many colleagues. In some oiiposiiion hnndo .si amts Horpuu- 
Frisch, "Gon’elation and seattcr in slatislieal variabh's", in 
size as well a.s in importance, one of the bign’ost Ireali.sc.s of 
the volume which will jtrick the eonseicnec of many ins it 
will nialte them clearly feel the obligation U) pcindrale inert': 
deeply into its coiiteiiUs the aullior lunisclf luunoly tells u.s 
that he has come, "to varimm results, .sonie of whicli are 
known, ajid others which arc new, so far as I am aware" - 
but will easily feel frightened by (.he aulUov's imposing inatlie- 
matical apparatus, which ts nothing le.s.s than n (innensional 
vectors and appertaining mat rices and ortliogonai tramsfornia- 
tions. But one ought not to be frightened by these heavy im¬ 
plements. And this .so inucli the 1ms as the author t'resupposes 
no elementary knowledge in tho field of vector caleulation 
On the contrary, he explains liis whole aiiparatns thor¬ 
oughly, There is no need of having lieard words os vector or 
orthogonal before, and one will still he able to .study this 
work, which, on this account has naturally hoc'ome .somewhat 
extensive (67 pages). It may bo greeted with great satia- 
faction that one thus begims to attack the problems of 
theoretical sLati.stias with eueh wenpon.s, 'l^’i'ina such as 
scatter and correlation are so tundauieiilal to .seieiuxi that wc 
cannot take into use an apparatus precious enough to altm'k 
the problems contained in these terms. Hero tho best i.s 
not too good. 

Further ws meet Jemman'. "To the method of sampling" 
and Lindeberg: "Some remark.s on the moan error of the per- 
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uojitage ol c»rrelation”, essays well suited to waken respect 
for Nordic science abroad. 

Tlic contact with the kindred science, social economics, is 
in the volume attended to by Gjmnoe "The amplitude of 
industrial fluctuations”, an essay covering 63 pages, which 
.struggles with the difficult and not yet very well defined 
notions: times of ascent and descent, crises, fluctuations, and 
so on. The notion of ’’trend”, so prominent in all the ultra 
modern investigations, belongs to the here used apparatus, 
and 111 a quotation — this essay is very abundant in quota¬ 
tions, which will be praiseworthy — we learn that it was 
already found by Hooker in 1901 and was defined by liiiu as 
’’the direction in which the variable is really movmg when 
Hie oscillations arc disregarded” 

As rather specially belonging to the "future” we meet fi¬ 
nally Angstrom’s brilliant essay on meteorology and statistics 
and have a prcsentimient that the latter is destined to play 
once the principal role before the former. 

We will not end this review without another congratulation 
U> d'iior AiKlers.son for having brought forth this volume I, 
followed by the wish and hope that his ideal struggle for the 
liighont aim.s will meet with the wished for success before he 
grows too tired to fight against adversity It is sadly known 
lluit the Swedish Itiksdag has not granted him the necessary 
suli.sidy in spite of the fact that such recommendations as the 
following one could be appended to the petition 

"By the way in which Dr. Thor Andersson has edited Nor 
dirk 'statisti.sk Tidskrift, he has, according to our opiniim, 
I'ondcrecl great services towards the advancement of scienti- 
fical statistics and towards the spread of the knowledge of 
its extraordinary importance, not only for other scienoes, 
liut also, and not least, for the obtaining of a real know¬ 
ledge of tlic social and coonomical structure of society, a 
knowledge that is necessary if the public measures of correct¬ 
ing social evils and of furthering industry will have the 
wifihr-d for offect. His name guarantees that the ] 0 -nrnal 
Will, also m the future, hold the same prominent position as 
it now holds among publications' of this kind 

Siockliolm January 17th, 1929. 
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